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Main references used:

• Section 1: Baker, Matrix Groups (Springer 2002)

• Sections 2–6: Humphreys, Introduction to Lie algebras and represen-
tation theory (Springer 1972)

• Sections 5, 6: Kirillov, An introduction to Lie groups and Lie algebras
(CUP 2008)

1 Matrix Lie groups and Lie algebras

1.1 Preliminary remarks (for Info)

Definition 1.1.1. A Lie group is a topological space G equipped with the
structure of a group and of a smooth manifold, such that the maps g 7→ g−1

and (g, h) 7→ g · h are smooth.

Definition 1.1.2. Let k be a field. A Lie algebra (over k) is a k-vector space
g together with a bilinear map

[ , ] : g× g −→ g ,

the Lie bracket, such that

1. (skew-symmetry) [x, x] = 0 for all x ∈ g,

2. (Jacobi identity) [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 for all x, y, z ∈ g.

Remark 1.1.3. 1. If the characteristic of k is not 2, skew-symmetry is
equivalent to [x, y] = −[y, x] for all x, y ∈ g. (Why?) ?

2. A Lie group G gives rise to a Lie algebra on the tangent space TeG at
the neutral element e ∈ G.

3. Symmetries in physics:

state at time 0 state at time t

state′ at time 0 state′ at time t

evolve

f f

evolve

Symmetries are often Lie groups.
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1.2 Rotations and translations

Consider Rn with inner product g(u, v) =
∑n

i=1 uivi. A linear map T :
Rn → Rn is an orthogonal transformation if g(Tu, Tv) = g(u, v) for all u, v ∈
Rn. In the standard basis {ei}i=1,...,n of Rn and the matrix representation
Tij = (Tei)j, this is equivalent to T tT = 1 (Why?). T is a rotation if in ?
addition det(T ) = 1.

Examples of groups:

• Orthogonal group: O(n) = O(n,R) = {M ∈ Mat(n,R) |M tM = 1}.

• Special orthogonal group: SO(n) = {M ∈ O(n) | det(M) = 1}.

• Euclidean group:

E(n) = {maps f : Rn → Rn | ∀x, y ∈ Rn : |x− y| = |f(x)− f(y)|} .

O(n) and SO(n) are groups (Why?). The maps f ∈ E(n) are precisely those ?
of the form f(x) = Tx+ u with T ∈ O(n) and u ∈ Rn (Exercise).

E

(Sheet 1)Definition 1.2.1. Let H,N be groups, and φ : H → Aut(N), h 7→ φh
a group homomorphism from H into the group automorphisms of N . The
semidirect product H ⋉φ N = H ⋉ N is the set H × N with product and
inverse

(h, n) · (h′, n′) := (h · h′, n · φh(n′)) , (h, n)−1 := (h−1, φh−1(n−1)) .

Remark 1.2.2. 1. H ⋊N is a group. (Why?) ?

2. If φh = idN for all h ∈ H, then H ⋊N is the direct product H ×N of
groups.

3. 1
f1−→ N

f2−→ H ⋉N
f3−→ H

f4−→ 1, with f2(n) = (1, n) and f3(h, n) = h, is
an exact sequence of groups, i.e. im fi = ker fi+1, i = 1, 2, 3.

Example 1.2.3. For f, f ′ ∈ E(n), f(x) = Tx + u, etc, have f(f ′(x)) =
f(T ′x+ u′) = T (T ′x+ u′) + u = TT ′x+ Tu′ + u. In fact

E(n)→ O(n)⋉φ Rn , f(x) = Tx+ u 7→ (T, u)

is a group isomorphism for φ : O(n)→ Aut(Rn), φT (x) = Tx.
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n-dimensionalMinkowski space is Rn with the non-degenerate bilinear form

η(u, v) = u0v0 − u1v1 − · · · − un−1vn−1

where the entries of u ∈ Rn are numbered from 0 to n− 1,

u =
(
u0︸︷︷︸
time

, u1, . . . , un−1︸ ︷︷ ︸
space

)
.

Further examples of groups:

• Lorentz group:

O(1, n− 1) = {M ∈ Mat(n,R) | ∀x, y ∈ Rn : η(Mx,My) = η(x, y)} .

• Poincaré group:

P (1, n−1) = {f : Rn → Rn | f(x) = Λx+u for some Λ ∈ O(1, n−1), u ∈ Rn} .

We have O(1, n − 1) = {M ∈ Mat(n,R) |M tJM = J}, where J is the
diagonal n× n matrix with entries 1,−1, · · · − 1 on the diagonal (Exercise). E

(Sheet 1)Analogous to E(n) one checks P (1, n− 1) ∼= O(1, n− 1)⋊Rn (Details?).

?
1.3 Matrix Lie groups

The general linear group of a vector space V is

GL(V ) = {invertible linear maps V → V } .

Write GL(n,R) for GL(Rn).

Definition 1.3.1. A matrix Lie group is a closed subgroup of GL(N,R) or
GL(n,C) (n ≥ 1).

Here, “closed” is meant in the topological sense (the complement is an
open set).

Information: Every matrix Lie group is a Lie group in the sense of Defini-
tion 1.1.1. However, not every Lie group is isomorphic to a matrix Lie group.

Example 1.3.2. 1. GL(n,R), O(n), SO(n), O(1, n − 1) are matrix Lie
groups. For example, the map f : Mat(n,R)→ Mat(n,R),M 7→M tM
is continuous, and so O(n) = f−1({1}) is the preimage of a closed set,
hence closed.
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2. E(n) and P (1, n − 1) are isomorphic to matrix Lie groups. This can
be seen via the group homomorphism (Exercise) E

(Ex. 1)

GL(n,R)⋊Rn → Mat(n+ 1,R) , (T, u) 7→
(
T u
0 1

)
.

3. Special linear group: For K = R or C, set
(17.10.)

SL(n,K) = {M ∈ Mat(n,K) | detM = 1} .

4. Let K = R or C and set

Jsp =

(
0 1n×n

−1n×n 0

)
∈ Mat(2n,R) .

The symplectic group is

SP (2n,K) = {A ∈ Mat(2n,K) |AtJspA = Jsp} .

(For info: The defining condition implies at once that detA = ±1. It
is less obvious that A ∈ SP (2n,K) already implies detA = 1. One way
to see this is to 1) note that A preserves a symplectic bilinear form on
Kn, 2) recall that the determinant of a linear map V → V is given by
its action on alternating top forms, and 3) build a top form out of a
symplectic basis.

5. On Cn define the inner product (u, v) =
∑n

j=1 u
∗
jvj. The unitary group

is
U(n) = {A ∈ Mat(n,C) | ∀u, v ∈ Cn : (Au,Av) = (u, v)} ,

and the special unitary group is

SU(n) = {A ∈ U(n) | detA = 1} .

SL(n,K), SP (2n,K), U(n), SU(n) are matrix Lie groups. (Exercise.) E

(Sheet 1)

1.4 Lie algebra, general definition

k : commutative ring (e.g. k = Z, R, C, C[X], . . . )

Definition 1.4.1. A k-algebra is a pair (A, b) where A is a k-module and
b : A× A→ A is a k-bilinear map.

A k-algebra A is associative if b(b(x, y), z) = b(x, b(y, z)) for all x, y, z ∈ A.
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Definition 1.4.2. A Lie algebra over k is a k-algebra L = (L, [−,−]) such
that

1. (skew-symmetry) [x, x] = 0 for all x ∈ L,

2. (Jacobi identity) [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 for all x, y, z ∈ L.

Example 1.4.3. 1. For any k-module L one can define [a, b] = 0 for all
a, b ∈ L. A Lie algebra with zero Lie bracket is called abelian.

2. Let (A, ·) be an associative algebra. The commutator is the map
[−,−] : A × A → A, [a, b] = a · b − b · a. Then (A, [−,−]) is a Lie
algebra. (Why?) ?

3. Let A = (A, b) be a k-algebra. A derivation on A is a k-linear map
D : A→ A such that D(b(x, y)) = b(Dx, y) + b(x,Dy). Write

Der(A) := {D|D is a derivation on A} .

Der(A) is a Lie algebra with Lie bracket [D,E] = D ◦E−E ◦D. (Why ?
is [D,E] again a derivation? Give an example where D ◦ E is not a
derivation.)

Definition 1.4.4. A (Lie) algebra homomorphism from L to K is a k-linear
map φ : L→ K such that

φ([x, y]) = [φ(x), φ(y)] for all x, y ∈ L .

Definition 1.4.5. A Lie subalgebra of L is a sub-k-moduleK ⊂ L (a k-linear
subspace), such that for all x, y ∈ K also [x, y] ∈ K.

From here on we will only consider Lie algebras over a field k (rather than
a general commutative ring).

1.5 Lie algebras from matrix Lie groups

Let K = R or C. The exponential of a matrix X ∈ Mat(n,K) is

exp(X) :=
∞∑
k=0

1

k!
Xk = 1+X + 1

2
X2 + 1

6
X3 + · · ·

By convention, X0 := 1, even for X = 0.

Remark 1.5.1. 1. The matrix exponential converges absolutely for all
X. (Why? Hint: Use the operator norm on Mat(n,K), or any other ?
submultiplicative norm.)
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2. Let X, Y ∈ Mat(n,K). If XY = Y X, then exp(X) exp(Y ) = exp(X +
Y ) = exp(Y ) exp(X). It follows that exp(X) ∈ GL(n,K) for all X ∈
Mat(n,K).

3. det(exp(X)) = exp(tr(X)) (Exercise.) E

(Ex. 2)Example 1.5.2. 1. For λ1, . . . , λn ∈ C,

exp

λ1 . . .

λn

 =

e
λ1

. . .

eλn


2. For λ ∈ C,

exp

(
λ 1
0 λ

)
= eλ

(
1 1
0 1

)
, exp

(
0 −λ
λ 0

)
=

(
cosλ − sinλ
sinλ cosλ

)
Proposition 1.5.3. Let K be R or C. There exist open neighbourhoods U
of 0 and V of 1 in Mat(n,K) such that exp : U → V is a diffeomorphism.

Sketch of proof. Consider K = R, the argument for C is similar. First one
checks that the total derivative of exp exists everywhere on Mat(n,R). Then
one computes the total derivative at 0 explicitly to see that it is invertible.
The inverse function theorem gives the result. (Alternatively one can define
the matrix log and show that it is inverse to exp in a suitable neighbourhood.)

Definition 1.5.4. Let K be R or C and G ⊂ GL(n,K) a matrix Lie group.
The Lie algebra of G is

g = {A ∈ Mat(n,K) | exp(sA) ∈ G for all s ∈ R} .

Theorem 1.5.5 (for information). Let G, g be as in the above definition.

1. g is a Lie algebra with Lie bracket given by the commutator in Mat(n,K).

2. There are open neighbourhoods U of 0 ∈ g and V of 1 ∈ G such that
exp : U → V is a diffeomorphism.

For a proof see Thm. 7.32 in Baker, “Matrix Groups”, Springer.

Remark 1.5.6 (for information). 1. Slogan: The Lie algebra g knows all
about the Lie group G near the unit e ∈ G. Indeed, the product on
G can be recovered from the Lie bracket on g via the Baker-Campbell-
Hausdorff formula: exp(X) exp(Y ) = exp(X ∗ Y ), where

X ∗ Y = X + Y + 1
2
[X, Y ] + 1

12
[X, [X, Y ]] + 1

12
[Y, [Y,X]] + · · ·
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2. For a general Lie group G (in the sense of Definition 1.1.1), the Lie
algebra g of G is g = TeG as a R-vector space and the Lie bracket is
defined in terms of vector fields on G as follows: Let La : G → G,
g 7→ ag (left translation). A vector field X on G is called left invariant
if (DLa)(b)X(b) = X(b) for all b ∈ G, i.e. (La)∗X = X. Let L be the
R-vector space of all left-invariant vector fields on G. One checks that
for X, Y ∈ L also [X, Y ] ∈ L. Finally, L → TeG, X 7→ X(e) is an
R-linear isomorphism.

Example 1.5.7. Let K be R or C.

Mat. Lie grp. Lie algebra

GL(n,K) gl(n,K) = Mat(n,K)

SL(n,K) sl(n,K) = {A ∈ Mat(n,K) | trA = 0}

SP (2n,K) sp(2n,K) = {A ∈ Mat(n,K) |AtJsp + JspA = 0}

O(n) o(n) = {A ∈ Mat(n,R) |At + A = 0}

O(1, n− 1) o(1, n− 1) = {A ∈ Mat(n,R) |AtJ + JA = 0}

SO(n) so(n) = o(n)

U(n) u(n) = {A ∈ Mat(n,C) |A† + A = 0}

SU(n) su(n) = {A ∈ u(n) | trA = 0}

Some examples of how to verify this are:

• GL(n,K): esA is invertible for all choices of s, A.

• SL(n,K): A ∈ sl(n,K)
Def⇔ esA ∈ SL(n,K) for all s ∈ R ⇔ det esA = 1

for all s ∈ R. Since det esA = es trA, this happens iff trA = 0.

• O(n): If (esA)tesA = 1 for all s ∈ R, differentiating with respect to
s gives At + A = 0. Conversely, if At + A = 0, then in particular
AAt = AtA and so (esA)tesA = esA

t+sA = 1.

Check explicitly that these are Lie algebras: For example in the case of o(n),
let A,B ∈ o(n) and set C = [A,B] = AB −BA. We need to check that also
C ∈ o(n). Indeed:

(20.10.)

Ct = (AB−BA)t = BtAt−AtBt = (−B)(−A)−(−A)(−B) = [B,A] = −C .
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1.6 Example: so(3) and su(2)

Notation: Eij = E(n)ij is the n × n matrix with a 1 in row i and column
j and zeros else: (Eij)ab = δi,aδj,b. E.g.

E(3)12 =

0 1 0
0 0 0
0 0 0

 .

We have EabEcd = δb,cEad.

The Lie algebra so(3)

A basis of so(3) is given by

J1 =

0 0 0
0 0 1
0 −1 0

 , J2 =

0 0 −1
0 0 0
1 0 0

 , J3 =

 0 1 0
−1 0 0
0 0 0

 .

Ji is the generator of rotations around the i-axis. E.g. exp(−θJ1) is a rotation
in the 2-3-plane by angle θ, cf. Example 1.5.2.

Notation: εabc denotes the totally antisymmetric tensor for a, b, c ∈ {1, 2, 3},
normalised such that ε123 = 1. Then ε321 = −1, ε323 = 0, etc. We have
(Why?) ?

3∑
x=1

εabx εcdx = δa,cδb,d − δa,dδb,c .

Using εabc the above basis of so(3) becomes Ja =
∑3

b,c=1 εabcEbc (Why?) ?
and the Lie bracket of basis elements is (Exercise):

E

(Ex. 3)

[Ja, Jb] = −
3∑
c=1

εabc Jc .

The Lie algebra su(2)

The Pauli matrices are

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

Note that σ†
a = σa and trσa = 0. su(2) consists of all A ∈ Mat(2,C) such that

A†+A = 0 and trA = 0. A basis (over R) of su(2) is given by {iσ1, iσ2, iσ3}.
The Lie bracket is (Exercise) E

(Ex. 3)
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[iσa, iσb] = −2
3∑
c=1

εabc iσc .

Remark 1.6.1. 1. The Lie algebras so(3) and su(2) are isomorphic as
real Lie algebras. (Exercise) E

(Ex. 3)
2. (for info) The Lie groups SO(3) and SU(2) are not isomorphic as Lie

groups (there is no continuous group isomorphism). Indeed, SU(2) is
simply connected, SO(3) is not. So there is not even a homeomorphism,
irrespective of the group structure.

2 Lie algebras and representations

In this section, k denotes a field.

2.1 Ideals

Definition 2.1.1. Let L be a Lie algebra over k. An ideal in L is a sub-vector
space I ⊂ L such that

∀x ∈ L, a ∈ I : [x, a] ∈ I .

Remark 2.1.2. For subsets A,B ⊂ L write

[A,B] = spank{[a, b] | a ∈ A, b ∈ B} .

Then H ⊂ L is a Lie subalgebra of L iff [H,H] ⊂ H, and an ideal in L iff
[L,H] ⊂ H.

Example 2.1.3. 1. sl(n, k) ⊂ gl(n, k) is an ideal. Indeed, if x ∈ gl(n, k)
and a ∈ sl(n, k), then tr([x, a]) = tr(xa − ax) = 0, and so [x, a] ∈
sl(n, k).

2. I = {λ1|λ ∈ k} ⊂ gl(n, k) is an ideal. Indeed, for all x ∈ gl(n, k),
[x, λ1] = 0 ∈ I.

3. Write P̃ (1, n − 1) for the matrix Lie group given by the image of the
Poincaré group P (1, n − 1) in Mat(n + 1,R) via Example 1.3.2. The

Lie algebra of P̃ (1, n− 1) is (Exercise) E

(Ex. 5)

p(1, n− 1) =
{(

A x
0 0

) ∣∣∣A ∈ o(1, n− 1), x ∈ Rn
}

Then the elements
(
0 x
0 0

)
for an ideal of p(1, n− 1). (Why?) ?
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4.
{(

0 a
0 0

)∣∣a ∈ k} ⊂ Mat(2, k) is an ideal in
{(

b a
0 c

)∣∣a, b, c ∈ k}, but not in
gl(2, k). But it is a Lie subalgebra in both. (Details?) ?

Let K,L be Lie algebras over k and φ : K → L a Lie algebra homomor-
phism. The kernel of φ and the image im(φ) are

kerφ = {x ∈ K |φ(x) = 0} ⊂ K , imφ = {φ(x) |x ∈ K} ⊂ L .

Lemma 2.1.4. For a Lie algebra homomorphism φ : K → L, kerφ is an
ideal in K.

Proof. Let a ∈ kerφ and x ∈ K. We need to show that [x, a] ∈ kerφ. This
follows from

φ([x, a]) = [φ(x), φ(a)] = [φ(x), 0] = 0 ,

where we used that φ(a) = 0 as a ∈ kerφ.

(Can you give an example where im(φ) is not an ideal? And show that ?
it is always a Lie subalgebra?)

Remark 2.1.5. 1. The centre of L is

Z(L) = {z ∈ L | [x, z] = 0 for all x ∈ L} .

Z(L) is an ideal in L. L is abelian (recall Example 1.4.3) iff Z(L) = L.

2. The derived algebra of L is [L,L]. The derived algebra is an ideal in
L.

3. If I, J ⊂ L are ideals, then I ∩ J and I + J = {i+ j | i ∈ I, j ∈ K} are
also ideals in L. (Why?) ?

Proposition 2.1.6. Let L be a Lie algebra over k and I ⊂ L an ideal.

1. The quotient vector space L/I is a Lie algebra with Lie bracket

[x+ I, y + I]L/I := [x, y]L + I .

2. The canonical projection π : L → L/I, x 7→ x + I, is a Lie algebra
homomorphism.

Proof. Part 1:

Claim: [−,−]L/I is well-defined.
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⌈We need to check that the definition is independent of the choice
of representative. Let x′ = x+ i, y = y + j with i, j ∈ I.

[x′, y′]L = [x+ i, y + j]L = [x, y]L + [x, j]L︸ ︷︷ ︸
∈I

+ [i, y]L︸ ︷︷ ︸
∈I

+ [i, j]L︸ ︷︷ ︸
∈I

.

Thus [x+ y]L + I = [x′, y′]L + I, as required. ⌋

Claim: [−,−]L/I satisfies skew-symmetry and the Jacobi identity.

⌈ Skew-symmetry: [x+ I, x+ I]L/I = [x, x]L + I = 0 + I.

Jacobi identity: analogously. (Details?) ⌋ ?

Part 2: The equality π([x, y]L) = [π(x), π(y)]L/I is immediate from the defi-
nitions.

Definition 2.1.7. A Lie algebra L is called simple if its only ideals are {0}
and L and if L is not abelian.

(Can you find a non-zero abelian Lie algebra whose only ideals are {0} ?
and L?)

Lemma 2.1.8. If L is simple, then Z(L) = {0}.

Proof. Since Z(L) is an ideal, we have Z(L) = {0} or Z(L) = L. But if
Z(L) = L, then L is abelian.

Example: sl(2, k)

A basis of sl(2, k) is given by {e, f, h} with

e =

(
0 1
0 0

)
, f =

(
0 0
1 0

)
, h =

(
1 0
0 −1

)
.

The Lie brackets are

[h, e] = 2e , [h, f ] = −2f , [e, f ] = h .

Proposition 2.1.9. Suppose that char(k) ̸= 2. Then sl(2, k) is simple.

Proof. Let I ̸= {0} be an ideal in sl(2, k). We will show that I = sl(2, k).
Let v ∈ I be non-zero. Write v = ae+ bf + ch with a, b, c ∈ k. Then

[e, v] = bh− 2ce , [e, [e, v]] = −2be ,

[f, v] = −ah+ 2cf , [f, [f, v]] = −2af .
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Thus, if a ̸= 0, then also f ∈ I, and taking repeated brackets with e shows
that also h, e ∈ I, and hence I = sl(2, k). Analogously, b ̸= 0 implies
I = sl(2, k).

If a = b = 0, then c ̸= 0 and so h ∈ I. Taking Lie brackets with e and f
again shows that also e, f ∈ I, and hence I = sl(2, k).

(For char(k) = 2, sl(2, k) is not simple. Can you find a non-trivial ideal?) ?

2.2 Representations

In this subsection, L denotes a Lie algebra over k.

For a k-vector space V , gl(V ) denotes the Lie algebra (End(V ), [−,−]). In
other words, gl(V ) is the vector space of all linear maps V → V with Lie
bracket given by the commutator [A,B] = AB −BA.

Definition 2.2.1. 1. A representation of L is a pair (V,R) where V is a
k-vector space and R : L→ gl(V ) is a Lie algebra homomorphism.

2. An L-module is a pair (V, ρ) where ρ : L × V → V is a bilinear map
such that

a.(b.v)− b.(a.v) = [a, b]L.v for all a, b ∈ L, v ∈ V ,

where a.v := ρ(a, v) and [−,−]L denotes the Lie bracket of L.

Remark 2.2.2. Let V be a k-vector space. There is a 1-1 correspondence
between representations of L on V and L-module structures on V via

ρ(a, v) = R(a)v .

For example, if V is an L-module, then for all v ∈ V ,

R([a, b]L)v = ρ([a, b]L, v) = [a, b]L.v = a.(b.v)− b.(a.v)
= R(a)R(b)v −R(b)R(a)v = [R(a), R(b)]v ,

and so R is a Lie algebra homomorphism L→ gl(V ). (What is the argument ?
for the converse direction?)

(24.10)

Example 2.2.3. 1. For any L one has the trivial representation (k, 0),
where V = k and R is the zero map.
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2. For a ∈ L define the linear map adL(a) = ad(a) : L → L by ad(a)b =
[a, b]L. The adjoint representation of L is

ad : L→ gl(L) , a 7→ adL(a) .

In this case, V = L and R = ad. We need to check that ad is a Lie
algebra homomorphism: for all a, b ∈ L and v ∈ L,[

ad(a), ad(b)
]
v =

(
ad(a) ad(b)− ad(b) ad(a)

)
v

= [a, [b, v]L]L − [b, [a, v]L]L

= [a, [b, v]L]L + [b, [v, a]L]L = −[v, [a, b]L]L
= [[a, b]L, v]L = ad([a, b]L)v .

The derivations Der(L) on L (Example 1.4.3) are a Lie subalgebra of
gl(L), and ad(a) is a derivation on L (Why?). Thus the image of ?
ad : L→ gl(L) actually lies in Der(L) ⊂ L.

3. Let V = C[x, y] = spanC{xmyn|n,m ∈ Z≥0} be the polynomial ring
over C in two variables. Then R : sl(2,C)→ gl(V ),

R(e) = x
∂

∂y
, R(f) = y

∂

∂x
, R(h) = x

∂

∂x
− y ∂

∂y

defines an infinite-dimensional representation of sl(2,C) on C[x, y].
(Exercise) E

(Ex. 7)

Definition 2.2.4. Let (V,R) be a representation of L.

1. (V,R) is faithful if R is injective (i.e. R(x) = R(y)⇒ x = y).

2. An invariant subspace or subrepresentation (or submodule) is a sub-
vector space U ⊂ V such that

R(a)u ∈ U for all a ∈ L, u ∈ U .

3. (V,R) is irreducible (or simple) if V ̸= {0} and if the only invariant
subspaces are {0} and V .

4. The dual representation to (V,R) is (V,R)∗ := (V ∗, R+), where V ∗ is
the dual vector space, and R+(a) := −R∗(a) : V ∗ → V ∗. (Why does ?
this define a representation? What goes wrong if one omits the minus
sign?)
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5. Given two representations V = (V,R) and W = (W,S), an intertwiner
of representations is a linear map f : V → W such that

V V

W W

R(a)

f f

S(a)

commutes for all a ∈ L. As a formula: S(a) ◦ f = f ◦R(a). Write

HomL(V,W ) = {f : V → W | f is an intertwiner} ⊂ Hom(V,W ) ,

where Hom(V,W ) denotes all k-linear maps V → W .

Remark 2.2.5. Consider the adjoint representation (L, ad) of L. A subrep-
resentation I ⊂ L is the same as an ideal in L (Why?). Thus, if L is a simple ?
Lie algebra, (L, ad) is a simple representation of L.
For the converse there is a notational pitfall: The Lie algebra L = k is not
simple as a Lie algebra (since it is abelian), but (L, ad) is a simple represen-
tation of L.

Remark 2.2.6. Let V = (V,R) and W = (W,S) be representations of L.

1. Then Hom(V,W ) is a representation of L. We describe it as an L-
module instead: for all a ∈ L, f ∈ Hom(V,W ),

a.f := S(a) ◦ f − f ◦R(a) .

We need to check that this defines an L-module (Definition 2.2.1). First
compute

a.(b.f) = a.(S(b) ◦ f − f ◦R(b))
= S(a) ◦ S(b) ◦ f − S(b) ◦ f ◦R(a) + S(a) ◦ f ◦R(b) + f ◦R(b) ◦R(a)

Using this, we get

a.(b.f)− b.(a.f) = [S(a), S(b)] ◦ f + 0 + 0 + f ◦ [R(b), R(a)]
= S([a, b]) ◦ f − f ◦R([a, b]) = [a, b].f .

2. We say that L acts trivially on f if a.f = 0 for all a ∈ L. We have:
(Why?) ?

L acts trivially on f ⇔ f is an intertwiner .

Thus HomL(V,W ) ⊂ Hom(V,W ) is precisely the subspace of all f on
which L acts trivially.
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3. Let f ∈ HomL(V,W ). As usual,

ker f = {v ∈ V | f(v) = 0} ⊂ V , im f = {f(v) | v ∈ V } ⊂ W .

Then ker f is a submodule of V and im f is a submodule of W . For
example, if v ∈ ker f , then

a.f(v)
(∗)
= f(a.v) = 0 for all a ∈ L ,

where (∗) uses that f is an intertwiner. Thus also f(v) ∈ ker(f) and
so ker f is a submodule of V . (Can you rewrite the argument in terms ?
of representations? Why is im f a submodule?)

Lemma 2.2.7. Let V,W be L-modules and f : V → W an intertwiner.
Then:

1. If V is irreducible, then f = 0 or f is injective.

2. If W is irreducible, then f = 0 or f is surjective.

3. If V and W are irreducible, then f = 0 or f is bijective.

Proof. Parts 1 and 2 follow from Remark 2.2.6 (3). For example, part 1
follows from the fact that ker f ⊂ V is a submodule, and since V is irreducble,
either ker f = {0} (i.e. f is injective) of ker f = V (i.e. f = 0). Part 2 is
shown analogously (How?), and part 3 follows from parts 1 and 2. ?

Theorem 2.2.8 (Schur’s Lemma). Suppose k is algebraically closed (e.g.
k = C but not k = R). Let V be a finite-dimensional irreducible L-module
and f : V → V an intertwiner. Then

f = λ id for some λ ∈ k .

Proof. This follows from a linear algebra result:

For k algebraically closed, a matrix M ∈ Mat(n, k) has at least
one eigenvalue.

Let thus v ∈ V , v ̸= 0 be an eigenvector of f with eigenvalue λ: f(v) = λv.
The linear map g = f −λ id is also an intertwiner V → V . Since v ∈ ker g, g
is not bijective, and by Lemma 2.2.7 we must have g = 0. Hence f = λ id.

Remark 2.2.9. One cannot drop the conditions that k is algebraically closed
or that V is finite-dimensional:
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1. Let L = R be the 1-dimensional (automatically abelian) Lie algebra
over R. Write u := 1 ∈ L. This is a basis of L and [u, u] = 0. Set
R(u) =

(
0 −1
1 0

)
. Then (R2, R) is an irreducible representation of L.

The linear map f = R(u) : R2 → R2 is an intertwiner which is not
proportional to the identity matrix. (Why is V irreducible? Is that ?
still true if we use k = C? Why is R(u) an intertwiner? Can you
work out HomL(V, V )? This is an R-algebra under composition, do you
recognize it?)

2. (for info) An infinite-dimensional counter example with k = C can be
constructed as follows: 1) Check that for an associative C-algebraA and
Lie algebra L over C, the tensor product A⊗CL is again a Lie algebra.
2) Take A = C(t), the field of rational functions, and L = sl(2,C).
Check that the adjoint representation of A⊗CL is irreducible. 3) Check
that for each p ∈ C(t), the map f(q ⊗ a) = (pq)⊗ a is an intertwiner.

These examples have to be a bit complicated as by Lemma 2.2.7, for V
irreducible, EndL(V ) is a division algebra. The only finite dimensional
division algebra over C is C. Thus in any counter-example, EndL(V )
must be infinite dimensional over C.

2.3 Direct sums and tensor products

From linear algebra: Let k be a field, and let V , W be k-vector spaces.
From V , W one can construct their

direct sum V ⊕W and tensor product V ⊗k W .

If the field k is clear, we write V ⊗W instead of V ⊗k W . (Why does one ?
sometimes write ⊗k but not also ⊕k? Hint: Think of C as a 1-dimensional
C vector space and as a 2-dimensional R-vector space. Compare C ⊕ C in
both cases, as well as C⊗C C and C⊗R C.)

Remark 2.3.1. 1. If {vi}i∈I and {wj}j∈J are bases of V and W , respec-
tively,

{(vi, 0)}i∈I ∪ {(0, wj)}j∈J is a basis of V ⊕W ,

{vi ⊗ wj}(i,j)∈I×J is a basis of V ⊗W .

If V,W are finite-dimensional, then

dim(V ⊕W ) = dimV + dimW , dim(V ⊗W ) = dimV · dimW .
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2. The tensor product is equipped with a bilinear map V ×W → V ⊗W ,
(v, w) 7→ v ⊗ w. It has the following universal property:

For every k-vector space X and every k-bilinear map f : V ×W → X,
there exists a unique k-linear map f̂ : V ⊗W → X such that f = f̂ ◦⊗:

V ×W V ⊗W

X

⊗

∀f
∃!f̂

(Can you show that the pair (V ⊗W,⊗) in the universal property is ?
unique up to unique isomorphisms? Can you show existence, e.g. by
using bases? There is also a universal property for the direct sum, can
you find it?)

3. Every vector x ∈ V ⊕W can be uniquely written as x = (v, w), v ∈ V ,
w ∈ W . We also write x = v ⊕ w.
An element of V ⊗W of the form v ⊗ w is called a pure tensor. Not
every vector x ∈ V ⊗W is of the form x = v⊗w, but x can always be
written as a finite sum x =

∑
i vi⊗wj. However, this representation is

not unique.

For example, for V = W = R2, x = e1⊗e1+e2⊗e2 (ei: standard basis)
cannot be written as x = v ⊗ w (Why? Hint: Consider the bilinear ?
map f : R2 × R2 → R2, f(a, b) = g(v⊥, a)b, where v⊥ is orthogonal to
v.) And we have the identity (Why?) ?(

1
2

)
⊗

(
3
4

)
=

(
2
1

)
⊗
(
3
4

)
+

(
−2
2

)
⊗
(
1
1

)
+

(
−1
1

)
⊗
(
1
2

)
.

(27.10)

Definition 2.3.2. Let V,W be L-modules.

1. The direct sum V ⊕W is the L-module with underlying vector space
V ⊕W and action, for a ∈ L,

a.(v ⊕ w) := (a.v)⊕ (a.w) .

2. The tensor product V ⊗ W is the L-module with underlying vector
space V ⊗W and action, for a ∈ L,

a.(v ⊗ w) := (a.v)⊗ w + v ⊗ (a.w) .
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Remark 2.3.3. Since an element in V ⊗ W can be represented in many
different ways, it is not a priori clear that the above definition of a.(v ⊗ w)
makes sense. To see that it does, it is best to use the universal property:

The map fa : V ×W → V ⊗W , fa(v, w) = (a.v)⊗w+v⊗(a.w) is
bilinear. Hence there is a unique linear map f̂a : V ⊗W → V ⊗W
with the property f̂a(v⊗w) = fa(v, w). For all x ∈ V ⊗W , define
a.x := f̂a(x).

An analogous argument has to be made whenever a linear map out of a tensor
product is defined by its action on pure tensors.
So far we have defined a map L× (V ⊗W )→ V ⊗W , (a, x) 7→ a.x, which is
linear in x. It remains to show that it is also linear in a, and that it satisfies
the defining property of an L-module in Definition 2.2.1. (Details? Why ?
does one not just set a.(v ⊗ w) = (a.v)⊗ (a.w)?)

Example 2.3.4. Let B : L⊗L→ L be defined by B(a⊗ b) = [a, b]L. (Why ?
is this well-defined?)

Claim: B is an intertwiner of L-modules.

⌈ We need to check that for all a, v, w ∈ L we have a.B(v ⊗ w) =
B(a.(v ⊗ w)). Indeed,

a.B(v ⊗ w) = a.[v, w] = [a, [v, w]]

and

B(a.(v ⊗ w)) = B((a.v)⊗ w + v ⊗ (a.w))

= B([a, v]⊗ w + v ⊗ [a, w]) = [[a, v], w] + [v, [a, w]] .

Equality follows from the Jacobi-identity. ⌋

Definition 2.3.5. For Lie algebras L, L′ over k, the direct sum of L and L′

is the Lie algebra with underlying vector space L⊕ L′ and bracket[
a⊕ a′ , b⊕ b′

]
:= [a, a′]L ⊕ [b, b′]L′ .

Remark 2.3.6. 1. We identify L and L′ with their summands in L⊕L′:
L ≡ L ⊕ 0 ⊂ L ⊕ L′, etc. Then L and L′ commute in L ⊕ L′ in the
sense that [L,L′] = {0}.

2. Conversely, let A,B ⊂ L be Lie subalgebras such that [A,B] = {0}
and L = A⊕B as vector spaces. Then L = A⊕B as Lie algebras.
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3. Let L = A ⊕ B as vector spaces. Then L = A ⊕ B as Lie algebras if
and only if A and B are ideals in L. (Why?) ?

Example 2.3.7. Recall the Lie algebra u(n) over R from Example 1.5.7.
Note that u(1) is a 1-dimensional abelian Lie algebra over R (given by 1× 1-
matrices of the form (iλ), λ ∈ R).

Claim: u(n) ∼= u(1)⊕ su(n) as Lie algebras.

⌈ The linear map f : u(n)→ u(1)⊕ su(n),

f(A) = tr(A)⊕
(
A− 1

n
tr(A)1

)
.

is an isomorphism of Lie algebras. (Why?) ⌋ ?

For info: The Lie groups U(1)× SU(n) and U(n) are not isomorphic as Lie
groups. Indeed, they are not even isomorphic as groups: U(1)× SU(n) has
centre U(1) × Zn and U(n) has centre U(1), the latter group is divisible,
the former is not. But there is a surjective smooth group homomorphism
ϕ : U(1)× SU(n)→ U(n), ϕ(λ,M) = λM with finite kernel

ker(ϕ) = {(e2πik/n, e−2πik/n
1) | k ∈ Z} ∼= Zn .

which turns U(1) × SU(n) into a finite (connected) covering of U(n). (The
universal cover of both groups is R× SU(n).)

However, U(1) × SU(n) and U(n) are diffeomorphic as manifolds. For
example, one can choose f : U(1)× SU(n) → U(n) and g : U(n) → U(1)×
SU(n) to be

f(λ,M) = diag(λ, 1, . . . , 1)M , g(A) = (detA,A/ det(A)) ,

which are smooth and mutually inverse to each other.

3 Nilpotent and solvable Lie algebras

In this section, k denotes a field and L a Lie algebra over k.

3.1 Nilpotent Lie algebras and Engel’s Theorem

Definition 3.1.1. 1. The descending central series of L is defined recur-
sively by

C0L = L , Ci+1L = [L,CiL] for i ≥ 0 .

L is called nilpotent if CnL = {0} for some n.
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2. An element x ∈ L is called ad-nilpotent if ad(x) : L→ L is a nilpotent
endomorphism, i.e. ad(x)N = 0 for some N .

Remark 3.1.2. 1. Claim: CiL is an ideal in L

⌈ Let x ∈ L and a ∈ CiL. We proceed by induction. For
i = 0 there is nothing to show. If i > 0, a can be written
as a linear combination of terms [y, b] with y ∈ L and b ∈
Ci−1. By induction hypothesis, Ci−1L is an ideal in L, and
so [y, b] ∈ Ci−1L. Altogether, [x, a] is a linear combination
of terms [x, [y, b]] ∈ [L,Ci−1L] = CiL. ⌋

2. Part 1 implies that Ci+1L ⊂ CiL, and that CiL is a Lie subalgebra
and Ci+1L ⊂ CiL is an ideal.

Claim: The Lie algebra CiL/Ci+1L is abelian.

(Why?) ?

3. Let x, y ∈ L. Then ad(x)iy ∈ CiL. In particular, if L is nilpotent every
element of L is ad-nilpotent.

Theorem 3.1.3 (Engel’s Theorem). Let L be a finite-dimensional Lie alge-
bra over a field k. If all x ∈ L are ad-nilpotent, then L is nilpotent.

The proof of Theorem 3.1.3 requires some preparation.

Remark 3.1.4. 1. For infinite-dimensional L, the conclusion of the the-
orem does in general not hold. (Exercise) E

(Ex. 11)

2. It is not enough to check that all elements of a given basis of L are
ad-nilpotent to conclude that L is nilpotent. For example sl(2,C) is
not nilpotent (Why?), but the three basis vectors ?

e =

(
0 1
0 0

)
, f =

(
0 0
1 0

)
, x =

(
1 1
−1 −1

)
are all ad-nilpotent. (For e and f this is immediate from the brackets ?
given in the sl(2, k) example in Section 2.1, but x needs to be checked.
Can you give an A ∈ sl(2,C) that is not ad-nilpotent?)

Main example

Define the upper triangular matrices

T (n) = T (n, k) = spank{Eij | 1 ≤ i ≤ j ≤ n } ,
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the strictly upper triangular matrices

N(n) = N(n, k) = spank{Eij | 1 ≤ i < j ≤ n } ,

and the diagonal matrices

D(n) = D(n, k) = spank{Eii | 1 ≤ i ≤ n } .

Then T (n) = D(n) ⊕ N(n) as vector spaces, but not as Lie algebras. For
a ∈ Z≥0 write

Ta = spank{Eij | i+ a ≤ j } ,

so that T0 = T (n), T1 = N(n), Ta = {0} for a ≥ n, and Ta ⊂ Tb for a ≥ b.

Claim: [Ta, Tb] ⊂ Ta+b, with “=” holding for a+ b ≥ 1.

⌈ The inclusion follows from the observation that [Eij, Exy] =
δj,xEiy − δy,iExj, together with i+ a ≤ j and x+ b ≤ y.

Let Euv ∈ Ta+b, i.e. u + a + b ≤ v. We need to write Euv as (a
sum of) commutators of matrices in Ta and Tb.

Note that Eu,u+a ∈ Ta and Eu+a,v ∈ Tb, and that

[Eu,u+a, Eu+a,v] = Eu,u+aEu+a,v−Eu+a,vEu,u+a = Euv−δv,uEu+a,u+a .

But u+ a+ b ≤ v and a+ b ≥ 1, and so u ̸= v. ⌋

We have the following properties for T (n) and N(n):

1. [T (n), T (n)] = N(n) and [T (n), N(n)] = N(n). (The second equality ?
is a special case of the claim, why does the first one hold?)

2. Part 1 shows that T (n) is not nilpotent, since

CiT (n) =

{
T (n) ; i = 0

N(n) ; i > 0
.

On the other hand, the above claim shows that N(n) is nilpotent with
(3.11.)

CiN(n) = Ti+1
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Preparation for the proof of Engel’s Theorem

Proposition 3.1.5. 1. Suppose L is nilpotent. Then

(a) If K ⊂ L is a subalgebra, then K is nilpotent.

(b) If φ : L → L′ is a Lie algebra homomorphism, then imφ ⊂ L′ is
nilpotent.

(c) If L ̸= {0}, then Z(L) ̸= {0}.

2. L/Z(L) is nilpotent iff L is nilpotent.

Proof. 1a) K ⊂ L⇒ [K,K] ⊂ [L,L]⇒ · · · ⇒ CiK ⊂ CiL for all i.

1b) [φ(L), φ(L)] = φ([L,L]) and inductively Ci(φ(L)) = φ(CiL).

1c) Suppose CnL = {0} but Cn−1L ̸= {0}. Then [L,Cn−1L] = {0} and so
Cn−1L ⊂ Z(L).

2) Suppose L is nilpotent. By part 1 (b), the image of π : L→ L/Z(L) is
nilpotent, but π is surjective.

Conversely, suppose L/Z(L) is nilpotent. There there is an N such
that for all x1, . . . , xN , y ∈ L, in L/Z(L) we have

ad(π(x1)) ad(π(x2)) · · · ad(π(xN))π(y) = 0 .

Equivalently z := ad(x1) ad(x2) · · · ad(xN)y ∈ Z(L) (Why is this equiv- ?
alent?). But then [x0, z] = 0 for all x0 ∈ L, and so CN+1L = 0.

Definition 3.1.6. For a sub-vector space K ⊂ L the normaliser of K in L
is

NL(K) = {x ∈ L | [x, a] ∈ K for all a ∈ K} .

Remark 3.1.7. [NL(K), K] ⊂ K, and NL(K) is a Lie subalgebra of L
(Why?). If K is itself a Lie subalgebra (rather than just a sub-vector space), ?
then K ⊂ NL(K) and in fact K is an ideal in NL(K).

Recall that for a vector space V , gl(V ) = End(V ), with End(V ) the
associative algebra of linear maps V → V , and gl(V ) the corresponding
Lie algebra with commutator as Lie bracket. x ∈ gl(V ) is nilpotent, if
xN = x ◦ x ◦ · · · ◦ x = 0 for some N .

Lemma 3.1.8. Let V be a k-vector space. If x ∈ gl(V ) is nilpotent, then x
is also ad-nilpotent.
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(The converse if false. Can you give a counter example?) ?

Proof. We need to show that the linear map ad(x) : gl(V )→ gl(V ) is nilpo-
tent. Define λx, ρx : gl(V )→ gl(V ) as

λx(a) = x ◦ a , ρx(a) = a ◦ x .

Then ad(x) = λx − ρx and λx ◦ ρx = ρx ◦ λx (Why?). Suppose xN = 0 for ?
some N . Then also (λx)

N = 0 = (ρx)
N . We have

ad(x)2N = (λx − ρx)2N
(∗)
=

2N∑
j=0

(
2N

j

)
λjx ρ

2N−j
x = 0 ,

where (∗) uses that λx and ρx commute.

Theorem 3.1.9. Let V ̸= {0} be a finite-dimensional k-vector space, and
let L ⊂ gl(V ) be a Lie subalgebra. If all x ∈ L are nilpotent as maps V → V ,
then there is a v ∈ V , v ̸= 0, such that Lv = {0}, i.e. ∀x ∈ L : x ◦ v = 0.

(We cannot just demand that L is a linear subspace of gl(V ). Can you ?
give a counter example?)

Proof. We use induction on the dimension of L. Let A(n) denote the state-
ment of the theorem with the addtional assumption that dimL ≤ n.

Base case n = 1: For dimL = 0 there is nothing to do. Suppose dimL = 1
and let x ∈ L be non-zero. By assumption, xN = 0 for some N , and so x
cannot be bijective. Hence kerx ̸= {0}.
Induction step A(n− 1)⇒ A(n): We may assume that dimL = n.

Claim 1: Let K ⊊ L be a Lie subalgebra. Then K ⊊ NL(K).

⌈ K acts on K and on L via the adjoint action, and (K, ad) is
a subrepresentation (for the K-action) of (L, ad). Hence we ob-
tain a well-defined action of K on L/K, i.e. a Lie algebra homo-
morphism R : K → gl(L/K) (Details?). Write K = im(R) ⊂ ?
gl(L/K).

Let x ∈ K. By assumption, x : L → L is nilpotent, and by
Lemma 3.1.8, ad(x) : L → L is nilpotent. But then each a ∈ K
is a nilpotent map L/K → L/K (Why?). ?

Since dimK ≤ dimK < dimL = n we may apply A(n − 1) to
V = L/K and K ⊂ gl(L/K):

∃v ∈ L/K : v ̸= 0 and Kv = {0} .
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In terms of L, this means there is v ∈ L, v /∈ K such that
[x, v] ∈ K for all x ∈ K. By Definition 3.1.6, v ∈ NL(K).
Since anyway K ⊂ NL(K) (Remark 3.1.7) and v /∈ K, we have
K ⊊ NL(K). ⌋

Claim 2: Let K ⊊ L be a maximal Lie subalgebra. Then K is an ideal in L.

⌈ NL(K) is a Lie subalgebra (Remark 3.1.7), and by Claim 1 we
have K ⊊ NL(K). But by assumption K is maximal, and so we
must have NL(K) = L, i.e. K is an ideal in L. ⌋

Claim 3: Let K be as in Claim 2. Then dim(L/K) = 1.

⌈ Suppose dimL/K > 1. By Claim 2, L/K is a Lie algebra. Let π :
L→ L/K be the canonical projection. Let {0} ⊊ U ⊊ L/K be a
one-dimensional subspace (and so in particular a Lie subalgebra).
Then U := π−1(U) is a Lie subalgebra of L with K ⊊ U ⊊ L, in
contradiction to maximality of K. ⌋

Claim 4: Let K be as in Claim 2 and set W := {v ∈ V |Kv = 0}. Then
there is a non-zero w ∈ W such that Lw = {0}.

⌈ By Claim 3 we can find z ∈ L such that L = K⊕kz. Let v ∈ W .
Then also zv ∈ W as for all x ∈ K,

xzv = [x, z]︸︷︷︸
∈K

v + z xv︸︷︷︸
=0

= 0 ,

where we used that K is an ideal in L (Claim 2). By assumption,
all elements of L are nilpotent on V , so in particular, z is nilpotent
on W .

Applying A(n− 1) to K and V shows that W ̸= {0}. Since z is
nilpotent on W , there is a non-zero w ∈ W such that zw = 0.
Since by definition Kw = {0} it follows that Lw = (K ⊕ kz)w =
{0}. ⌋

A maximal proper Lie algebra always exists (Why?). Hence Claim 4 ?
completes the induction step.

Definition 3.1.10. Let V be a finite-dimensional k-vector space and set
n = dim(V ). A flag (Vi) in V is a collection of subspaces

{0} = V0 ⊂ V1 ⊂ · · · ⊂ Vn−1 ⊂ Vn = V ,

such that dimVi = i.
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Corollary 3.1.11. Let V , L be as in Theorem 3.1.9. Then there exists a
flag (Vi) in V such that

∀x ∈ L, i = 1, . . . , dimV : xVi ⊂ Vi−1 .

Proof. Suppose we have already constructed the flag up to some i ≥ 0:
{0} = V0 ⊂ V1 ⊂ · · · ⊂ Vi.

If Vi = V we are done. Else consider the quotient vector space V = V/Vi
with canonical projection π : V → V .

For each x ∈ L there is a unique x : V → V such that π ◦ x = x ◦ π, and
the map φ : L→ gl(V ), x 7→ x is a Lie algebra homomorphism (Why?). Set ?
L := im(φ). By Proposition 3.1.5 (1b), L is nilpotent. Theorem 3.1.9, applied
to V and L gives v ∈ V , v ̸= 0, such that Lv = {0}. Take Vi+1 = π−1(kv).
(Why does Vi+1 have the required properties to give the next part of the ?
flag?)

Remark 3.1.12. Let V , L be as in Theorem 3.1.9, and let (Vi) be a flag as
in the above corollary. Let e1, . . . , en be a basis of V such that e1, . . . , ei is
a basis of Vi. The basis defines an isomorphism ϕ : V → kn, and hence an
isomorphism of Lie algebras

gl(V )→ gl(n, k) , f 7→ ϕ ◦ f ◦ ϕ−1 .

The image of L under this isomorphism lies in N(n, k). (Why?) ?

(7.11)

Proof of Engel’s Theorem

Recall the statement of Engel’s Theorem (Theorem 3.1.3):

(L Lie alg., dimL <∞ , ∀x ∈ L : x ad-nilpotent) ⇒ L nilpotent

Proof of Theorem 3.1.3. We again proceed by induction. Let thus A(n) be
the statement of Engel’s Theorem plus the assumption that dimL = n.

Base case n = 1: Clear.

Induction step A(n− 1)⇒ A(n):

Claim: Z(L) ̸= {0}.

⌈ Consider the adjoint representation ad : L → gl(L) and write

L̃ := im(ad) ⊂ gl(L). Since each x ∈ L is ad-nilpotent, by

definition each u ∈ L̃ is a nilpotent endomorphism of L. By
Theorem 3.1.9 there is v ∈ L, v ̸= 0, such that L̃v = 0. But this
is equivalent to [x, v] = 0 for all x ∈ L. ⌋
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Let K = L/Z(L). As all x ∈ L are ad-nilpotent, also all a ∈ K are
ad-nilpotent (Why?). By the above claim, dimK < n. Thus the induc- ?
tion hypothesis A(n − 1) applies to K, showing that K is nilpotent. By
Proposition 3.1.5 (2), L is nilpotent.

3.2 Solvable Lie algebras and Lie’s Theorem

Definition 3.2.1. The derived series of L is defined recursively by

D0L = L , Di+1L = [DiL,DiL] for i ≥ 0 .

L is called solvable if DnL = {0} for some n.

Remark 3.2.2. 1. T (n, k) is solvable, as by the main example in Sec-
tion 3.1: D1T (n, k) = [T (n, k), T (n, k)] = [T0, T0] = T1, D

2T (n, k) =
[T1, T1] = T2, D

3T (n, k) = [T2, T2] = T4, etc.

2. Nilpotent implies solvable, but in general solvable does not imply nilpo-
tent. (Why?) ?

Theorem 3.2.3 (Lie’s Theorem). Let k be algebraically closed and of char-
acteristic zero. Let V be a finite-dimensional k-vector space and L ⊂ gl(V )
a solvable subalgebra. Then L stabilises a flag in V .

That L stabilises a flag in V means that there is a flag (Vi)i=0,...,dimV of V
such that for all x ∈ L and all i we have xVi ⊂ Vi.

In terms of the basis chosen in Remark 3.1.12 (i.e. e1, . . . , ei is a basis of
Vi), each x ∈ L is represented by an upper triangular matrix. This gives a
Lie algebra homomorphism L→ T (n, k).

The proof of Lie’s Theorem requires some preparation

Preparation for the proof of Lie’s Theorem

Proposition 3.2.4. 1. Suppose L is solvable. If K ⊂ L is a Lie subalge-
bra, then K is solvable. If φ : L→ L′ is a Lie algebra homomorphism,
then im(φ) ⊂ L′ is solvable.

2. Let I ⊂ L be an ideal. If I and L/I are solvable, then L is solvable.

3. If I, J ⊂ L are ideals and I, J are solvable, then I + J is solvable.

Remark 3.2.5. 1. Let 0→ K → L→ Q→ 0 be a short exact sequence
of Lie algebras (i.e. image = kernel and the arrows are Lie algebra
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homomorphism; “short” means that there are three non-trivial terms).
Combining parts 1 and 2 of the proposition shows

L solvable ⇔ K,Q solvable .

2. Part 3 shows that each finite dimensional Lie algebra contains a unique
maximal solvable ideal. For suppose I, J ⊂ L are solvable and maximal
in the sense that there are no I ′ ⊋ I and J ′ ⊋ J which are solvable.
Since I, J ⊂ I + J and I + J is solvable, we must have I = I + J = J .
(What goes wrong if we drop “finite-dimensional”?) ?

Proof of Proposition 3.2.4. Part 1: Similar to Proposition 3.1.5 (1), in par-
ticular φ(DiL) = Di(φ(L)). (Details?) ?

Part 2: We have the short exact sequence, with Q = L/I,

0→ I
ι−→ L

π−→ Q→ 0 .

Since Q is solvable, there is an m such that DmQ = {0}. Then

π(DmL) = Dm(π(L)) = DmQ = {0} ,

and so DmL ⊂ I. Since I is solvable, there is n such that DnI = {0} and
so also Dm+nL = {0}. (Why does the corresponding argument not work for ?
nilpotent Lie algebras?)

Part 3: Consider the short exact sequence

0→ J
ι−→ I + J

π−→ (I + J)/J → 0 .

The projection I → (I + J)/J , x 7→ [x] is a surjective Lie algebra homomor-
phism, and since I is solvable, by part 1 also (I+J)/J is solvable. Since also
J is solvable, but part 2, so is I + J .

Definition 3.2.6. Let L be a finite-dimensional Lie algebra over k.

1. The radical RadL of L is the (unique) maximal solvable ideal of L.

2. L is called semisimple if RadL = {0}.

A simple finite-dimensional Lie algebra is in particular semisimple. (Why? ?
Hint: Either RadL = {0} or RadL = L. But also [L,L] is an ideal, and so
[L,L] = {0} or [L,L] = L.)

Finite-dimensional semisimple Lie algebras over C are the topic of Sec-
tions 5 and 6.
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Proposition 3.2.7. Let k be algebraically closed and of characteristic zero.
Let V be a finite-dimensional non-zero k-vector space, and L ⊂ gl(V ) a
solvable Lie subalgebra. Then V contains a common eigenvector for all x ∈ L.

Here, “common eigenvector” means that there is v ∈ V , v ̸= 0 and a
function λ : L→ k, such that

∀x ∈ L : xv = λ(x) v .

Then λ is automatically k-linear. (Why?) ?

The proof of Proposition 3.2.7 needs the following lemma.

Lemma 3.2.8. Let k be of characteristic zero, L a Lie algebra over k, and
H ⊂ L an ideal. Let M be a finite-dimensional L-module. Suppose there is
v ∈M , v ̸= 0, and λ : H → k such that

h.v = λ(h)v for all x ∈ L, h ∈ H .

Then λ([x, h]) = 0 for all x ∈ L, h ∈ H.

Proof. Let x ∈ L be given and write R(x) : M → M for the action of x on
M . Let n ≥ 0 be maximal such that

{ v , R(x)v , . . . , R(x)nv } ⊂M

is linearly independent. Abbreviate vi = R(x)iv and set Ui = spank{v0, v1, . . . , vi}
so that dimUi = i+ 1.

Claim: For all h ∈ H and all i we have h.vi = λ(h)vi + w for some w ∈ Ui−1

(w = 0 for i = 0).

⌈ We proceed by induction on i. For i = 0 the statement holds by
assumption. Suppose the statement holds for a given i. Then

h.vi+1 = h.(x.vi)
(2)
= [h, x].vi + x.(h.vi)

(3)
= w + x.

(
λ(h)vi + w′) (4)

= λ(h)vi+1 + w′′ .

In step (2) we use [h, x] ∈ H to conclude w := [h, x].vi ∈ Ui by
induction hypothesis. Step (3) is the induction hypothesis once
more, with w′ ∈ Ui−1 In step (4) we set w′′ = w + x.w′ ∈ Ui. ⌋

By the claim, in the basis {vj}j=0,...,n, R(h) takes the form

R(h) =

λ(h) ∗
. . .

0 λ(h)


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Thus trUn R(h) = (n+ 1)λ(h), and so

(n+ 1)λ([x, h]) = trUn R([x, h]) = trUn

(
R(x)R(h)−R(h)R(x)

)
= 0 .

Since char(k) = 0, this implies λ([x, h]) = 0.
(Where did we use the fact that the n in Un is defined by the maximal ?

linear independence property above? Can we just omit this demand on n?
Hint: To get zero in the last equality above, we use cyclicity of the trace,
and we need that R(x) and R(h) restrict to maps Un → Un.)

Proof of Proposition 3.2.7. We proceed by induction on dimL. Let thus
A(n) be the statement of the proposition, under the additional assumption
that dimL ≤ n.

Base case n = 0: Clear.

Induction step A(n− 1)⇒ A(n): We may assume that dimL = n ≥ 1.

Claim 1: L contains an ideal K of codimension 1.

⌈ Since L is solvable, D1L = [L,L] ⊊ L. The quotient Q :=
L/[L,L] is non-zero and abelian. Hence there exists a sub-vector
space U ⊂ Q of codimension 1. As Q is abelian, U is an ideal of
Q. Write π : L → Q for the canonical projection. The preimage
K := π−1(U) is of codimension 1 in L and is an ideal. (Why?) ⌋ ?

Since K ⊂ gl(V ) is solvable (Proposition 3.2.4 (1)) and of dimension
n− 1, A(n− 1) applies and V contains a common eigenvector v ̸= 0 for K,
of eigenvalue function λ : K → k. Let Wλ be the common eigenspace for K
with eigenvalue function λ:

Wλ = {w ∈ W | ∀x ∈ K : xw = λ(x)w} .

Since v ∈ Wλ, in particular Wλ is non-zero.

Claim 2: Wλ is an invariant subspace for L, i.e. ∀a ∈ L : aWλ ⊂ Wλ.

⌈ Let a ∈ L be given. We need to check that for all w ∈ Wλ also
aw ∈ Wλ, i.e. that for all x ∈ K we have xaw = λ(x)aw. To see
this, first note

xaw = [x, a]w + axw
(∗)
= λ([x, a])w + λ(x)aw ,

where in (∗) we used [a, x] ∈ K (K is an ideal by claim 1). By
Lemma 3.2.8 (with H ; K, M ; Wλ), λ([x, a]) = 0, and so
indeed x(aw) = λ(x)aw. ⌋
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Pick z ∈ L\K. AsK has codimension 1, we have L = K⊕kz. By Claim 2,
z restricts to a map z : Wλ → Wλ. AsWλ is non-zero (and finite-dimensional,
and the field is algebraically closed), it contains an eigenvector w ∈ Wλ for
z: zw = µw for some µ ∈ k. Then w ∈ V is a common eigenvector for all
x ∈ L. (Why? What is the eigenvalue function λ′ : L → k? Where in the ?
proof did we use that k is characteristic zero?)

(10.11)

Proof of Lie’s Theorem

Recall the statement of Lie’s Theorem (Theorem 3.2.3):(
k = k , char(k) = 0 , dimV <∞ , L ⊂ gl(V ) solvable

)
⇒ L stabilises a flag in V

Proof of Theorem 3.2.3. If dimV = 0, there is nothing to show. Suppose
dimV ≥ 1. By Proposition 3.2.7 there is a common eigenvalue v ∈ V for L.
Take V1 = kv. Then repeat the argument for V := V/V1. (Details? Hint: ?
V1 ⊂ V is an L-submodule, so V is again an L-module; consider the image
of L in gl(V ).)

Proposition 3.2.9. Let k be an algebraically closed field of characteristic
zero, and let L be a finite-dimensional solvable Lie algebra over k. Then:

1. There is a flag (Li)i=0,...,dimL in L such that each Li is an ideal of L.

2. [L,L] is nilpotent.

Proof. Part 1: Consider the adjoint representation ad : L → gl(L) and set
L := im ad. By Proposition 3.2.4 (1), L is solvable. By Theorem 3.2.3, L
stabilises a flag (Li) in L. Each Li in this flag is an ideal of L. (Why?) ?

Part 2: Let (Li) be the flag from part 1. For each u ∈ [L,L] we have
ad(u)Li ⊂ Li−1 (Exercise). Thus all ad(u) are nilpotent, and by Engel’s E

(Ex. 15)Theorem (Theorem 3.1.3), [L,L] is nilpotent.

3.3 Cartan’s criterion for solvability

Theorem 3.3.1 (Cartan’s criterion). Let k be algebraically closed and of
characteristic zero. Let V be a finite-dimensional k-vector space and L ⊂
gl(V ) a subalgebra. If trV (xy) = 0 for all x ∈ [L,L] and y ∈ L, then L is
solvable.

The proof will be given at the end of this section.
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Remark 3.3.2. The converse statement (L solvable ⇒ trV (xy) = 0 for all
x ∈ [L,L] and y ∈ L) can be obtained from Lie’s Theorem. (Exercise) E

(Ex. 15)Definition 3.3.3. Let L be a finite-dimensional Lie algebra. The Killing
form κL (or just κ) of L is the bilinear map κL : L× L→ k given by

κL(x, y) := trL
(
ad(x) ad(y)

)
for all x, y ∈ L .

Example 3.3.4. 1. If L = N(n, k), then κL(x, y) = 0 for all x, y ∈
N(n, k). For L = gl(n, k), the Killing form is non-degenerate (i.e.
for all x ∈ gl(n, k), x ̸= 0, there is y ∈ gl(n, k) such that κL(x, y) ̸= 0).
(Why?) ?

2. Let L = sl(2, k). In the basis e, h, f used above Proposition 2.1.9, we
have

[h, e] = 2e , [h, f ] = −2f , [e, f ] = h

and so

ad(e) =

0 −2 0
0 0 1
0 0 0

 , ad(h) =

2 0 0
0 0 0
0 0 −2

 , ad(f) =

 0 0 0
−1 0 0
0 2 0

 .

This gives, for example,

κ(e, h) = 0 , κ(h, h) = 8 , κ(e, f) = 4 .

Corollary 3.3.5 (to Cartan’s criterion). Let k be algebraically closed and
of characteristic zero, and let L be a finite-dimensional Lie algebra over k.
The following are equivalent:

1. L is solvable.

2. κL(x, y) = 0 for all x ∈ [L,L], y ∈ L.

(Is the corollary still true if in 2. we demand instead that x, y ∈ L?) ?

Proof. Consider the adjoint representation ad : L → gl(L) and set L =
im(ad) ⊂ gl(L). Then L is solvable by Proposition 3.2.4 (1).

1⇒ 2: This follows from Remark 3.3.2. (Details?) ?

2⇒ 1: By Cartan’s criterion (Theorem 3.3.1) L is solvable. We have the
short exact sequence (Why?) ?

0→ Z(L)→ L
ad−→ L→ 0 .

Since L is solvable, and Z(L) is always solvable, by Remark 3.2.5 (1), L is
solvable.
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Remark 3.3.6. Let L be a finite-dimensional Lie algebra.

1. The Killing form of L is symmetric and invariant: For all x, y, z ∈ L
we have (Why does the invariance property hold?) ?

κL(x, y) = κL(y, x) , κL([x, y], z) = κL(x, [y, z]) .

2. Let I ⊂ L be an ideal. Then I is in particular a Lie subalgebra and we
can consider its Killing form κI .

Claim: For all a, b ∈ I we have κI(a, b) = κL(a, b).

⌈ Pick a complement of I in L, i.e. a sub-vector space V ⊂ L
such that L = I ⊕ V (as vector spaces, not as Lie algebras).
Then ad(a) ad(b) : I ⊕ V → I (as I is an ideal), and the
component V → I does not contribute to the trace. ⌋

For a subset V ⊂ L write V ⊥ = {a ∈ L |κL(a, v) = 0 for all v ∈ V }. This is
automatically a sub-vector space.

For the next two points of the remark we assume that k is algebraically
closed and of characteristic zero.

3. By Corollary 3.3.5, L is solvable iff [L,L] ⊂ L⊥.

4. Claim: L⊥ is a solvable ideal.

⌈ L⊥ is an ideal (Why?). By parts 2 and 3, κL⊥(a, b) = 0 for ?
all a, b ∈ L⊥. By Corollary 3.3.5, L⊥ is solvable. ⌋

In particular, L⊥ ⊂ Rad(L).

Thus for semisimple L, the Killing form is non-degenerate. (For info:
The converse also holds as we will see in Section 5.)

Preparation for the proof of Cartan’s criterion

For the rest of this section, k is assumed to be algebraically closed and of
characteristic zero.

Definition 3.3.7. Let V be a finite-dimensional k-vector space and let x :
V → V be linear. Then x is semisimple if it is diagonalisable, and it is
nilpotent if xn = 0 for some n.

If x is semisimple and nilpotent, then x = 0.
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Theorem 3.3.8 (Jordan-Chevallay decomposition). Let V a finite-dimensional
k-vector space, and x ∈ End(V ). Then:

1. There exist unique xs, xn such that x = xs + xn, xs is semisimple, xn
is nilpotent, and [xs, xn] = 0.

2. There exist polynomials p, q ∈ k[T ] with zero constant term (which
depend on x) such that xs = p(x), xn = q(x).

Proof. Part 1, existence: Write x in Jordan-normal form. If E is a subspace
on which x acts by a Jordan block (in an appropriate basis), choose the
corresponding blocks in xs and xn as

x|E =


λ 1 0

λ
. . .
. . . 1

0 λ

 , xs|E =


λ 0 0

λ
. . .
. . . 0

0 λ

 , xn|E =


0 1 0

0
. . .
. . . 1

0 0

 .

Part 2: Let λ1, . . . , λk be the pairwise distinct eigenvalues of x, and let mi be
their algebraic multiplicity. If 0 is not an eigenvalue, we add λ0 = 0 to the
list and set m0 = 1. The ideals in k[T ] generated by (T − λi)mi are pairwise
coprime. By the Chinese Remainder Theorem for commutative rings, there
is a (non-unique) polynomial p ∈ k[T ], such that

p(T ) ∼= λi mod (T − λi)mi for all i

In other words, for each i there is a polynomial ri(T ), such that

p(T ) = λi + (T − λi)miri(T ) .

In particular, p(0) = 0 follows by choosing i such that λi = 0.
For i = 1, . . . , k, let Vi be the eigenspace of eigenvalue λi for xs (i.e. the

generalised eigenspace of that eigenvalue for x). Then

p(x)|Vi =
(
λi + (x− λi)miri(x)

)
|Vi = λi idVi

as (x − λi)
mi is zero on Vi. Since V is a direct sum of the Vi, this shows

p(x) = xs. Since xn = x− xs we can take q(T ) = T − p(T ).
Part 1, uniqueness: Let x = s + n be another decomposition such that
the conditions in part 1 hold. Then [xs, s] = [p(x), s] = 0 as [x, s] = 0
by assumption. Hence xs and s can be simultaneously diagonalised, and in
particular also xs − s is semisimple. Analogously, [xn, n] = 0, and hence
xn−n is nilpotent (Why?). But as xs+xn = x = s+n, also xs−s = n−xn, ?
and so xs − s is simultaneously semisimple and nilpotent. Hence xs − s =
0 = n− xn.
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Remark 3.3.9. If x : V → V preserves a subspace, so do xs, xn: Let A ⊂ V
be a sub-vector space such that xA ⊂ A. Then also xsA ⊂ A and xnA ⊂ A.
(Why? Hint: Use part 2 of Theorem 3.3.8.) ?

Lemma 3.3.10. Let V be a finite-dimensional k-vector space and x ∈
End(V ). If x = xs + xn is the Jordan-Chevallay decomposition of x, then
ad(x) = ad(xs) + ad(xn) is the Jordan-Chevallay decomposition of ad(x) :
End(V )→ End(V ).

Proof. Since the decomposition is unique, we just need to check the defining
properties:

• ad(x) = ad(xs) + ad(xn): Clear.

• ad(xs) is semisimple: Let {vi}i=1,...,dimV be a basis of V such that xs is
diagonal, xvi = λivi for some λi ∈ k. Let Eij ∈ End(V ) be the map
Eij(va) = δa,jvi, cf. Section 1.6. The Eij form a basis of End(V ), and
we have, for all a,

ad(xs)Eijva = [xs, Eij]va = xsEijva − Eijxsva
= δj,axsvi − λaEijva = λiδj,avi − λjδj,avi
= (λi − λj)Eijva .

Thus Eij is an eigenvector of ad(xs) of eigenvalue λi−λj. In particular,
ad(xs) is diagonal in the basis {Eij}.

• ad(xn) is nilpotent: Lemma 3.1.8.

• [ad(xs), ad(xn)] = 0: Set L = gl(V ). Since ad : L → gl(L) is a Lie
algebra homomorphism, and since [xs, xn] = 0 be assumption, we have

(14.11)

[ad(xs), ad(xn)] = ad([xs, xn]) = 0 .

Lemma 3.3.11. Let V be a finite-dimensional k-vector space and let A ⊂
B ⊂ End(V ) be subspaces. Set

M = {x ∈ End(V ) | ad(x)(B) ⊂ A} .

If x ∈M satisfies trV (xy) = 0 for all y ∈M , then x is nilpotent.

Proof. Let x = xs+xn be the Jordan-Chevallay decomposition of x. We will
show that xs = 0 (and so x = xn is nilpotent).

As char(k) = 0, we have an embedding Q ↪→ k, and we will identify Q
with its image in k (e.g. Q ⊂ C).
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Let {vi} be a basis of V such that xs is diagonal, xsvi = λivi for some
λi ∈ k. Write

Λ = spanQ{λ1, . . . , λdimV }
for the Q-span of the eigenvalues in k. Then Λ is a Q-vector space (e.g. by
construction dimQ Λ ≤ dimk V ).

Let f : Λ→ Q be an arbitrary Q-linear map. Define y ∈ End(V ) on the
basis {vi} as

y(vi) = f(λi)vi .

Claim: y ∈M .

⌈ Let Eij be the basis of End(V ) defined by Eijva = δj,avi as in
the proof of Lemma 3.3.10, where we also saw that ad(xs)(Eij) =
(λi − λj)Eij. In the same way one checks ad(y)(Eij) = (f(λi) −
f(λj))Eij.

Pick a polynomial r(T ) ∈ k[T ] such that r(λi−λj) = f(λi−λj) for
all i, j = 1, . . . , dim(V ). Note that for i = j this gives r(0) = 0,
and that since f is Q-linear we have r(λi − λj) = f(λi)− f(λj).
By Lemma 3.3.10, ad(x) = ad(xs)+ad(xn) is the Jordan-Chevallay
decomposition of ad(x). Let p ∈ k[T ] be a polynomial as in
Theorem 3.3.8 (2) such that ad(xs) = p(ad(x)). Using this, we
compute

ad(y)Eij = (f(λi)− f(λj))Eij = r(λi − λj)Eij = r(ad(x))Eij .

= r(p(ad(x)))Eij

Thus ad(y) = r(p(ad(x))). Since r(p(T )) by construction has
no constant term, r(p(x)) : End(V ) → End(V ) is a linear map
given by a sum of non-zero powers of x. As ad(x)(B) ⊂ A by
assumption, also ad(y)(B) = r(p(ad(x)))(B) ⊂ A. ⌋

Since y ∈ M by the above claim, by assumption trV (xy) = 0. On the
other hand, writing {v∗i } for the basis of V ∗ dual to {vi},

trV (xy) =
∑
i

v∗i
(
xy(vi)

)
=

∑
i

f(λi)v
∗
i

(
x(vi)

)
=

∑
i

f(λi)λi ∈ Λ .

Since trV (xy) ∈ Λ, we can apply f to it, and since f is Q-linear, this gives
0 = f(trV (xy)) =

∑
i f(λi)

2. But the f(λi) are rational, and so the sum
of squares can be zero only if f(λi) = 0 for all i. Hence f vanishes on a
spanning set of Λ, and so must be zero.

The only way in which every Q-linear map Λ → Q can be zero is if
Λ = {0}, i.e. if λi = 0 for all i. But this is equivalent to xs = 0.
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Proof of Cartan’s criterion

Recall Cartan’s criterion (Theorem 3.3.1):(
dimV <∞, L ⊂ gl(V ), ∀x ∈ [L,L], y ∈ L : trV (xy) = 0

)
⇒ L solvable

Proof of Theorem 3.3.1. Set A = [L,L] and B = L such that A ⊂ B ⊂
EndV , and let M be as in Lemma 3.3.11:

M = {x ∈ End(V ) | ad(x)(B) ⊂ A} .

By construction, L ⊂M .

Claim 1: Let x ∈ [L,L]. Then trV (xy) = 0 for all y ∈M .

⌈ [L,L] is spanned by elements of the form [a, b] with a, b ∈ L. Let
y ∈M be given. Then

trV ([a, b]y) = trV (a[b, y]) = 0 ,

where the last equality follows by the assumptions in the state-
ment of the theorem as a ∈ L and [b, y] = − ad(y)b ∈ A = [L,L]
by definition of M . ⌋

Claim 2: [L,L] is nilpotent.

⌈ By Claim 1 and Lemma 3.3.11, each x ∈ [L,L] is nilpotent.
By Lemma 3.1.8, also ad(x) is nilpotent. By Engel’s Theorem
(Theorem 3.1.3), [L,L] is nilpotent. ⌋

Claim 2 implies that L is solvable. Indeed, D1L = [L,L] =: L̃, and

so Di+1L = DiL̃ ⊂ CiL̃, and the latter eventually becomes zero as L̃ is
nilpotent.

4 The universal enveloping algebra

In this section, k denotes an arbitrary field.

4.1 The tensor algebra

Definition 4.1.1. Let V be a k-vector space. A tensor algebra of V is a
pair (T, t), where T is a unital associative algebra over k and t : V → T is a
linear map, such that the following universal property holds:
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For each unital associative algebra A and each linear map f : V →
A there exists a unique unital algebra homomorphism f̂ : T → A
such that f = f̂ ◦ t.

As a commuting diagram, the condition can be stated as:

V T

A

t

∀f
∃!f̂

Lemma 4.1.2. Let (T, t) and (T ′, t′) be tensor algebras for V . Then there
exists a unique unital algebra isomorphism ϕ : T → T ′ such that

V

T T ′

t t′

ϕ

commutes.

Proof. From the universal property we get unique unital algebra homomor-
phisms ϕ, ψ such that the diagrams

V T

T ′

t

t′
ϕ

,
V T ′

T

t′

t
ψ

commute. We will show that these are inverse to each other. The composition
ψ ◦ ϕ makes the following diagram commute: (Why?) ?

V T

T

t

t
ψ◦ϕ

.

But that diagram also commutes when we label the dashed arrow by the
algebra homomorphism idT . But uniqueness we must have ψ ◦ ϕ = idT . In
the same way one shows that ϕ ◦ ψ = idT ′ .

Let V be a k-vector space. Set

T 0V := k , T 1V := V , T 2V := V ⊗ V , . . . , TmV := V ⊗ · · · ⊗ V︸ ︷︷ ︸
m times

, . . .
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and

T (V ) :=
∞⊕
m=0

TmV .

We have an embedding τ : V → T (V ) given by v 7→ v ∈ T 1V . We turn T (V )
into a unital associative algebra by defining the unit to be 1 ∈ k = T 0V ⊂
T (V ), and the product to be, on homogeneous components,

TmV × T nV −→ Tm+nV

(u1 ⊗ · · · ⊗ um , v1 ⊗ · · · ⊗ vn) 7−→ u1 ⊗ · · · ⊗ um ⊗ v1 ⊗ · · · ⊗ vn .

Proposition 4.1.3. Let V be a k-vector space. Then (T (V ), τ) is a tensor
algebra for V .

Proof. Let A be a unital associative algebra and f : V → A a linear map. We
must show the existence and uniqueness of a unital algebra homomorphism
f̂ : T (V )→ A such that f = f̂ ◦ τ .
Existence: For 1 ∈ T 0V we set f̂(1) = 1A. For x := v1 ⊗ · · · ⊗ vm ∈ TmV
define f̂(x) = f(v1) · · · f(vm) ∈ A. (Why is this a well-defined map out of ?
the tensor product? Why does it define an algebra homomorphism? Why
does it satisfy f = f̂ ◦ τ?)
Uniqueness: Let g : T (V ) → A be a unital algebra homomorphism which
satisfies f = g ◦ τ . Then

g(v1 ⊗ · · · ⊗ vm)
(1)
= g(v1) · · · g(vm)

(2)
= g(τ(v1)) · · · g(τ(vm))

(3)
= f(v1) · · · f(vm)

(4)
= f̃(v1 ⊗ · · · ⊗ vm) ,

where the steps are: (1) g is an algebra homomorphism, (2) definition of τ ,
(3) g satisfies g ◦ τ = f , (4) definition of f̃ . As this holds for all m, and the
v1 ⊗ · · · ⊗ vm span TmV , this shows g = f̃ .

Remark 4.1.4. 1. Below we will say “the tensor algebra” to refer to T (V )
as constructed above.

2. If V = {0}, then T (V ) = T 0(V ) = k is one-dimensional. If V ̸= {0},
then T (V ) is infinite-dimensional.

3. If V = k, then T (V ) ∼= k[X], the polynomial algebra in one variable
(Why?). But for V = k2, T (V ) ≇ k[X, Y ]. Indeed, let a = (1, 0) and ?
b = (0, 1) denote the standard basis of k2. Then ab ̸= ba in T (V ), but
XY = Y X in k[X, Y ]. (Can you write a basis for T (V ) in terms of ?
a, b?)
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4. For info: Let F : Algk → Veck be the forgetful functor from algebras
and algebra homomorphism to vector spaces and linear maps. Taking
the tensor algebra defines a functor T : Veck → Algk which in fact
is left adjoint to the forgetful functor, i.e. there is a natural family of
isomorphisms (obtained from the universal property)

ϕV,A : HomVec(V, FA)
∼−−→ HomAlg(TV,A) .

Functors left adjoint to a forgetful functor are often called “free”. In
this sense, T (V ) is the algebra freely generated by V .

4.2 The universal enveloping algebra

If A is an associative algebra, we will always also view it as a Lie algebra
with commutator as Lie bracket, [a, b]A := ab − ba. In particular, if L is a
Lie algebra and A is an associative algebra, a Lie algebra homomorphism
φ : L→ A satisfies φ([[x, y]L) = φ(x)φ(y)− φ(y)φ(x).

Definition 4.2.1. Let L be a Lie algebra over k. A universal enveloping
algebra of L is a pair (U, u), where U is a unital associative algebra over
k and u : L → U is a Lie algebra homomorphism, such that the following
universal property holds:

For each unital associative algebra A and each Lie algebra ho-
momorphism φ : L → A there exists a unique unital algebra
homomorphism φ̂ : T → A such that φ = φ̂ ◦ u.

As a commuting diagram, the condition can be stated as:

L U

A

u

∀φ
∃!φ̂

Lemma 4.2.2. Let (U, u) and (U ′, u′) be universal enveloping algebras for
a Lie algebra L. Then there exists a unique unital algebra isomorphism
φ : U → U ′ such that

L

U U ′

u u′

φ

commutes.
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(The proof is an exercise.) E

(Ex. 17)From here on “algebra” means “unital associative algebra”.

Remark 4.2.3. Let A be an algebra over k. Recall some properties of
algebras and ideals:

1. A two-sided ideal of A (or ideal for short) is a sub-vector space I ⊂ A
such that

∀a ∈ A, i ∈ I : a · i ∈ I and i · a ∈ I .

2. For S ⊂ A a subset, write ⟨S⟩ ⊂ A for the two-sided ideal generated
by S:

⟨S⟩ = spank{a · s · b | s ∈ S, a, b ∈ A} .

Since A is unital, we have S ⊂ ⟨S⟩. If f : A → B is an algebra
homomorphism, such that f(s) = 0 for all s ∈ S, then also f(⟨S⟩) =
{0}.
(Why is ⟨S⟩ the smallest ideal containing S? Why does the homo- ?
morphism-property hold?)

3. Let I ⊂ A be a two-sided ideal, and π : A → A/I is the canoni-
cal projection to the quotient vector space. There is a unique algebra
structure on A/I such that π is an algebra homomorphism. For exam-
ple, the product on A/I is given by (a+ I) · (b+ I) := ab+ I.

Let L be a Lie algebra over k. In T (L) consider the subset

S = {x⊗ y − y ⊗ x− [x, y]L |x, y ∈ L} .

Note that x⊗ y − y ⊗ x ∈ T 2L and [x, y]L ∈ T 1L. Define

U(L) := T (L)/⟨S⟩ , ιL :=
[
L

τ−→ T (L)
π−→ U(L)

]
.

Then ιL is a Lie algebra homomorphism, i.e.
(17.11)

ιL([x, y]L) = ιL(x)ιL(y)− ιL(y)ιL(x) for all x, y ∈ L .

(Why? And why is τ alone not a Lie algebra homomorphism if dimL > 1?) ?
Since π : T (L) → U(L) is surjective, U(L) is spanned (as a k-vector space)
by elements of the form

ιL(x1)ιL(x2) · · · ιL(xm) , m ∈ Z≥0 , x1, . . . , xm ∈ L .

Here, the product is that of U(L).
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Proposition 4.2.4. Let L be a Lie algebra over k. Then (U(L), ιL) is a
universal enveloping algebra for L.

Proof. Let A be an algebra and φ : L → A a Lie algebra homomorphism.
We have to show existence and uniqueness of an algebra homomorphism
φ̂ : U(L)→ A such that φ = φ̂ ◦ ιL.
Existence: From the universal property of the tensor algebra we get an alge-
bra homomorphism ϕ : T (L)→ A such that

L T (L)

A

τ

φ

ϕ

commutes. Let x, y ∈ L and s = x⊗ y − y ⊗ x− [x, y]L. Then

ϕ(s)
(1)
= ϕ(x)ϕ(y)− ϕ(y)ϕ(x)− ϕ([x, y]L)
(2)
= ϕ(τ(x))ϕ(τ(x))− ϕ(τ(x))ϕ(τ(x))− ϕ(τ([x, y]L))
(3)
= φ(x)φ(y)− φ(y)φ(x)− φ([x, y]L)

(4)
= 0 ,

where the individual steps follow from: (1) ϕ is an algebra homomorphism,
(2) definition of τ , (3) ϕ ◦ τ = φ, and (4) φ is a Lie algebra homomorphism.

Thus ϕ(S) = {0} and by Remark 4.2.3 (2) also ϕ(⟨S⟩) = {0}. Hence
there exists a unique linear map φ̂ : T (L)/⟨S⟩ → A such that

T (L) T (L)/⟨S⟩ = U(L)

A

π

φ

φ̂

commutes. Since φ is an algebra homomorphism, so is φ̂ (Why?). By con- ?
struction, φ = φ̂ ◦ ιL.
Uniqueness: Let ψ : U(L)→ A be an algebra homomorphism which satisfies
φ = ψ ◦ ιL. Recall from above that U(L) is spanned by elements of the form
u = ιL(x1)ιL(x2) · · · ιL(xm). We have

ψ(u)
(1)
= ψ(ιL(x1)) · · ·ψ(ιL(xm))
(2)
= φ(x1) · · ·φ(xm)
(3)
= φ̂(ιL(x1)) · · · φ̂(ιL(xm))

(4)
= φ̂(u)
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where the steps are: (1) ψ is an algebra homomorphism, (2) ψ satisfies
ψ ◦ ιL = φ, (3) φ̂ satisfies φ̂◦ ιL = φ, and (4) φ̂ is an algebra homomorphism.

Since ψ and φ̂ agree on a spanning set for U(L), they are equal.

Remark 4.2.5. 1. When we say “the universal enveloping algebra of L”
below, we refer to the pair (U(L), ιL) constructed above.

2. By the universal property, to see if two algebra homomorphism f, g :
U(L)→ L are equal, it is enough to compare them on the image of ιL:

f = g ⇔ f ◦ ιL = g ◦ ιL .

3. Let ϕ : L → L′ be a Lie algebra homomorphism. Then there exists a
unique algebra homomorphism U(ϕ) : U(L)→ U(L′) such that

L L′

U(L) U(L′)

ϕ

ιL ιL′

U(ϕ)

commutes. (Why?) ?

4. For info: One can check that part 3 turns U into a functor U : Liek →
Algk. The functor U is left adjoint to the functor Algk → Liek which
replaces the associative product by the commutator Lie bracket.

5. T (L) and U(L) are Hopf algebras (for T (L) one only needs L to be a
vector space). For example, the coproducts ∆T : T (V )→ T (V )⊗T (V )
and ∆U : U(L)→ U(L)⊗ U(L) are defined via the universal property
from a 7→ a⊗ 1 + 1⊗ a (a ∈ L).

4.3 The symmetric algebra

Definition 4.3.1. Let V be a k-vector space. The symmetric algebra for V
is

S(V ) := T (V )/J , where J = ⟨x⊗ y − y ⊗ x |x, y ∈ V ⟩ .

(One can also characterise S(V ) by a universal property. Can you think ?
of one? Hint: Part 1 of the remark below.)

Remark 4.3.2. 1. S(V ) is a commutative algebra (Why?). If we turn V ?
into a Lie algebra by equipping it with the zero-bracket [x, y] = 0 for
all x, y, then S(V ) = U(V ).
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2. Define Jm ⊂ TmV to be

Jm = spank{a⊗ x⊗ y ⊗ b− a⊗ y ⊗ x⊗ b |
x, y ∈ V, a ∈ T iV, b ∈ T jV for i+ j + 2 = m} .

Then J =
⊕∞

m=2 J
m (Why?) and hence (setting J0 = J1 = {0}) ?

S(V ) =
∞⊕
m=0

SmV , where SmV := TmV/Jm .

In particular, S(V ) is still graded as an algebra: for a ∈ SmV , b ∈ SnV
have a · b ∈ Sm+nV .

(Why is the universal enveloping algebra U(L) of a non-abelian Lie ?
algebra L not graded in this way?)

Fix a basis {vλ}λ∈Ω of V , and pick a total order on Ω (this is possible even
for infinite Ω by the axiom of choice). E.g. Ω = {1, 2, . . . , n} or Ω = Z or
Ω = R. Let SΩ be the set of finite increasing sequences in Ω,

SΩ = {(λ1, . . . , λm) |m ≥ 0, λ1 ≤ · · · ≤ λm} .

If π : T (V ) → S(V ) is the canonical projection, set zλ := π(vλ) and for a
finite sequence M = (λ1, . . . , λm) (ordered or not) write

vM := vλ1 ⊗ · · · ⊗ vλm ∈ T (V ) , zM := zλ1 · · · zλm = π(vM) ∈ S(V ) .

Proposition 4.3.3. {zM}M∈SΩ is a basis of S(V ).

Proof. First note that the zM span S(V ) (Why?). It remains to show that ?
they are linearly independent.

Denote the length of a sequence M = (λ1, . . . , λm) by |M | = m. For a
permutation σ ∈ Πm of m elements write Mσ = (λσ(1), . . . , λσ(m)) (think of
M as a function {1, . . . ,m} → Ω and of the notation Mσ as precomposition
M ◦ σ). Then {vMσ|M ∈ SΩ, σ ∈ Π|M |} is a basis of T (V ). (Why?) ?

Set
J ′ = spank{vM − vMσ |M ∈ SΩ, σ ∈ Π|M |} .

Then

• J ′ is a two-sided ideal in T (V ). (Why? Hint: Show first that for any ?
σ, π ∈ Π|M | we have vMπ − vMσ ∈ J ′.)

• J ⊂ J ′: We have x ⊗ y − y ⊗ x ∈ J ′ for all x, y ∈ V , as follows when
expanding x, y in the basis vλ.
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• J ′ ⊂ J : If τ is a transposition of neighbouring elements, by definition
vM − vMτ ∈ J . Write an arbitrary σ ∈ Π|M | as a composition σ =
τ1 · · · τL of such transpositions. Then

vM − vMσ = vM − vMτ1︸ ︷︷ ︸
∈J

+ vMτ1 − vMτ1τ2︸ ︷︷ ︸
∈J

+ · · · ∈ J .

Suppose
∑

M∈F cMzM = 0 for some cM ∈ k (only finitely many non-zero).
This is equivalent to∑
M∈Ω

cMzM = 0⇔
∑
M∈Ω

cMvM ∈ J

⇔
∑
M∈Ω

cMvM =
∑

M∈Ω,σ ̸=id

aM,σ(vM − vMσ) for some aM,σ ∈ k

⇔
∑
M∈Ω

(
cM −

∑
σ ̸=id

aM,σ

)
vM +

∑
M∈Ω,σ ̸=id

aM,σvMσ = 0 .

But the vMσ are a basis of T (V ), and so all aM,σ are zero, and hence also all
cM .

Remark 4.3.4. The basis {zM}M∈SΩ gives an algebra isomorphism between
S(V ) and the polynomial algebra k[(zλ)λ∈Ω] in the variables zλ, λ ∈ Ω.

4.4 The Poincaré-Birkhoff-Witt Theorem

Let L be a Lie algebra over k and (U(L), ι) its universal enveloping algebra,
π : T (L)→ U(L) the canonical projection.

Fix a basis {vλ}λ∈Ω of L with Ω a totally ordered set, and write SΩ for
finite increasing sequences as in the previous section. For a finite sequence
M = (λ1, . . . , λm) (ordered or not) write

vM := vλ1 ⊗ · · · ⊗ vλm ∈ T (L) , xM := ι(xλ1) · · · ι(xλm) = π(vM) ∈ U(L) .

For the empty sequence M = () we declare vM = 1, xM = 1.

Theorem 4.4.1 (Poincaré-Birkhoff-Witt Theorem).
{xM}M∈SΩ is a basis of U(L).

The proof requires some preparation.

Set

UmL := spank{ι(x1) · · · ι(xi) | i ≤ m,x1, . . . , xi ∈ L} = π
( m⊕

i=0

T iV
)
.
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The ascending chain of subspace

U0L ⊂ U1L ⊂ U2L ⊂ · · ·

is called the canonical filtration of U(L).

Remark 4.4.2. 1. By construction, we have
⋃∞
m=0 UmL = U(L), and for

each v ∈ U(L) there is an m such that v ∈ UmL.

2. For a ∈ UmL, b ∈ UnL we have a · b ∈ Um+nL. (Why?) ?

(21.11)
Lemma 4.4.3. For all m > 0, σ ∈ Πm and x1, . . . , xm ∈ L we have

ι(x1) · · · ι(xm) − ι(xσ(1)) · · · ι(xσ(m)) ∈ Um−1L .

Proof. It is enough to show the statement for transpositions of neighbouring
elements (Why?). Let τ ∈ ΠM be the transposition τ(j) = j+1, τ(j+1) = j. ?
In this case, the statement becomes

ι(x1) · · · ι(xj−1)
(
ι(xj)ι(xj+1)− ι(xj+1)ι(xj)

)
ι(xj+2) · · · ι(xm)

= ι(x1) · · · ι(xj−1)
[
ι(xj), ι(xj+1)

]
ι(xj+2) · · · ι(xm) ∈ Um−1L .

Lemma 4.4.4. We have U(L) = spank{xM |M ∈ SΩ}.

Proof. We will show by induction that UmL is spanned by the xM with
M ∈ SΩ and |M | ≤ m.

m = 0, 1: clear.

m− 1 ; m: By definition, UmL is spanned by xMσ with M ∈ SΩ, σ ∈ Π|M |
and |M | ≤ m. By Lemma 4.4.3, the difference xM − xMσ lies in Um−1L. By
induction hypothesis, Um−1L is spanned by xN with N ∈ SΩ, |N | ≤ m− 1.
Altogether, UmL is spanned by xM , M ∈ SΩ, |M | ≤ m as claimed.

Main technical lemma: L acts on SL

The idea of the construction is: “An element of an ordered basis of L acts
on an ordered product in SL by moving it to its correct position using the
Lie bracket and iterate until only ordered products occur.”

Consider L = sl(2, k) as an example, with basis {f, h, e} ordered as f <
h < e. By Proposition 4.3.3, the corresponding basis of S(L) is

{1, f, h, e︸ ︷︷ ︸
∈S1L

, ff, fh, fe, hh, he, ee︸ ︷︷ ︸
∈S2L

, fff, ffh, ffe, fhh, . . .︸ ︷︷ ︸
∈S3L

, . . . }
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For example, to compute the action of e on ff , we first note that in U(L)
we have the following equalities:

eff = [e, f ]f + f [e, f ] + ffe = hf + fh+ ffe = [h, f ] + 2fh+ ffe

= −2f + 2fh+ ffe .

We have re-expressed eff in terms of ordered products, and so we would like
to set

e.(ff) = −2f + 2fh+ ffe .

The next lemma shows that this indeed gives a well defined action.

The grading on S(L) =
⊕∞

m=0 S
mL defines a filtration by setting

Sm :=
m⊕
i=0

SiL .

For µ ∈ Ω and M ∈ SΩ, M = (λ1, . . . , λm) with m > 0 define

µ ≤M
def⇔ µ ≤ λ1 , and µ ≤ () for all µ .

Lemma 4.4.5. There is a family (fm)m∈Z≥0
of linear maps fm : L ⊗ Sm →

S(L) such that for all m ≥ 0 (set f−1 = 0, S−1 = {0}):

1. For all u ∈ L⊗ Sm−1: fm(u) = fm−1(u)

2. fm(L⊗ Sm) ⊂ Sm+1 .

3. For all zM ∈ Sm and λ ≤M : fm(vλ ⊗ zM) = zλzM .

4. For all zM ∈ Sm, λ ∈ Ω: fm(vλ ⊗ zM)− zλzM ∈ Sm .

5. For all zT ∈ Sm−1, λ, µ ∈ Ω:

fm(vλ ⊗ fm−1(vµ ⊗ zT )− fm(vµ ⊗ fm−1(vλ ⊗ zT ) = fm−1([vλ, vµ]L ⊗ zT )

Proof. We construct the fm by induction.

m = 0: One checks that f0 : L⊗ S0 → S(L), x⊗ 1 7→ x ∈ S1L satisfies 1.–5.

m − 1 ; m: For M ∈ SΩ, |M | ≤ m and λ ∈ Ω, define fm(vλ ⊗ zM) as
follows.

• |M | < m: fm(vλ ⊗ zM) := fm−1(vλ ⊗ zM) (and so fm satisfies 1.)

48



• |M | = m: If λ ≤ M , we set fm(vλ ⊗ zM) := zλzM (and so fm satisfies
3.)

If it is not true that λ ≤ M , write M = (µ, T ). Then λ > µ and
T ∈ SΩ, |T | = m− 1, µ ≤ T . Set

y := fm−1(vλ ⊗ zT )− zλzT ∈ Sm−1 ,

by property 4 of fm−1 (induction hypothesis). Using this, define

fm(vλ ⊗ zM) := zλzM + fm−1(vµ ⊗ y) + fm−1([vλ, vµ]L ⊗ zT )︸ ︷︷ ︸
∈Sm by property 2 for fm−1

(∗)

It is easy to check that the so-defined fm satisfies 1.–4. (Details?) Verifying ?
property 5 will take more effort.

Let λ, µ ∈ Ω and T ∈ SΩ, |T | = m− 1 (the case |T | < m− 1 is covered
by the induction assumption). We distinguish several cases.

Case 1: λ = µ: Trivial.

Case 2: λ ≤ T or µ ≤ T : We can exchange the role of λ and µ by
multiplying property 5 by −1. Hence w.l.o.g. (without loss of generality) we
may assume µ ≤ T . Set M = (µ, T ) and y = fm−1(vλ ⊗ zT )− zλzT as in the
statement of the lemma. Since µ ≤ T we have zM = fm−1(vµ ⊗ zT ), and so
(∗) can be rewritten as

fm(vλ ⊗ fm−1(vµ ⊗ zT ))− (λ↔ µ)

= fm−1([vλ, vµ]L ⊗ zT ) + zλzµzT − fm(vµ ⊗ zλzT ) .

(Why did some of the fm−1 have to be changed to fm in this expression?) ?

• Suppose λ > µ: Then fm(vµ ⊗ zλzT ) = zµzλzT (Why? Hint: How does ?
µ compare to the ordered list obtained from λ and T?) and the above
equation simplifies to property 5.

• Suppose λ < µ: Then also λ ≤ T and we can apply the above proof of
case 2 for λ > µ with µ and λ exchanged.

Case 3: Neither λ ≤ T nor µ ≤ T : Write T = (ν,R) with ν ≤ R and
|R| = m − 2. By assumption, λ, µ > ν. By property 3 and the induction
assumption, we have

zT = zνzR = fm−2(zν ⊗ zR)
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We need to show

fm(vλ ⊗ fm−1(vµ ⊗ fm−2(vν ⊗ zR)))− (λ↔ µ)

= fm−1([vλ, vµ]L ⊗ fm−2(vν ⊗ zR))) . (∗∗)

To make the expressions more readable, we abbreviate, for α, β, γ ∈ Ω

(α) = fm−2(vα ⊗ zR) ,
(αβ) = fm−1(vα ⊗ fm−2(vβ ⊗ zR)) ,

(αβγ) = fm(vα ⊗ fm−1(vβ ⊗ fm−2(vγ ⊗ zR))) ,

and we write [α, β] for [vα, vβ], so that e.g. ([α, β]) = fm−2([vα, vβ]⊗ zR). In
this notation, (∗∗) becomes

(λµν)− (µλν) = ([λ, µ]ν) .

Using property 5 for fm−1, we can rewrite the left hand side as

lhs = (λνµ) + (λ[µ, ν])− (µνλ)− (µ[λ, ν]) .

Claim: Property 5 holds for (λνµ).

(Exercise. Hint: Argue that fm−2(vµ ⊗ zR) = zµzR + w with w ∈ Sm−2. E

(Ex. 21)Make use of case 2 and the induction hypothesis.)

Exchanging λ↔ µ shows that property 5 also holds for (µνλ). This gives

lhs = (νλµ) + ([λ, ν]µ) + (λ[µ, ν])− (νµλ)− ([µ, ν]λ)− (µ[λ, ν])

= (ν[λ, µ]) + ([[λ, ν], µ]) + ([λ, [µ, ν]])

= ([λ, µ]ν) + ([ν, [λ, µ]]) + ([[λ, ν], µ]) + ([λ, [µ, ν]])︸ ︷︷ ︸
=0 by Jacobi identity

.

In each equality, we apply property 5 for fm−1, which holds by induction
hypothesis. Altogether, this shows case 3 of property 5 for fm.

Define the map L × S(L) → S(L), (x, v) 7→ x.v := fm(x ⊗ v) for any m
such that v ∈ Sm (this is independent of the choice of m by property 1 in
Lemma 4.4.5).

Corollary 4.4.6. The above defines the structure of an L-module on S(L).

Corollary 4.4.7. There exists a unique structure of a U(L)-module on S(L)
such that xM .1 = zM .

(The proof of both corollaries is an exercise.) E

(Ex. 21)

50



Proof of Poincaré-Birkhoff-Witt Theorem

Proof of Theorem 4.4.1. By Lemma 4.4.4, the set {xM |M ∈ SΩ} spans
U(L). Linear independence follows from Corollary 4.4.7. Namely, suppose∑

M∈SΩ cMxM = 0 in U(L) for some cM ∈ k (only finitely many non-zero).
Then the action on 1 ∈ S(L) gives

0 =
( ∑
M∈SΩ

cMxM

)
.1 =

∑
M∈SΩ

cMxM .1 =
∑
M∈SΩ

cMzM

But the zM are linearly independent (Proposition 4.3.3), and so cM = 0 for
all M .

Corollary 4.4.8 (to PBW Theorem). Let L be a Lie algebra over k. The
Lie algebra homomorphism ιL : L→ U(L) is injective.

Proof. In terms of a basis {vλ}λ∈Ω as above we have ιL(vλ) = x(λ), and by
the PBW Theorem, all xM ,M ∈ SΩ are linearly independent. Thus ιL maps
a basis to a linearly independent set and is hence injective.

Recall from Remark 4.2.5 (3) that a Lie algebra homomorphism f : L→ L′

gives rise to an algebra homomorphism U(f) : U(L)→ U(L′).

Corollary 4.4.9 (to PBW Theorem). If f : L→ L′ is injective / surjective
/ bijective, then U(f) : U(L)→ U(L′) is injective / surjective / bijective.

Proof. Surjective: Follows from the spanning set given above Proposition 4.2.4
(How?). ?

Injective: Pick a basis {vλ}λ∈Ω of L. Since f is injective, the v′λ := f(vλ) are
linearly independent. Extend this to a basis {v′µ}µ∈Ω′ such that Ω ⊂ Ω′. Pick
a total order on Ω′. This induces a total order on Ω. Then M ∈ SΩ implies
M ∈ SΩ′, and we have

U(f)(xM) = x′M

(Details?). Thus a basis gets mapped to a linearly independent set. ?

4.5 Induced representations

Let B be an algebra over k. Recall that “algebra” means “unital associative
algebra”. A left module of B is a k-vector space M together with a bilinear
map B ×M →M , (b,m) 7→ b.m, such that for all a, b ∈ B, m ∈M we have

a.(b.m) = (ab).m and 1.m = m .
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A right module of B is a k-vector space M together with a bilinear map
M ×B →M , (m, b) 7→ m.b, such that for all a, b ∈ B, m ∈M we have

(m.a).b = m.(ab) and m.1 = m .

To indicate wether B acts from the left or from the right, we will sometimes
write BM or MB, respectively.

Definition 4.5.1. Let B be a k-algebra, M a right B-module and N a left
B-module. The relative tensor product (or tensor product over B) of M and
N is defined to be

M ⊗B N := M ⊗N / spank{m.b⊗ n−m⊗ b.n | b ∈ B,m ∈M,n ∈ N} ,

where M ⊗N is the tensor product of the unterlying k-vector spaces.

Write π : M ⊗N → M ⊗B N for the canonical projection and m⊗B n :=
π(m⊗ n). Then by definition, for all b ∈ B, m ∈M , n ∈ N ,

(m.b)⊗B n = m⊗B (b.n) .

We call a bilinear map β :M ×N → V B-balanced if

∀b ∈ B,m ∈M,n ∈ N : β(m.b, n) = β(m, b.n) .

Thus by the above equality, the map ⊗B : M × N → M ⊗B N , (m,n) 7→
m⊗B n is B-balanced.

Lemma 4.5.2. Let B, M , N be as in the above definition. Then for each
k-vector space V and each B-balanced bilinear map β : M ×N → V , there
exists a unique linear map β̂ :M ⊗B N → V such that β = β̂ ◦ ⊗B:

M ×N M ⊗B N

A

⊗B

∀β
∃!β̂

(The proof is an exercise.) E

(Ex. 22)Let B be a k-algebra, A ⊂ B be a subalgebra, and M a left A-module.
The induced representation of B on M is

IndBA(M) := B ⊗AM .

The B-action is given the next lemma:
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Lemma 4.5.3. The map c.(b ⊗A m) := (cb) ⊗A m (b, c ∈ B, m ∈ M) is
well-defined and turns IndBA(M) into a B-module.

(The proof is an exercise.) E

(Ex. 23)

Definition 4.5.4. Let B be a k-algebra and M a right B-module. A family
{mλ}λ∈Λ, mλ ∈M is called a B-basis of M , if

1. for all n ∈M there are bλ ∈ B (only finitely many non-zero) such that
n =

∑
λ∈Λmλ.bλ, and

2.
∑

λ∈Λmλ.bλ = 0 (finite sum) implies that all bλ = 0.

If M has a B-basis, it is called free.

One can also formulate conditions 1 and 2 above as one condition by de-
manding that the bλ which satisfy the equality in 1 are unique. For a left
B-module, a B-basis and freeness are defined analogously.

Proposition 4.5.5. Let B be a k-algebra, M a right B-module and N a
left B-module. Suppose M is free. Let {mα}α∈I be a B-basis of M , and let
{nj}j∈J be a vector space basis of N . Then

{mα ⊗B nj}(α,j)∈I×J

is a vector space basis of M ⊗B N .

Proof. Abbreviate S = {mα ⊗B nj}(α,j)∈I×J .

S spans M ⊗B N : As M ⊗ N is spanned by {x ⊗ y |x ∈ M, y ∈ N} and
π : M ⊗ N → M ⊗B N is surjective, M ⊗ N is spanned by {x ⊗B y|x ∈
M, y ∈ N}. But every x⊗B y already lies in the span of S:

x⊗B y
(1)
=

∑
α∈I

mα.bα ⊗B y
(2)
=

∑
α∈I

mα ⊗B bα.y
(3)
=

∑
α∈I,j∈J

cjmα ⊗B nj ,

where in step 1 we use that {mα} is a B-basis, in step 2 that ⊗B is B-
balanced, and in step 3 we expand bα.y in the vector space basis of N as
bα.y =

∑
j∈J cjnj. (24.11)

S is linearly independent in M ⊗B N : Fix α ∈ I and define φα :M → B via

φα(m) = bα for m =
∑
β∈I

mβ.bβ .
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This is well-defined by the uniqueness of the expansion in a B-basis. For the
same reason, φα is an intertwiner of right B-modules: for all b ∈ B,

φα(m.b) = φα

(∑
β∈I

mβ.(bβb)
)
= bαb .

It follows that the map fα : M × N → N , f(m,n) = φα(m).n is bilinear
and B-balanced (Details?), amd so by Lemma 4.5.2 there is a (unique) linear ?

map f̂α :M ⊗B N → N with the property

f̂α(m⊗B n) = φα(m).n .

Let
∑

β∈I,j∈J cβjmβ ⊗B nj = 0, cβj ∈ k be a decomposition of zero. Ap-

plying f̂α results in

0 = f̂α

( ∑
β∈I,j∈J

cβjmβ ⊗B nj
)
=

∑
j∈J

cα,j nj

(Why does the second equality hold?). But the nj are linearly independent, ?
and so cα,j = 0 for all j.

Let L be a Lie algebra over k. Given a vector space V , the L-representations
R : L → gl(V ) are in 1-1 correspondence to U(L)-representations via:
(Exercise.) E

(Ex. 17)L U(L)

End(V )

ιL

∀R
∃!R̂

Let H ⊂ L be a Lie subalgebra. Then also U(H) ↪→ U(L) is a subalgebra
(Corollary 4.4.9). For an H-module M , we abbreviate

IndLH(M) := Ind
U(L)
U(H)(M) = U(L)⊗U(H) M .

Proposition 4.5.6. Let H ⊂ L be a Lie subalgebra. Then U(L) is a free
right U(H)-module.

Proof. Let {vλ}λ∈Λ be a basis of H. Extend this basis to a basis {vµ}µ∈Ω of
L, i.e. we have Λ ⊂ Ω. Pick a total order on Ω with the property

∀µ ∈ Ω \ Λ, λ ∈ Λ : µ < λ . (∗)

(Why is that always possible?) As before, we write xM = ιL(vλ1) · · · ιL(vλm) ∈ ?
U(L) for M = (λ1, . . . , λm). The next claim shows the proposition.

Claim: {xM}M∈S(Ω\Λ) is a U(H)-basis of U(L).

54



⌈ Write Λc := Ω \ Λ. Because of (∗) we have, for M ∈ SΛc and
N ∈ SΛ, that xM · xN = xMN , where “MN” stands for the
sequence obtained by first taking the indices inM and then those
in N .

In particular, this establishes property 1 in Definition 4.5.4: every
u ∈ U(L) can be written in the form u =

∑
M∈SΛc xM .hM for some

hM ∈ U(H), only finitely many nonzero (Why?). ?

To show property 2, suppose that
∑

M∈SΛc xM .hM = 0 for some
choice of hM ∈ U(H). By the PBW-theorem, each hM can be
written as a linear combination

hM =
∑
N∈SΛ

cNM xN for some cNM ∈ k .

This gives the decomposition of zero

0 =
∑

M∈SΛc

∑
N∈SΛ

cNMxMxN .

But the xMxN = xMN form a linearly independent set by the
PBW-theorem, and hence all cNM must be zero. ⌋

Corollary 4.5.7. Let H ⊂ L and consider bases {vλ}λ∈Λ of H and {vµ}µ∈Ω
as in the proof of Proposition 4.5.6. Let M be an H-module with vector
space basis {vi}i∈I . Then a vector space basis of IndLH(M) is given by{

xM .vi
∣∣M ∈ S(Ω \ Λ), i ∈ I} .

Proof. The proof of Proposition 4.5.6 provides us with a U(H)-basis of U(L).
We can hence apply Proposition 4.5.5.

Example 4.5.8 (Verma modules for sl(2, k)). Consider the basis of sl(2, k)
introduced at the end of Section 2.1:

e =

(
0 1
0 0

)
, f =

(
0 0
1 0

)
, h =

(
1 0
0 −1

)
with ordering f < h < e. Let

b := spank{h, e} =
{(

a b
0 −a

) ∣∣∣a, b ∈ k} ⊂ sl(2, k) .
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The b is a Lie subalgebra of sl(2, k) which is solvable (Why?). ?
For λ ∈ k let Bλ be the 1-dimensional representation of b given by Bλ = k

as a vector space, and with action on 1 ∈ k given by

e.1 = 0 , h.1 = λ 1 .

(Why is this a b-module? Why are these in fact all irreducible finite-dimen- ?
sional b-modules, provided that k is algebraically closed and of characteristic
zero?)

The Verma module Vλ of sl(2, k) is defined to be

Vλ := Ind
sl(2,k)
b (Bλ) .

By Corollary 4.5.7, Vλ has a vector space basis

{um}m∈Z≥0
, where um = fm ⊗U(b) 1 ,

where f 0 = 1 and for m > 0, fm = f · · · f is the m-fold product of f with
itself in U(sl(2, k)) and 1 ∈ k = Bλ (Details?). Explicitly, the action on the ?
first two basis elements is

f.u0 = (f · 1)⊗U(b) 1 = u1 ,

h.u0 = (h · 1)⊗U(b) 1 = (1 · h)⊗U(b) 1 = 1⊗U(b) h.1 = λu0 ,

e.u0 = e⊗U(b) 1 = 1⊗U(b) e.1 = 0 ,

f.u1 = ff ⊗U(b) 1 = u2 ,

h.u1 = hf ⊗U(b) 1 = [h, f ]⊗U(b) 1 + fh⊗U(b) 1

= −2f ⊗U(b) 1 + f ⊗U(b) h.1 = (λ− 2)u1 ,

e.u1 = λu0 .

5 Semisimple Lie algebras

5.1 The Killing form and semisimplicity

Let k be a field.

Definition 5.1.1. Let U, V be k-vector spaces. A bilinear pairing b on U×V
(i.e. a bilinear map b : U × V → k) is non-degenerate if(
∀u ∈ U : b(u, v) = 0

)
⇒ v = 0 and

(
∀v ∈ V : b(u, v) = 0

)
⇒ u = 0 .
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Let L be a finite-dimensional Lie algebra over k. Recall from Defini-
tion 3.3.3 and Remark 3.3.6 that the Killing form κ = κL of L is given
by κ(x, y) = trL(ad(x) ad(y)) and satisfies

κ(x, y) = κ(y, x) , κ([x, y], z) = κ(x, [y, z]) .

For sl(2, k) we saw in Example 3.3.4 (2) that

κ(h, h) = 8 , κ(e, f) = κ(f, e) = 4 ,

and all other pairs of basis vectors giving zero. Thus κ is non-degenerate iff
char(k) ̸= 2.

Definition 5.1.2. Let L be a finite-dimensional Lie algebra over k, and
let B be a non-degenerate symmetric invariant bilinear pairing on L. Let
{x1, . . . , xn} be a basis of L, and {y1, . . . , yn} the dual basis with respect to
B (i.e. B(xi, yj) = δi,j). Then

CB :=
n∑
i=1

xiyi ∈ U(L)

is called the Casimir element for B.

(Check that CB is independent of the choice of basis of L.) ?

Proposition 5.1.3. Let L and B be as in the previous definition. Then
CB ∈ Z(U(L)).

Proof. For all a ∈ L we have∑
i

B(a, xi)yi = a =
∑
i

B(a, yi)xi .

(Why?) Using this, we compute for all a ∈ L ?

[a, CB] =
∑
i

[a, xiyi]
(∗)
=

∑
i

[a, xi]yi +
∑
j

xj[a, yj]

=
∑
i,j

B([a, xi], yj)xjyi +
∑
i,j

xjyiB([a, yj], xi)
(∗∗)
= 0

To see (∗∗) note that

B([a, yj], xi)
sym.
= B(xi, [a, yj])

inv.
= B([xi, a], yj) = −B([a, xi], yj) .

(Why does (∗) hold?) ?
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If the Killing form κ of L is non-degenerate, then C = Cκ is called the
Casimir element of L.

(28.11)

Recall from Remark 3.3.6 the notation

V ⊥ = {a ∈ L |κL(a, v) = 0 for all v ∈ V }

for a subset V ⊂ L. For example κL is non-degenerate iff L⊥ = {0}.

Lemma 5.1.4. Let L be a finite-dimensional Lie algebra over k, and let
I ⊂ L be an ideal. Then:

1. I⊥ is an ideal of L.

2. If I is in addition abelian, then I ⊂ L⊥.

3. If κL is non-degenerate, then L = I ⊕ I⊥ as Lie algebras.

Proof. Part 1: Follows from symmetry of κL. (Details?) ?

Part 2: We may assume that I ̸= {0}. Let {x1, . . . , xdim I} be a basis of I.
Extend this to a basis {x1, . . . , xdimL} of L. Write x∗j for the dual basis of
L∗. For all y ∈ L and i ∈ I we have:

κL(y, i) =
dim I∑
a=1

x∗a
([
y, [i, xa]︸ ︷︷ ︸
=0 as I abelian

]
])

+
dimL∑

a=dim I+1

x∗a
(
[y, [i, xa]]︸ ︷︷ ︸
∈I as I ideal

)
= 0 .

Part 3: We will show I∩I⊥ = {0} and dim I+dim I⊥ = dimL. This implies
part 3.

I ∩ I⊥ = {0}: Let A := I ∩ I⊥.
Claim: A is an abelian ideal of L.

⌈ Clearly A is an ideal. To see that it is abelian, let x ∈ L and
a, b ∈ A. Then

κL(x, [a, b]) = κL([x, a], b) = 0 ,

since [x, a] ∈ A ⊂ I and b ∈ A ⊂ I⊥. As κL is non-degenerate, it
follows that [a, b] = 0. ⌋

By part 2, A ⊂ L⊥. But L⊥ = {0} as κL is non-degenerate.

dim I + dim I⊥ = dimL: Consider the composition of linear maps

f : L −→ L∗ −→ I∗ , x 7→ κL(x,−) 7→ κL(x,−)|I .
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The second map is restricting the arguments from L to I, and is surjective
(Why?). By definition, the kernel of f is I⊥. Thus we have ?

dimL = dim(im(f)) + dim(ker(f)) = dim(I⊥) + dim(I∗) .

But dim(I∗) = dim(I).

Lemma 5.1.5. Let L be a Lie algebra over k. Suppose L =
⊕

α∈A Lα as Lie
algebras, where all Lα are simple Lie algebras. Let I ⊂ L be an ideal. Then
there is a subset B ⊂ A such that I =

⊕
β∈B Lβ.

The lemma also implies that the direct summands in the decompostion
L =

⊕
α∈A Lα are unique up to permutation. (Why?) ?

Proof. Let i ∈ I be arbitrary. We can write (uniquely) i =
∑

α∈A xα with
xα ∈ Lα. We will show

xα ̸= 0 ⇒ Lα ⊂ I .

This implies the claim. (Why? What is B?) ?

Suppose thus that xα ̸= 0. Define

Mα := [Lα, i] + [Lα, [Lα, i]] + [Lα, [Lα, [Lα, i]]] + · · · .

Since [Lα, i] = [Lα, xα] ⊂ Lα, etc., all of the above summands are contained
in Lα. Since i ∈ I and I is an ideal, all summands are also contained in I.
By construction Mα satisfies [Lα,Mα] ⊂Mα (Why?), i.e. it is an ideal of Lα. ?

We have [Lα, xα] ̸= {0}, for else the 1-dimensional span of xα would be an
ideal in Lα, but Lα is simple, and so we would have Lα = kxα (Why would ?
that be a problem?). Hence Mα ̸= {0}. Since Mα is a non-zero ideal in Lα,
we must have Mα = Lα. Since Mα ⊂ I, it follows that Lα ⊂ I.

Let L be a finite-dimensional Lie algebra over k. Recall from Defini-
tion 3.2.6 that rad(L) is the maximal solvable ideal of L, and that L is
called semisimple if rad(L) = {0}.

Theorem 5.1.6. Let L be a finite-dimensional Lie algebra over an alge-
braically closed field k of characteristic zero. The following are equivalent:

1. L is semisimple.

2. κL is non-degenerate.

3. L =
⊕

α∈A Lα with Lα simple.
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We will show 2 ⇒ 3 ⇒ 1 ⇒ 2. Of these, 2 ⇒ 3 ⇒ 1 work over a general
field, and only 1 ⇒ 2 uses the assumptions char(k) = 0 and k = k. We will
make use of this in the next section when we prove the above theorem also
over R (cf. Theorem 5.2.8 below).
For info: In fact the above theorem holds for fields of characteristic zero,
algebraic closedness is not required, see the comment after Theorem 5.2.8
below.

Proof. For L = {0} the statement is trivial. Assume that L ̸= {0}.

2 ⇒ 3 (this implication holds for a general field k): Let {0} ⊊ I ⊊ L be an
ideal. If such an ideal does not exist, then L is already simple (How can the ?
case that L is abelian be excluded?). By Lemma 5.1.4 (3), L = I ⊕ I⊥ as Lie
algebras.

Since κL(i, j) = 0 for all i ∈ I and j ∈ I⊥, we have that κI and κI⊥ are
both non-degenerate. (Why? Hint: Use that κL is non-degenerate, together ?
with Remark 3.3.6 (2).) We can thus iterate the above process for I and
I⊥, decomposing into further direct summands until every summand simple.
This process terminates as L is finite-dimensional.

3⇒ 1 (this implication holds for a general field k): rad(L) = {0} if and only
if L has no non-zero abelian ideas (Exercise). Suppose thus that I ⊂ L is an E

(Ex. 24)abelian ideal. By Lemma 5.1.5, I =
⊕

β∈B Lβ for some B ⊂ A. But none of
the Lα is abelian, so we must have B = ∅.

1⇒ 2: Let I = L⊥. We need to show that I = {0}. Note that by definition
κL(i, x) = 0 for all i ∈ I, x ∈ L and so in particular

κL(i, j) = 0 for all i ∈ I, j ∈ [I, I] .

By Remark 3.3.6 (2), κL = κI , and we can apply Cartan’s criterion (in the
form of Corollary 3.3.5) to I. This shows that I is solvable, and hence
I ⊂ rad(L). But rad(L) = {0} by assumption.

Remark 5.1.7. 1. Recall from Example 2.2.3 (2) that ad : L→ Der(L) ⊂
gl(L) is a Lie algebra homomorphism. Derivations in the image of ad
are called inner derivations.

2. For a semisimple Lie algebra L we have Z(L) ⊂ Rad(L) = {0}, and so
ad : L→ Der(L) is injective.

Proposition 5.1.8. For a finite-dimensional semisimple Lie algebra over an
algebraically closed field, every derivation is inner.

60



Proof. Define a bilinear form b on Der(L) by setting b(D,D′) := trL(D ◦D′).
Note that for x, y ∈ L we have κ(x, y) = b(ad(x), ad(y)), and in this sense b
extends the Killing form to include derivations. As for κ one checks that b
is invariant:

b([D,D′], D′′) = b(D, [D′, D′′]) for all D,D′, D′′ ∈ Der(L) .

Define

I = ad(L)⊥ = {D ∈ Der(L) | b(D, ad(x)) = 0 for all x ∈ L} .

We have I + ad(L) = Der(L) (Why? Hint: Pick a dual basis pair of L ?
with respect to κ, i.e. κ(xi, yj) = δi,j. For D ∈ Der(L) consider D′ =
D −

∑
i b(D, ad(xi)) ad(yi) and show that D′ ∈ I.) Since b is invariant, I is

an ideal in the Lie algebra Der(L). Since b is non-degenerate on ad(L) (by
non-degeneracy of the Killing form, see Theorem 5.1.6), I ∩ ad(L) = {0}.

So far we have shown Der(L) = I ⊕ ad(L). To complete the proof we
need to show I = {0}. Let thus D ∈ I. We compute, for any x ∈ L,

ad(D(x))
(1)
= [D, ad(x)]

(2)
= 0 ,

Step 1 follows as D is a derivation (Details?). In step 2 we use that I is an ?
ideal, so that [D, ad(x)] ∈ I, while the initial expression is clearly in ad(L).
But I ∩ ad(L) = {0}.

Finally, by Remark 5.1.7 (2), ad is injective, and hence D(x) = 0 for all
x ∈ L.

Remark 5.1.9. 1. The proof of the above proposition relied on non-
degeneracy of κL. This also holds over R (cf. Theorem 5.2.8 below),
and so also for a finite-dimensional semisimple Lie algebra over R, all
derivations are inner.

2. For info: Let G be a Lie group, and let ϕ ∈ Aut(G) a Lie group
automorphism of G. Since ϕ(e) = e, the differential dϕ is a linear
isomorphism TeG→ TeG. Recall that we can define the Lie algebra of
G to be g = TeG. One finds that dϕ is a Lie algebra automorphism of
g. We obtain a group homomorphism

D : Aut(G)→ Aut(g) .

Let ϕt ∈ Aut(G), t ∈ (−ε, ε) ⊂ R be a family of automorphisms with
ϕ0 = id, such that t 7→ D◦ϕt is differentiable. Then d

dt
D◦ϕt|t=0 defines

a derivation on g.
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An automorphism ϕ ∈ Aut(G) is called inner of ϕ(x) = axa−1 for some
a ∈ G. If a family ϕt as above consists of inner automorphisms, the
corresponding derivation is also inner.

Consider the homomorphism of Lie groups

Ad : G→ Aut(g) , a 7→ D(a(−)a−1) .

If the Lie algebra g of G is semisimple, then all derivations are in-
ner, and one can show that Aut(g)/Ad(G) is discrete. See e.g. Knapp,
Lie groups beyond an introduction, Section I.14, and Kirillov, Propo-
sition 6.8 for more.

5.2 Complexification of real Lie algebras

From here on we will only work with Lie algebras over R or over C.
Definition 5.2.1. Let g be a Lie algebra over R. The complexification gC
of g is gC := C⊗R g.

Remark 5.2.2. The following two descriptions of the Lie bracket on gC are
equivalent (Why?): ?

1. We can write gC = g ⊕ ig, where we identify a in the first copy of g
with 1⊗R a ∈ gC, and b in the second copy with i(1⊗R b) = i⊗R b ∈ gC.
Thus each x ∈ gC can be uniquely written as x = a + ib. Let further
y = c+ id. Then

[x, y]gC := [a, c]g − [b, d]g + i
(
[a, d]g + [b, c]g

)
.

2. For λ, µ ∈ C and a, b ∈ g we define

[λ⊗R a, µ⊗R b]gC := (λµ)⊗R [a, b]g .

Definition 5.2.3. A Lie algebra g over R is called a real form of a Lie algebra
L over C if L ∼= gC.

Remark 5.2.4. 1. Let {xα}α∈A be a basis of a Lie algebra L over a field
k. We can expand the Lie bracket of two basis vectors as

[xα, xβ] =
∑
γ∈A

f γ
αβ xγ for some f γ

αβ ∈ k .

The numbers f γ
αβ are called structure constants of L. They depend on

L and on a choice of basis for L, and they determine the Lie bracket
uniquely. (Since the structure constants determine the Lie bracket, one ?
can express the defining conditions of a Lie algebra in terms of structure
constants. Can you write out these conditions?)
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2. Let {xα}α∈A be a basis of g over R. By Proposition 4.5.5 (for B = R,
M = C, which is free over R, and N = g), the set {1⊗Rxα, i⊗Rxα}α∈A
is an R-basis of gC, and so just {1⊗R xα}α∈A is a C-basis of gC (Why?). ?

Claim: Let g be a real Lie algebra and L a complex Lie algebra. The
following are equivalent:

(a) L ∼= gC as Lie algebras over C.
(b) There exists a basis {xα}α∈A of g over R, and a basis {x̃α}α∈A of

L over C (with the same indexing set A), such that

[xα, xβ] =
∑
γ∈A

f γ
αβ xγ and [x̃α, x̃β] =

∑
γ∈A

f γ
αβ x̃γ ,

with the same set of structure constants for both g and L.

⌈ For (a) ⇒ (b), let φ : gC → L be the C-linear Lie al-
gebra homomorphism. Pick an R-basis {xα}α∈A and set
x̃α := φ(1 ⊗R xα). One checks that the structure constants
agree (Details?). ?

For (b) ⇒ (a), define the C-linear isomorphism φ : gC → L
on a C-basis via φ(1⊗R xα) = x̃α. One checks that this is a
Lie algebra homomorphism (Details?). ⌋ ?

(1.12.)

Example 5.2.5. 1. su(2)C ∼= sl(2,C): Recall:

su(2) = {M ∈ Mat(2,C) | tr(M) = 0,M † +M = 0} (Lie algebra over R)
sl(2,C) = {M ∈ Mat(2,C) | tr(M) = 0} (Lie algebra over C)

We will show in two ways that su(2) is a real form of sl(2,C), i.e. that
su(2)C ∼= sl(2,C) as complex Lie algebras:

• Via a basis: We check the condition in Remark 5.2.4 (2 b). Re-
call the R-basis of su(2) in terms of Pauli matrices at the end of
Section 1.6,

x1 = iσ1 =

(
0 i
i 0

)
, x2 = iσ2 =

(
0 1
−1 0

)
, x3 = iσ3 =

(
i 0
0 −i

)
.

Note that x̃1 := x1, x̃2 := x2, x̃3 := x1 is a C-basis of sl(2,C). As
the matrices are the same, so are the structure constants.
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• Without basis: By definition su(2) ⊂ sl(2,C). The map

φ : su(2)C → sl(2,C) , 1⊗R A+ i⊗R B 7→ A+ iB ,

where A,B ∈ su(2), is C-linear and a Lie algebra isomorphism.
(Why? Hint: If A+ iB = 0, then also (A+ iB)± (A+ iB)† = 0, ?
and if trM = 0, then M −M † and i(M +M †) are in su(2).)

2. sl(2,R)C ∼= sl(2,C): The same expression for φ as above gives an
isomorphism sl(2,R)C → sl(2,C) of complex Lie algebras. (Details?) ?

3. Parts 1 and 2 show that sl(2,R)C ∼= su(2)C as complex Lie alge-
bras. But sl(2,R) and su(2) are not isomorphic as real Lie algebras
(Exercise). E

(Ex. 26)

4. sl(2,C)C ∼= sl(2,C)⊕ sl(2,C): Consider the map

φ : sl(2,C)C → sl(2,C)⊕sl(2,C) , 1⊗RA+i⊗RB 7→
(
A+iB, A+iB

)
,

where A,B ∈ sl(2,C) and A stands for the matrix obtained by complex
conjugating all entries in A, i.e. A = (At)†. The map φ is C-linear,
bijective, and a Lie algebra homomorphism. (Why? What would go ?
wrong if we would take A− iB in the second summand in the definition
of φ?)

Note the notational pitfall that e.g.

i⊗R

(
1 0
0 −1

)
̸= 1⊗R

(
i 0
0 −i

)
in sl(2,C)C ,

and so one should not abbreviate i⊗R M as iM .

5. Further isomorphisms of complex Lie algebras are ( Exercise): E

(Ex. 28, 32)

su(n)C ∼= sl(n,C) , u(n)C ∼= gl(n,C) , so(p, q)C ∼= so(p+ q,C) ,

For info: The Lie algebra of the 4-dimensional Lorentz group (recall
Section 1.2 and Example 1.5.7) satisfies so(1, 3) ∼= sl(2,C) as real Lie al-
gebras, and thus so(1, 3)C ∼= sl(2,C)⊕sl(2,C) as complex Lie algebras.
In 4d QFT one can label particles by pairs of sl(2,C) representations,
see e.g. Weinberg, Quantum theory of fields vol. 1, Section 5.6.

Lemma 5.2.6. Let g be a Lie algebra over R. Then g is nilpotent (resp.
solvable) iff gC is nilpotent (resp. solvable).
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Proof. Nilpotent: In terms of elements, the statement that a Lie algebra L
over a field k is nilpotent reads (cf. Definition 3.1.1): There exists an N such
that for all x1, . . . , xN ∈ L we have

[x1, [x2, · · · [xN−2, [xN−1, xN ]] · · · ]] = 0 .

Writing an element zj ∈ gC as zj = 1⊗R aj + i · 1⊗R bj for aj, bj ∈ g shows
that the above statement specialised to g is equivalent to that for gC.

Solvable: Analogous. (Details?) ?

Remark 5.2.7. Let g be a finite-dimensinoal Lie algebra over R. The Killing
forms of g and gC are related as follows: For all x, y ∈ g, λ, µ ∈ C,

κgC(λ⊗R x, µ⊗R y) = λµ · κg(x, y) .

In particular κgC is non-degenerate iff κg is non-degenerate. (Why does the ?
formular for κgC hold and why does this give the claimed equivalence?)

We get the following variant of Theorem 5.1.6 for R, which holds even
though R is not algebraically closed:

Theorem 5.2.8. Let L be a finite-dimensional Lie algebra over R. The
following are equivalent:

1. L is semisimple.

2. κL is non-degenerate.

3. L =
⊕

α∈A Lα with Lα simple.

For info: More generally, the above results holds for L a finite-dimensional
Lie algebra over a field k of characteristic zero. In the proof one needs to
substitute the algebraic closure k of k whenever C is used in place of R.

Proof. As noted in the proof of Theorem 5.1.6, it only remains to show 1⇒ 2.
And as we did there, we set I = L⊥ and observe that

κI(i, j) = 0 for all i ∈ I, j ∈ [I, I] .

Consider now the complexification IC of the ideal I, seen as a Lie algebra of
its own. Together with Remark 5.2.7, the above identity implies that also
(Why?) ?

κIC(a, b) = 0 for all a ∈ IC, b ∈ [IC, IC] .

Cartan’s criterion (in the form of Corollary 3.3.5) applied to IC shows that IC
is solvable. By Lemma 5.2.6, also I is solvable. Hence I ⊂ rad(L) = {0}.
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Combining Remark 5.2.7 and condition 2 of Theorems 5.1.6 and 5.2.8, we
obtain:

Corollary 5.2.9. Let L be a finite-dimensional Lie algebra over R. Then L
is semisimple iff LC is semisimple.

Remark 5.2.10. Note that L simple does not imply LC simple, see Exam-
ple 5.2.5 (4). However, if LC is simple, then so is L. (Why? Hint: Suppose ?
I ⊂ L is a non-trivial ideal . . . )

Example 5.2.11. 1. su(n) is semisimple: By Example 5.2.5 (5) we have
su(n)C ∼= sl(n,C), and the latter is simple (Exercise) and in particular E

(Ex. 8)semisimple (by condition 3 in Theorem 5.1.6), and so by Corollary 5.2.9,
su(n) is semisimple. In fact, by Remark 5.2.10, su(n) is even simple.

2. u(n) is not semisimple: By Example 2.3.7, u(n) ∼= u(1) ⊕ su(n), but
u(1) is an abelian ideal, and so rad(u(n)) ̸= {0} (Exercise). E

(Ex. 24)

For info: Let g be the Lie algebra (over R) of a compact Lie group G
(i.e. the manifold G is compact as a topological space). Then g = gss ⊕ gab,
where gss is semisimple and gab is abelian. See Knapp, Lie groups beyond an
introduction (Birkhäuser 2002), Corollary 4.25. In the above example, both
SU(n) and U(n) are compact Lie groups.

5.3 Complete reducibility

Definition 5.3.1. A representation V of a Lie algebra L over a field k is
completely reducible (or semisimple) if

V =
⊕
α∈A

Vα ,

where each Vα ⊂ V is an irreducible subrepresentation of V .

Theorem 5.3.2 (Weyl’s Theorem). A finite-dimensional representation of a
finite-dimensional semisimple complex Lie algebra is completely reducible.

Definition 5.3.3. Let L be a Lie algebra over a field k. A short exact
sequence

0→ A
f−→ B

g−→ C → 0
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of L-modules and L-module intertwiners splits if there is an L-module iso-
morphism ϕ : B → A⊕ C such that

B

A C

A⊕ C

g

ϕ

f

ι1 π2

commutes. Here, ι1(a) = a⊕ 0 and π2(a⊕ c) = c.

The sequence 0→ A
f−→ B

g−→ C → 0 of L-modules is called exact if f, g are
L-module intertwiners such that f is injective, g is surjective, and im(f) =
ker(g) holds in B. One can have exact seqences of arbitrary length. The
ones we will use have three terms and are also called short exact sequences,

often abbreivated as A
f−→ B

g−→ C.

Lemma 5.3.4. With the notation of Definition 5.3.3: The following are
equivalent:

1. The exact sequence 0→ A
f−→ B

g−→ C → 0 splits.

2. There is an L-module intertwiner A
r←− B such that [A

r←− B
f←− A] =

idA (i.e. r ◦ f = idA).

3. There is an L-module intertwiner B
s←− C such that [C

g←− B
s←− C] =

idC (i.e. g ◦ s = idC).

Proof. First note that 1 ⇒ 2 and 1 ⇒ 3 are immediate. For example,
with π1 : A ⊕ C → A the projection onto the first component, we can set
r = π1 ◦ ϕ : B → A. (Why does that satisfy r ◦ f = idA? What does one ?
choose for s?)

For 2⇒ 1, we make the ansatz

ϕ : B → A⊕ C , b 7→ (r(b), g(b))

and check its properties:

• ϕ makes the diagram commute: By definition, π2(ϕ(b)) = g(b). Fur-
thermore, ϕ(f(a)) = (r(f(a)), g(f(a)) = (a, 0) = ι1(a).
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• ϕ is surjective: Let (a, c) ∈ A⊕C. Since g is surjective, there is b̃ such
that g(b̃) = c. Define

b := b̃− f(r(b̃)) + f(a) .

Then r(b) = r(b̃) − r(f(r(b̃))) + r(f(a)) = r(b̃) − r(b̃)) + a = a and
g(b) = g(b̃) − g(f(r(b̃))) + g(f(a)) = c + 0 + 0, so that altogether
ϕ(b) = (a, c).

• ϕ is injective: Suppose ϕ(b) = 0 for some b ∈ B. Then g(b) = 0
and by exactness, there is an a ∈ A such that f(a) = b. But then
0 = ϕ(b) = ϕ(f(a)) = (a, 0) and so a = 0 and hence b = 0.

The arguments for 3⇒ 1 are analogous. (Details?) ?

(5.12.)Below we often use the abbreviation “fssc Lie algebra” for finite dimensional
semisimple complex Lie algebra.

Lemma 5.3.5. Let L be a fssc Lie algebra and (V,R) a finite dimensional
faithful (i.e. R : L → gl(V ) is injective) representation of L. For x, y ∈ L
set B(x, y) = trV (R(x)R(y)). Then

1. B is non-degenerate, invariant, symmetric.

2. trV R(CB) = dim(L), with CB as in Definition 5.1.2.

Proof. Part 1: Invariance and symmetry are check in the same way as for
κL in Remark 3.3.6 (1) (Details?). For non-degeneracy we will use Cartan’s ?
criterion. Let K = {z ∈ L |B(z, x) = 0 for all x ∈ L}. Then K is an ideal

in L (Why?). Set K̃ = R(K) ⊂ gl(V ). Then ?

trV (zy) = 0 for all z ∈ K̃ , y ∈ [K̃, K̃]

(this would be true by definition even for y ∈ R(L)). By Cartan’s criterion

(Theorem 3.3.1), K̃ is solvable. As R is injective, and hence R|K → K̃ is
a Lie algebra isomorphism, also K is solvable. Altogether, K is a solvable
ideal in L, and hence K ⊂ rad(L) = {0} (as L is semisimple).

Part 2: We use bases {xi} and {yi} of L such that B(xi, yj) = δi,j as in
Definition 5.1.2. Then

trV R(CB) =
dimL∑
i=1

trV R(xiyi)︸ ︷︷ ︸
=R(xi)R(yi)

=
dimL∑
i=1

B(xi, yi)︸ ︷︷ ︸
=1

= dim(L) ,

where by abuse of notation we also wrote R : U(L) → End(V ) for the
representation of the algebra U(L) corresponding to the representation R :
L→ gl(V ) of the Lie algebra L.
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Lemma 5.3.6. Let L be a fssc Lie algebra and (V,R) a finite dimensional
representation of L. Then im(R) ⊂ sl(V ), i.e. trV (R(x)) = 0 for all x ∈ L.

Proof. Since L is semisimple, we have [L,L] = L (Why? Hint: For simple ?
Lie algebras you can look at the hint below Definition 3.2.6). In other words,
L is spanned by elements of the form [x, y] with x, y ∈ L. But

trV (R([x, y])) = trV ([R(x), R(y)]) = 0 .

Corollary 5.3.7. A fssc Lie algebra acts as zero on a 1-dimensional repre-
sentation.

(Why?) ?

Proof of Weyl’s Theorem (Theorem 5.3.2). We will show that every short
exact sequence

0→ W
ι−→ V

π−→ Q→ 0

of L-modules splits (Why does that prove the theorem?). We will identify ?
W with its image ι(W ) in V .

Step 1. Assume dim(Q) = 1 and W irreducible:

Claim: For all x ∈ L, v ∈ V , we have x.v ∈ W .

⌈ Since π : V → Q is an L-module intertwiner, we have π(x.v) =
x.π(v). As Q is 1-dimensional, Corollary 5.3.7 gives x.π(v) = 0.
Thus x.v ∈ ker(π) = im(ι) = W . ⌋

Let R : L → gl(V ) denote the action of L on V . If R = 0, there is nothing
to do: any linear map r : V → W such that r|W = idW gives a splitting as
the condition of being an L-module intertwiner is empty in this case.

Suppose therefore R ̸= 0: Define L̃ = R(L) ⊂ gl(V ), and denote the

embedding L̃ ↪→ gl(V ) by R̃. For x, y ∈ L̃ set B(x, y) = trV (R̃(x)R̃(y)) and

define CB ∈ Z(U(L̃)) as in Lemma 5.3.5, applied to L̃ and (V, R̃). The above
claim implies (How?) ?

R̃(CB)v ∈ W for all v ∈ V . (∗)

Since W ⊂ V is irreducible as an L-module, it is also irreducible as an
L̃-module, and so by Schur’s Lemma (Theorem 2.2.8),

R̃(CB)|W = λ idW for some λ ∈ C . (∗∗)

Claim: λ ̸= 0.
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⌈ Pick a basis of W and extend to a basis of V . By (∗), the matrix

representing R̃(CB) is of the form
λ 0

. . . ∗
0 λ

0 0


and so the trace over V is given by λ dim(W ). By Lemma 5.3.5,

trV R̃(CB) = dim L̃ > 0, and so we must have λ ̸= 0. ⌋

Because of (∗) and the above claim, we can define r : V → W , r(v) =
1
λ
R̃(CB). Since CB ∈ Z(U(L̃)), this is an L-intertwiner (Details?), and by ?

(∗∗), r(w) = w for all w ∈ W .
Altogether, by Lemma 5.3.4 the sequence 0→ W → V → Q→ 0 splits.

Step 2. Assume dim(Q) = 1, butW arbitrary finite-dimensional: We proceed
by induction on dim(V ). Let thus

A(n) := “0→ W
ι−→ V

π−→ Q→ 0 with dim(Q) = 1 and dim(V ) ≤ n splits”

A(1): trivial as then W = {0}.
A(n − 1) ⇒ A(n): We may assume W ̸= {0} and dim(V ) = n. If W is
irreducible, A(n) follows from step 1. If W is not irreducible, there is a
submodule {0} ⊊ S ⊊ W . Then

0→ W/S → V/S → Q→ 0

is a short exact sequence of L-modules (Why?). This allows one to apply ?
A(n− 1) and to conclude that A(n) holds (Exercise.)

E

(Ex. 27)
Step 3. Q,W arbitrary finite-dimensional: We want to construct an L-
module intertwiner r : V → W which splits 0→ W → V → Q→ 0.

Recall that the space of all linear maps Hom(V,W ) is an L-module as in
Remark 2.2.6 (1). Define

B = {f ∈ Hom(V,W ) | f |W = λ idW for some λ ∈ C} ,
A = {f ∈ Hom(V,W ) | f |W = 0} ⊂ B .

Claim: A and B are L-submodules of Hom(V,W ).

( Exercise.) E

(Ex. 27)Pick any vector space projection P : V → W , i.e. P |W = idW . Then
B = A ⊕ CP . Indeed, for f ∈ B there is a λ ∈ C such that f |W = λ idW ,
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and so f = (f − λP ) + λP is a decomposition of f in A⊕CP . Thus B/A is
one-dimensional and we can apply step 2 to the short exact sequence

0→ A
ι−→ B

π−→ A/B → 0 .

This shows B = A ⊕ C as L-modules, with C 1-dimensional. Let f ∈ C be
non-zero. Then f |W = λ idW (by definition as C ⊂ B), and λ ̸= 0 (or else
f ∈ A, contradiction).

But C is a 1-dimensional L-module, and so the L-action on C is trivial
(Corollary 5.3.7). This implies that f ∈ C is an intertwiner (Remark 2.2.6 (2)).
By construction, r = 1

λ
f : V → W is a splitting map for the original sequence

0→ W → V → Q→ 0.

Let K, L be Lie algebras over a field k and let M be a K-module and
U an L-module. Then M ⊗k U (tensor product of k-vector spaces) is a
K ⊕ L-module via

(k ⊕ l).(m⊗ u) = (k.m)⊗ u+m⊗ (l.u)

(Why is this a K ⊕ L-module?). ?

If K and L are fssc Lie algebras, then so is K ⊕ L (by Theorem 5.1.6 (3)).
We get the following corollary to Weyl’s Theorem:

Corollary 5.3.8. Let W be a simple K ⊕ L-module. Then W ∼= M ⊗ U as
K ⊕ L-modules, where M is a simple K-module and U a simple L-module.

Proof. By Weyl’s Theorem, W is fully reducible as a K-module, and we can
write

W ∼=
⊕
a∈A

M⊕na
a ,

where the Ma are irreducible pairwise non-isomorphic K-modules, and na ∈
Z>0 denotes their multiplicity in the direct sum decomposition. Since L acts
byK-intertwiners only, and there are no non-zeroK-intertwiners betweenMa

andMb for a ̸= b, eachM⊕na
a is a K⊕L-invariant subspace. By irreducibility

of W , there can only be one: W ∼= M⊕n ∼= M ⊗C Cn, with M a simple K-
module.

Since each l ∈ L acts as a K-intertwiner on M ⊗C Cn, by Schur’s Lemma
it is of the form idM ⊗CF (l) for some linear map F (l) : Cn → Cn (That is ?
not quite Schur’s Lemma - what are the missing details?). F (−) turns Cn

into an L-module, call it U , which again has to be irreducible. Else, again
by Weyl’s Theorem, there is a non-trivial decomposition U = U1 ⊕ U2 of U ,
and hence also W ∼= M ⊗C U ∼= M ⊗C U1 ⊕M ⊗C U1).
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Remark 5.3.9. The above corollary implies that the simple K⊕L-modules
are precisely the modules isomorphic to M ⊗C U , where M is a simple K-
module and U is a simple L-module. Together with Weyl’s theorem, this
shows that finite-dimensional representations of a fssc Lie algebra L can be
understood in terms of the finite-dimensional irreducible representations of
the simple summands of L.

For info: Let K,L be Lie algebras over a field k. Let M,N be finite-
dimensional K-modules, U, V finite-dimensional L-modules. The map

Φ : HomK(M,N)⊗k HomL(U, V ) −→ HomK⊕L(M ⊗k U,N ⊗k V )

f ⊗ g 7−→
(
m⊗ u 7→ f(m)⊗ g(u)

)
is an isomorphism. To see this, first observe that for just linear maps
Hom(M,N), etc, the above map is an isomorphism. Then check that it
is an intertwiner for the K ⊕ L action on the hom spaces on both sides.
Hence the subspaces on which K⊕L acts trivially get mapped to each other,
too.

5.4 Cartan subalgebras

In this subsection L denotes a fssc Lie algebra, and we write κ = κL for its
Killing form.

Definition 5.4.1. 1. 1) A Lie subalgebra H ⊂ L is called a toral subal-
gebra if

• H is abelian

• every h ∈ H is ad-diagonalisable on L (i.e. ad(h) : L → L is
diagonalisable)

2. A toral subalgebra is maximal, if it is not properly contained in a larger
toral subalgebra (i.e. H ⊂ H ′ and H ′ toral in L implies H = H ′).

3. A maximal toral subalgebra of a fssc Lie algebra is called a Cartan
subalgebra (or CSA for short).

For a general finite dimensional Lie algebra, the definition of a Cartan
subalgebra is different (but specialises to the above), see →EOM.

Remark 5.4.2 (For Info). The reason for the name “toral” is as follows.
Let K be R or C and G ⊂ GL(n,K) a matrix Lie group, g ⊂ gl(n,K) its Lie
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algebra, and exp : g → G the matrix exponential. If h ⊂ g is abelian, then
for all a, b ∈ h we have exp(a) exp(b) = exp(a+ b), i.e.

exp : (g,+) −→ (G, ·)

is a group homomorphism. If T := exp(h) ⊂ G is compact, then it is a
torus, i.e. T ∼= h/ ker(exp |h) as Lie groups. If G is compact and hC ⊂ gC
is maximal toral, then T is automatically compact (and so a torus). See
Knapp, Lie groups beyond an introduction (Birkhäuser 2002), Section IV.5.

(8.12.)

Recall from Theorem 3.3.8 the Jordan-Chevallay decomposition x = xs+xn
of a linear map x : V → V for a finite-dimensional C-vector space V . The
next proposition generalises this to fssc Lie algebras.

Theorem 5.4.3. For each y ∈ L there are unique ys, yn ∈ L such that
y = ys+ yn with [ys, yn] = 0, and ad(ys) ∈ End(L) is semisimple, and ad(yn)
is nilpotent.

Proof. Existence: Let y ∈ L be given and abbreviate x = ad(y) : L → L.
Let x = xs + xn be the decomposition into a semisimple and a nilpotent
endomorphism of L as in Theorem 3.3.8. Existence follows if we can show
that xs lies in the image of ad (then there is ys ∈ L with xs = ad(ys) and
hence also xn = x− xs = ad(y− ys)). By Proposition 5.1.8, every derivation
on L is inner. Existence hence therefore follows from:

Claim: xs ∈ Der(L).

⌈ Write Lσ for the generalised eigenspace of x of eigenvalue σ ∈ C:

Lσ = {v ∈ L | (x− σ id)kv = 0 for some k ≥ 0} .

Equivalently, Lσ = ker(xs − σ id), i.e. xs|Lσ = σ idLσ . Let now
a ∈ Lσ, b ∈ Lτ . Then [a, b] ∈ Lσ+τ . To see this, first use that
x = ad(y) ∈ Der(L) to show, for n ≥ 0,

(
x− (σ+ τ) id

)n
[a, b] =

n∑
k=0

(
n

k

)[
(x−σ id)ka , (x− τ id)n−kb

]
.

(Why does this hold? Hint: Check that
(
x − (σ + τ) id

)
[a, b] =

[xa, b] + [a, xb] − [σa, b] − [a, τb] and use induction.) For n large
enough, for each k one of the two terms in the Lie bracket on the
right hand side is zero, showing that indeed [a, b] ∈ Lσ+τ .
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To show that xs is a derivation, we need to check that for all
a, b ∈ L we have

xs([a, b]) = [xs(a), b] + [a, xs(b)] .

Since L is a direct sum of the generalised eigenspaces Lσ, it is
enough to check the above identity for all a ∈ Lσ, b ∈ Lτ (σ, τ ∈
C). But in that case it is an immediate from [a, b] ∈ Lσ+τ . ⌋

Uniqueness: This follows from uniqueness of x = xs + xn in Theorem 3.3.8,
together with Lemma 3.3.10 and Remark 5.1.7. (Details?) ?

Lemma 5.4.4. A non-zero L has a non-zero CSA.

Proof. Given a toral subalgebra of L, we can always extend it to a maximal
one (Why?). It remains to show that a non-zero toral subalgebra exists. For ?
this, it is enough to show that there is a y ∈ L such that in the decomposition
y = ys + yn from Theorem 5.4.3 we have ys ̸= 0 (for then Cys is a toral
subalgebra).

Suppose that for each y ∈ L we have ys = 0, i.e. y = yn. By defi-
nition, this means that each y ∈ L is ad-nilpotent. Then Engel’s Theorem
(Theorem 3.1.3) implies that L is nilpotent, and so in particular solvable (Re-
mark 3.2.2). But then Rad(L) = L ̸= {0}, in contradiction to semi-simplicity
of L (Definition 3.2.6).

Let H ⊂ L be a CSA. Define, for α ∈ H∗,

Lα := {x ∈ L | ad(h)x = α(h)x} ,

i.e. Lα is the common eigenspace for the eigenvalue functional α.

Definition 5.4.5. A root of L relative to H is an α ∈ H∗ such that α ̸= 0
and Lα ̸= {0}. The set of roots is called the root system (of L relative to H)
and is denoted by

Φ = Φ(L,H) = {α ∈ H∗ |α is a root} .

Remark 5.4.6. By definition

L0 = {x ∈ L | ad(h)x = 0} .

This subspace is also called the centraliser CL(H) of the abelian Lie algebra
H in L. We have the direct sum decomposition (as a vector space, not as a
Lie algebra)

L = L0 ⊕
⊕
α∈Φ

Lα .
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This is called the root space decomposition of L (relative to H).
(Why does one obtain all of L, and why does x0+

∑
α∈Φ xα = 0 with x0 ∈ ?

L0, xα ∈ Lα imply that x0 and all xα are zero? Hint: Recall the argument
for the corresponding property of eigenspaces for different eigenvalues and
generalise to the present situation with eigenvalue functionals.)

Proposition 5.4.7. Let H ⊂ L be a CSA. Then

1. κ|H×H is non-degenerate,

2. H = CL(H),

3. spanCΦ(L,H) = H∗.

The proof of this proposition relies on the next lemma.

Lemma 5.4.8. Let H ⊂ L be a CSA. Then:

1. For all α, β ∈ H∗: [Lα, Lβ] ⊂ Lα+β.

2. Let x ∈ Lα, y ∈ Lβ. If α + β ̸= 0, then κ(x, y) = 0.

3. κ|L0×L0 is non-degenerate.

4. Let n, x ∈ L with n is ad-nilpotent and [n, x] = 0. Then κ(n, x) = 0.

Proof. Part 1: For all x ∈ Lα, y ∈ Lβ, h ∈ H we have

ad(h)[x, y]
(∗)
= [ad(h)x, y] + [x, ad(h)y] = [α(h)x, y] + [x, β(h)y]

= (α + β)(h) [x, y]

where (∗) is the statement that ad(h) is a deriviation on L (Example 2.2.3 (2)).
The above computation shows [x, y] ∈ Lα+β, and so [Lα, Lβ] ⊂ Lα+β.

Part 2: Let x ∈ Lα, y ∈ Lβ, h ∈ H. Then on the one hand

κ(ad(h)x, y) = κ(α(h)x, y) = α(h)κ(x, y) ,

and on the other hand

κ(ad(h)x, y) = κ(−[x, h], y) = −κ(x, [h, y]) = −β(h)κ(x, y) .

It follows that for all h ∈ H, (α+ β)(h)κ(x, y) = 0. If α+ β ̸= 0, there is an
h ∈ H such that (α + β)(h) ̸= 0, and hence we must have κ(x, y) = 0.

Part 3: Let x ∈ L0, x ̸= 0. As κ is non-degenerate on all of L, there is a
y ∈ L such that κ(x, y) ̸= 0. Write y in terms of its components in the root
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space decomposition (Remark 5.4.6), y = y0 +
∑

α∈Φ yα, where y0 ∈ L0 and
yα ∈ Lα. Then

0 ̸= κ(x, y) = κ(x, y0) +
∑
α∈Φ

κ(x, yα)
(∗)
= κ(x, y0) ,

where in (∗) we used that by part 2 κ(x, yα) = 0 (as x ∈ L0, but α ̸= 0 as α
is a root). Thus we can find y0 ∈ L0 such that κ(x, y0) ̸= 0, and so κ remains
non-degenerate when restricted to L0.

Part 4: The composition ad(n) ◦ ad(y) : L → L is nilpotent (Why?). A ?
nilpotent endomorphism has trace zero.

Proof of Proposition 5.4.7. Part 1:

Claim 1: Let y ∈ L0 and write y = ys + yn as in Theorem 5.4.3. Then
ys ∈ H ⊂ L0 and yn ∈ L0.

⌈ We first show that ys, yn ∈ H. That is, we need to show that
for all h ∈ H we have [h, ys] = 0 = [h, yn], or, equivalently, that
ad(ys)h = 0 = ad(yn)h. By Theorem 3.3.8 (and Lemma 3.3.10)
there is a polynomial p with p(0) = 0 such that ad(ys) = p(ad(y)).
Since y ∈ L0 we have ad(y)h = 0, and hence also ad(ys)h = 0.
That ad(yn)h = 0 follows analogously.

Finally, ys is ad-diagonalisable by definition, and [ys, H] = {0}
since ys ∈ L0. Hence H +Cys is again a toral subalgebra. Maxi-
mality of H implies ys ∈ H. ⌋

Let h ∈ H, h ̸= 0 be given. By Lemma 5.4.8 (3), the Killing form is non-
degenerate on L0, and so there is a y ∈ L0 such that κ(h, y) ̸= 0. Writing
y = ys + yn we get κ(h, ys) + κ(h, yn) ̸= 0. By Claim 1, yn ∈ L0, and so
[h, yn] = 0. By Lemma 5.4.8 (4) we see κ(h, yn) = 0. Thus κ(h, ys) ̸= 0, and
since by Claim 1 also ys ∈ H, we conclude that κ is non-degenerate when
restricted to H.

Part 2: By Lemma 5.4.8 (1), L0 is a Lie-subalgebra of L. We want to show
that L0 = H.

Claim 2: Every y ∈ L0 is ad-nilpotent on L0.

⌈ Decompose y = ys + yn in L. By Claim 1, ys ∈ H, and so by
definition of L0 we have ad(ys)x = 0 for all x ∈ L0. In other
words, ys|L0 = 0. But then y|L0 = yn|L0 , and so y is ad-nilpotent
on L0. ⌋
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Claim 3: L0 is abelian.

⌈ Claim 2 and Engel’s Theorem (Theorem 3.1.3) show that L0

is a nilpotent Lie algebra, and so in particular solvable. Let
y ∈ [L0, L0] be given. Then for each x ∈ L0 we have, by Corol-
lary 3.3.5 applied to the Lie algebra L0, that κ(x, y) = 0. But κ
is non-degenerate on L0 (Lemma 5.4.8 (3)), and so we must have
y = 0. This shows that [L0, L0] = {0}. ⌋

Let y ∈ L0 be given, and decompose it as y = ys + yn. Since by Claim 1,
ys ∈ H, it remains to show that yn = 0. For any x ∈ L0 we have [x, yn] = 0
as L0 is abelian, and so κ(x, yn) = 0 by Lemma 5.4.8 (4). Using once more
non-degeneracy of κ on L0, we conclude that yn = 0.

Part 3: Write F = spanCΦ(L,H). Suppose F ⊊ H∗. Then there is a non-
zero h ∈ H such that φ(h) = 0 for all φ ∈ F (Why?). We will now show that ?
then ad(h) : L→ L is zero, in contradiction to non-degeneracy of κ. (What

?does ad(h) = 0 have to do with non-degeneracy?)
Recall the root space decomposition L = L0⊕

⊕
α∈Φ Lα from Remark 5.4.6.

For x ∈ L0 we have ad(h)x = 0 as h ∈ H = L0 (by part 2) and H is abelian.
For x ∈ Lα (α ∈ Φ), we get ad(h)x = α(h)x = 0 as well. Hence ad(h) = 0
on all of L.

(12.12.)

Corollary 5.4.9. Let H ⊂ L be a toral subalgebra. Then H is a CSA iff
CL(H) = H.

Proof. ⇒: Proposition 5.4.7 (2). ⇐: Suppose H ′ is a toral subalgebra such
that H ⊂ H ′. Let x ∈ H ′. As H ′ is abelian, we in particular have ad(h)x = 0
for all h ∈ H. Thus x ∈ CL(H). Altogether H ⊂ H ′ ⊂ CL(H).

Example 5.4.10. L = sl(n,C):
Set

H = {D ∈ sl(n,C) |D is a diagonal matrix } .
Thus H consists of traceless diagonal n × n matrices and hence dim(H) =
n− 1.

• H is a toral subalgebra: H is clearly abelian. It remains to show that
each h ∈ H is ad-diagonalisable. In fact, we can diagonalise it explicitly
on gl(n,C). Recall the unit matrices Eij ∈ Mat(n,C) from Section 1.6.
Write h =

∑n
k=1 λkEkk. Since h is trace-less we have

∑
k λk = 0. We

have, for all i, j = 1, . . . , n,

ad(h)Eij =
n∑
k=1

λk
(
EkkEij − EijEkk

)
=

n∑
k=1

λk
(
δk,iEkj − δj,kEik

)
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= (λi − λj)Eij .

In particular, ad(h) acts diagonally on the basis {Ekk−Enn|k = 1, . . . , n−
1} ∪ {Eij|i ̸= j} of sl(n,C).

• H is a CSA: By Corollary 5.4.9 it is enough to show that CL(H) = H.
We need to find those M =

∑n
i,j=1 µijEij ∈ sl(n,C) such that for all

h =
∑n

k=1 λkEkk ∈ H we have [h,M ] = 0. We compute

[h,M ] =
n∑
i,j

µij[h,Eij] =
n∑
i,j

µij(λi − λj)Eij .

Since the λi can be chosen arbitrarily (subject to
∑

k λk = 0), and the
Eij are linearly independent, this can only be zero for all choices of
h if µij = 0 for i ̸= j, i.e. for diagonal M . This shows the inclusion
CL(H) ⊂ H. And since anyway H ⊂ CL(H) we get equality.

• Root system Φ: From the explicit diagonalisation of ad(h) above, we
read off the roots (i.e. the eigenvalue functions α ∈ H∗ which are not
zero and for which Lα is not zero. Namely, we set αij(h) = λi − λj for
h =

∑n
k=1 λkEkk. Then

Φ = {αij | i, j = 1, . . . , n and i ̸= j} ,

i.e. sl(n,C) has n2 − n roots. The corresponding eigenspaces are

L0 = H = spanC{Ekk − Enn|k = 1, . . . , n− 1} ,
Lαij

= CEij for i ̸= j .

As a consistency check, let us compute the dimension of sl(n,C) via its root
space decompostion,

sl(n,C) = L0 ⊕
⊕
i ̸=j

Lαij
.

Here, dimL0 = n − 1 and dimLαij
= 1 with a total of n2 − n roots, giving

dim(sl(n,C)) = n−1+n2−n = n2−1, which is of course the correct answer.

5.5 Root space decomposition

In this subsection we fix a fssc Lie algebra L and a CSA H ⊂ L. We write
κ for the Killing form of L and Φ for its root system relative to H. By
Proposition 5.4.7, the root space decomposition of L is

L = H ⊕
⊕
α∈Φ

Lα .
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For φ ∈ H∗ we define Hφ ∈ H to be the unique element such that

φ = κ(Hφ,−) .

Alternatively, define κ̃ : H → H∗, a 7→ κ(a,−). Since κ|H×H is non-
degenerate (Proposition 5.4.7), this is an isomorphism. Then

Hφ = κ̃−1(φ) .

Define a bilinear pairing on H∗ via

(−,−) : H∗ ×H∗ → C , (φ, ψ) := κ(Hφ, Hψ) .

This pairing is non-degenerate (Why?) and by definition we have ?

(φ, ψ) = φ(Hψ) = ψ(Hφ) .

Lemma 5.5.1. Let α ∈ Φ.

1. −α ∈ Φ.

2. For x ∈ Lα, y ∈ L−α we have [x, y] = κ(x, y)Hα.

3. (α, α) ̸= 0.

Proof. Part 1: By Lemma 5.4.8 (2) and non-degeneracy of κ, if Lα ̸= {0}
also L−α must be non-zero.

Part 2: By Lemma 5.4.8 (1) and Proposition 5.4.7 (2), [x, y] ∈ L0 = H.
Since also Hα ∈ H and κ|H×H is non-degenerate (Proposition 5.4.7 (1)), it
is enough to check that for all k ∈ H we have κ(k, [x, y]) = κ(k, κ(x, y)Hα.
Indeed,

κ(k, [x, y]) = κ([k, x], y) = κ(α(k)x, y) = κ(x, y)α(k) ,

κ(k, κ(x, y)Hα) = κ(x, y)κ(Hα, k) = κ(x, y)α(k) ,

where in the first line we used x ∈ Lα and in the second line that α =
κ(Hα,−).
Part 3: Suppose (α, α) = 0. Choose x ∈ Lα, x ̸= 0, and y ∈ L−α such that
κ(x, y) ̸= 0 (possible by Lemma 5.4.8 (2) and non-degeneracy of κ). Define

A = spanC{x, y,Hα} ⊂ L .

The non-trivial Lie brackets are:

[x, y] = κ(x, y)Hα (by part 2) ,
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[Hα, x] = α(Hα)x = (α, α)x = 0 (as x ∈ Lα) ,
[Hα, y] = (−α)(Hα)y = −(α, α)y = 0 (as y ∈ L−α) .

In particular, A is a Lie subalgebra with [A,A] ⊂ CHα, and [A, [A,A]] = {0},
so that A is solvable. Set Ã := ad(A) ⊂ gl(L). By Proposition 3.2.4 (1) also

Ã is solvable. By Lie’s Theorem (Theorem 3.2.3), Ã stabilises a flag in L. In

terms of a basis adapted to that flag, this means that for each f ∈ Ã, the
representing matrix of f is upper triangular (sec:nilpotent-and-Engel). Since
the commutator of two upper triangular matrices is strictly upper triangular
(see the main example in Section 3.1), we have that

ad(Hα) =
1

κ(x, y)

[
ad(x), ad(y)

]
is represented by a strictly upper triangular matrix. In particular ad(Hα) :
L → L is nilpotent. (Why is it not enough to know that [A, [A,A]] = ?
{0}? Does this not mean that every element of A is ad-nilpotent?) On the
other had, buy definition ad(Hα) is diagonalisable, and an linear map that is
diagonalisable (i.e. semisimple) and nilpotent is zero (cf. the comment below
Defintion 3.3.7): ad(Hα) = 0. But then κ(Hα,−) = 0, in contradiction to
non-degeneracy of the Killing form.

Thus (α, α) ̸= 0.

For α ∈ Φ define

hα :=
2

(α, α)
Hα .

Proposition 5.5.2. Let α ∈ Φ, and let eα ∈ Lα, fα ∈ L−α satisfy κ(eα, fα) =
2/(α, α). Then the linear map

φα : sl(2,C)→ L , e 7→ eα , h 7→ hα , f 7→ fα

is a Lie algebra homomorphism.

Proof. This follows from computing the following Lie brackets (Why?): ?

[eα, fα] = κ(eα, fα)H
α = hα (by Lemma 5.5.1 (2)) ,

[hα, eα] = α(hα) eα =
2

(α, α)
α(Hα) eα = 2eα ,

[hα, fα] = (−α)(hα) = −2fα .

Let α ∈ Φ. Write slα ⊂ L for the Lie subalgebra given by the image of
sl(2,C) under φα. By definition, slα is isomorphic to sl(2,C) as a Lie algebra.
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Remark 5.5.3. LetM be a finite-dimensional sl(2,C)-module. We will need
the following properties of such modules:

1. Claim: The action of h on M is diagonalisable, and its eigenvalues are
integers.

(Why? Hint: Use Weyl’s Theorem to reduce the question to irreducible ?
representations, and Exercise 25 to read off the possible h-eigenvalues
for finite-dimensional irreducible sl(2,C)-modules. And: Can you give
a counter-example to the claim if one drops the condition thatM should
be finite-dimensional?)

2. For λ ∈ C write

M [λ] := {u ∈M |h.u = λu} .

Claim: The number n of irreducible summands in M is given by n =
dimM [0] + dimM [1].

(Exercise). E

(Ex. 31)

In other words,M =
⊕n

k=1Nk, where each Nk is an irreducible sl(2,C)-
module.

3. Claim: If M [λ] ̸= 0, then also M [µ] ̸= 0 for µ ∈ {−|λ|,−|λ| +
2, . . . , |λ| − 2, |λ|} (steps of 2).

(Why? Hint: Use the same hint as in point 1.) ?

Lemma 5.5.4. Let α ∈ Φ. Then

CHα ⊕
⊕

k∈Z,k ̸=0

Lkα

is an irreducible slα-module.

Proof. Write M for the direct sum in the statement.

M is an slα-module: It is enough to check that for any x ∈ CHα or in Lkα
we have

[eα, x] , [fα, x] , [hα, x] ∈ M . (∗)

Recall from Lemma 5.4.8 (1) that for any λ, µ ∈ H∗ we have [Lλ, Lµ] ⊂
Lλ+µ. Since eα ∈ Lα, hα ∈ L0, fα ∈ L−α, this implies (∗) unless k ∈ {±1}
(Details?). For k ∈ {±1} it only remains to compute (Why is this enough?) ?
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k = 1 : [fα, x] = −[x, fα] = κ(x, fα)H
α ,

k = −1 : [eα, x] = κ(eα, x)H
α ,

both of which lie in M , and where in both cases we used Lemma 5.5.1 (2).

M is irreducible: By Remark 5.5.3 (2) we need to check that dimM [0] +
dimM [1] = 1. The direct sum decomposition of M in the statement of the
lemma is already the decomposition into ad(hα)-eigenspaces. For x ∈ Lkα
for any k ∈ Z, we compute

[hα, x] = (kα)(hα)x =
2

(α, α)
kα(Hα)x = 2k x

Thus M [0] = CHα, M [1] = {0}, and so dimM [0] = 1, dimM [1] = 0.
(15.12.)

Theorem 5.5.5. Let α, β ∈ Φ. Then:

1. If λα ∈ Φ for some λ ∈ C, then λ ∈ {±1}.

2. dimLα = 1.

3. 2 (α,β)
(α,α)

∈ Z.

4. If β ̸= ±α, then
⊕

k∈Z Lβ+kα is an irreducible slα-module.

5. If α + β ∈ Φ, then [Lα, Lβ] = Lα+β.

Proof. We will first show part 1 under the additional assumption that λ ∈ Z,
then we show parts 2,3, then the general case of part 1 (i.e. λ ∈ C), and then
parts 4,5.

Part 1a and part 2: Consider the irreducible slα-module M = CHα ⊕⊕
k∈Z,k ̸=0 Lkα from Lemma 5.5.4. By its definition below Proposition 5.5.2,

slα = Cfα ⊕ CHα ⊕ Ceα , where fα ∈ L−α, eα ∈ Lα .

In particular, slα ⊂ M . But at the same time, slα is an slα-submodule of L
(Why?), and as M is irreducible, we must have M = slα. ?

It follows that Lkα = {0} for |k| ≥ 2, showing part 1 of the theorem for
λ ∈ Z. It also follows that Lα = Ceα and L−α = Cfα, so that both are
one-dimensional, showing part 2.

Part 3: By Remark 5.5.3 (1), the eigenvalues of the linear map ad(hα) : L→
L are integers. Let x ∈ Lβ be non-zero. Then

ad(hα)x =
2

(α, α)
[Hα, x] =

2

(α, α)
β(Hα)x =

2(α, β)

(α, α)
x .
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Thus x is an eigenvector of hα of eigenvalue 2(α, β)/(α, α), which hence must
be an integer.

Part 1b: Suppose λα ∈ Φ for some λ ∈ C. By part 3,

2(α, λα)

(α, α)
= 2λ ∈ Z .

Thus λ = m/2 for some m ∈ Z. Write γ := λα Then γ ∈ Φ and also
λ−1γ ∈ Φ and the above reasoning gives 2λ−1 = 4

m
∈ Z. The remaining

possibilities are m ∈ {±1,±2,±4}. It remains to exclude the cases m = ±1
and m = ±4.

• Supposem = ±4: Then λ = ±2 ∈ Z and this case was already excluded
in part 1a.

• Suppose m = ±1: Then λ−1 = ±2 ∈ Z and this is also excluded by
applying part 1a to the root γ.

Part 4: As in the proof of Lemma 5.5.4 one checks that M :=
⊕

k∈Z Lβ+kα
is an slα-module (Details?). By parts 1a and 1b, β + kα ̸= 0 for all k ∈ Z ?
(else β = −kα, which would require k = ±1, but β ̸= ±α by assumption in
the statement of part 4.

As Lβ ⊂ M , we have M ̸= {0} and so it has to contain at least one
irreducible summand, and so by Remark 5.5.3 (2) we have

dimM [0] + dimM [1] ≥ 1 .

The hα-action on x ∈ Lβ+kα is

hα.x = [hα, x] =
2

(α, α)

(
(α, β) + k(α, α)

)
=

2(α, β)

(α, α)
+ 2k .

Thus the differences of eigenvalues are even and hence at most one of M [0]
andM [1] can be non-zero. As the eigenspaces Lβ+kα are at most 1-dimensional
by part 2, we get the estimate dimM [0] + dimM [1] ≤ 1. Thus the sum of
dimensions is equal to 1 and by Remark 5.5.3 (2), M is irreducible.

Part 5: If α+β ∈ Φ, then β ̸= ±α (part 1). By part 4 the moduleM as above
is irreducible. By the explicit form of irreducible sl(2)-modules, if Lβ ̸= {0}
and Lα+β ̸= {0}, then for x ∈ Lβ, x ̸= 0 also eα.x ̸= 0. Hence [Lα, Lβ] ̸= {0}.
But [Lα, Lβ] ⊂ Lα+β and by part 2 the latter space is 1-dimensional, we have
[Lα, Lβ] = Lα+β.
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Let E(L,H) ⊂ H∗ (or E for short) be the real vector space given by the
real span of all roots,

E ≡ E(L,H) := spanRΦ .

Part 1 of the next theorem shows that E is a euclidean space (i.e. a real
vector space with an inner product).

Theorem 5.5.6. 1. The bilinear form (−,−) on H∗, restricted to E, is
real valued and positive definite.

2. H∗ = E ⊕ iE, and in particular dimRE = dimCH.

Proof. Part 1: We have, for all λ, µ ∈ H∗ that E

(Ex. 35)

(λ, µ)
Def.
= κ(Hλ, Hµ)

Ex.
=

∑
γ∈Φ

γ(Hλ)γ(Hµ)
Def.
=

∑
γ∈Φ

(γ, λ)(γ, µ) . (∗)

Setting λ = µ = α ∈ Φ and multiplying both sides by 4/(α, α)2 gives

4

(α, α)
=

∑
γ∈Φ

(
2(γ, α)

(α, α)

)2

The right hand side is an integer as by Theorem 5.5.5 (3) each summand is an
integer. But then (α, α) is rational and so in particular real. Furthermore,
since for all α, β ∈ Φ, 2(α, β)/(α, α) is an integer, also (α, β) is rational
and hence real. By definition, Φ spans E over R, and so (α, β) ∈ R for all
α, β ∈ Φ implies that (λ, µ) ∈ R for all λ, µ ∈ E.

To see that (−,−) is positive definite, we compute

(λ, λ)
(∗)
=

∑
λ∈Φ

(γ, λ)2 .

As (γ, λ) ∈ R, the right hand side is ≥ 0. Thus (λ, λ) ≥ 0 for all λ ∈ E.
Suppose now that (λ, λ) = 0. Then necessarily (γ, λ) = 0 for all γ ∈ Φ. Since
Φ spans H∗ over C and (−,−) is non-degenerate on H∗ (see the beginning
of Section 5.5), this implies λ = 0.

Part 2: Clearly spanCE = spanCΦ = H∗, and so E + iE = H∗. It remains
to show that E ∩ iE = {0}. As (−,−) is positive definite on E, it must be
negative definite on iE. Thus, λ ∈ E ∩ iE satisfies (λ, λ) ≥ 0 and (λ, λ) ≤ 0.
Hence (λ, λ) = 0 and by positive definiteness on E (part 1) it follows that
λ = 0.
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Example 5.5.7. The space E for sl(n,C):
For L = sl(n,C) we may choose H = {diagonal matrices of trace 0}, see
Example 5.4.10. Define εi ∈ H∗, i = 1, . . . , n via

εi(h) = hi for h =
n∑
j=1

hjEjj .

Since for h ∈ H we have
∑

j dj = 0, the εi are not linearly independent but
satisfy

∑n
i=1 εi = 0. Still, λ ∈ H∗ can be uniquely written as (Why?) ?

λ =
n∑
j=1

λjεj , where λj ∈ C such that
n∑
j=1

λj = 0 .

Claim: For λ, µ ∈ H∗, expanded as above, we have Hλ = 1
2n

∑n
j=1 λjEjj and

(λ, µ) =
1

2n

n∑
j=1

λjµj .

⌈ For Hλ we have to check that for all h ∈ H we have λ(h) =
κ(Hλ, h). The Killing form of sl(n,C) restricted to H is given by
(Exercise) E

(Ex. 26)

κ(h, k) = 2n
n∑
j=1

hjkj for h, k ∈ H .

Write h =
∑n

j=1 hjEjj. Then

λ(h) =
n∑
j=1

λjεj(h) =
n∑
j=1

λjhj ,

κ(Hλ, h) =
1

2n
κ
(∑n

j=1 λjEjj , h
)
=

n∑
j=1

λjhj .

Using this, we get

(λ, µ) = µ(Hλ) =
n∑
j=1

µjεj(H
λ) =

1

2n

n∑
j=1

µjλj .

⌋

In the present notation, the roots of sl(n,C) from Example 5.4.10 can be
written as

Φ = {αij := εi − εj | i, j = 1, . . . , n , i ̸= j} .
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Then

E = spanRΦ = {
n∑
j=1

sjεj | sj ∈ R} , dimRE = n− 1 .

(Why can one use the εi directly, rather than the αij?) Some inner products ?
are

(αij, αij) =
1

2n
(1 + 1) =

1

n
,

(αij, αkl) = 0 for i, j, k, l pairwise distinct ,

(αi,i+1, αi+1,i+2) = −
1

2n
.

A d-dimensional euclidean space can be isometrically mapped to Rd. Thus
there is a linear isometry f : E ∼= Rn−1. We can always arrange f(α12) =
1√
n
e1.

For example, for sl(3,C) one obtains, with an appropriate choice of f ,

α12

α23
α13

where each arrow has length 1/
√
3 and the angle between the arrows is 60◦.

(Why is that the result? Can you check the various inner products?) ?
(19.12.)

Lemma 5.5.8. If α, β ∈ Φ and (α, β) > 0, then also β−α ∈ Φ and α−β ∈ Φ.

Proof. We will show β − α ∈ Φ. That α − β ∈ Φ then follows from
Lemma 5.5.1 (1).

We saw in the proof of part 4 of Theorem 5.5.5 that hα acts on Lβ+kα by

multiplication with 2(α,β)
(α,α)

+2k. By assumption Lβ ̸= {0} and so 2(α,β)
(α,α)

> 0 is

an eigenvalue of hα. By Remark 5.5.3 (3), also 2(α,β)
(α,α)

− 2 is an eigenvalue of
hα. This amounts to k = −1, i.e. the space Lβ−α has to be non-zero.

5.6 Bases, Weyl chambers, and the Weyl group

We fix: L – a fssc Lie algebra, H ⊂ L – a choice of CSA, and we denote:
Φ = Φ(L,H) – the root system of L, and E = E(L,H) – the real span of
the roots of L.
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Definition 5.6.1. The rank of L is rk(L) := dimCH (= dimRE(L,H)).

For info: One can show that the rank is independent of the choice of CSA,
that is, any two CSAs H,H ′ ⊂ L have the same dimension. What is more,
there is a Lie algebra automorphism of L which maps H to H ′. In this sense,
all choices of CSA are equivalent. (Humphreys, Introduction to Lie algebras
and representation theory, Section 16.4.)

Definition 5.6.2. 1. A subset ∆ ⊂ Φ is a base of Φ if it satisfies

B1) ∆ is a basis of E (over R), and
B2) each β ∈ Φ can be written as β =

∑
α∈∆ kαα, where kα ∈ Z, and

either all kα ≥ 0, or all kα ≤ 0.

2. The elements in ∆ are called simple roots.

3. An element β ∈ Φ is called a positive root if all kα in B2 are positive,
and a negative root if all kα are negative. We write

Φ+ = {β ∈ Φ | β is positive} , Φ− = {β ∈ Φ | β is negative} .

(By construction, Φ = Φ+∪̇Φ−, where ∪̇ indicates that this is a union
of disjoint sets.)

Note that by Theorem 5.5.6 (2), ∆ is also a C-basis of H∗.

Example 5.6.3. A base of the root system of sl(n,C):
Recall from Example 5.5.7: the CSA we chose consists of trace-less diagonal
matrices, so that rk(sl(n,C)) = n− 1, and the root system can be written as

Φ = {αij := εi − εj | i, j = 1, . . . , n , i ̸= j} .

Claim: The set ∆ = {αi,i+1 | i = 1, . . . , n− 1} is a base of Φ.

⌈ B1 is clear. For B2 note that for all i ̸= j,

αij =

{∑j−1
k=i 1 · αk,k+1 ; i < j∑j−1
k=i(−1) · αk,k+1 ; i > j

.

Thus the kα from B2 are 0 or 1 in the first case, and 0 or −1 in
the second case. ⌋

Lemma 5.6.4. Let ∆ be a base and α, β ∈ ∆ with α ̸= β. Then (α, β) ≤ 0.
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Proof. Suppose that (α, β) > 0. By Lemma 5.5.8 it follows that α − β ∈ Φ.
But this has coefficients +1 and −1, in contradiction to B2.

For α ∈ Φ denote the hyperplane orthogonal to α by

Pα := {x ∈ E | (x, α) = 0} .

The elements of E \
⋃
α∈Φ Pα are called regular elements of E. We have

γ regular ⇔ ∀α ∈ Φ : (γ, α) ̸= 0 .

The connected components of E \
⋃
α∈Φ Pα are called (open) Weyl chambers.

For a regular element γ we set

C(γ) := {x ∈ E | ∀α ∈ Φ : if (γ, α) > 0 (resp. < 0)

then (x, α) > 0 (resp. < 0)} ,
Φ±(γ) := {α ∈ Φ | ± (γ, α) > 0} ,
∆(γ) := {α ∈ Φ+(γ) |α ̸= β1 + β2 for all β1, β2 ∈ Φ+(γ)} .

Note that C(γ) is precisely the Weyl chamber containing γ. Furthermore,
Φ+(γ) and Φ−(γ) are disjoint sets, and each α ∈ Φ is contained either in
Φ+(γ) or in Φ−(γ) (as (γ, α) = 0 is excluded by regularity of γ),

Φ = Φ+(γ) ∪̇Φ−(γ) .

Theorem 5.6.5. 1. For γ regular, ∆(γ) is a base of Φ, and Φ±(γ) are
the corresponding sets of positive and negative roots.

2. For each base ∆ of Φ, there is a regular γ such that ∆ = ∆(γ).

Proof. Part 1:

Claim 1: Each α ∈ Φ+(γ) is a Z≥0-linear combination of elements in ∆(γ).

⌈ Suppose there is an α ∈ Φ+(γ) that is not a Z≥0-linear combina-
tion. Then in particular α /∈ ∆(γ) (or α = 1 · α). Amongst all
such α, choose one for which (γ, α) is minimal. By assumption,
α = β1 + β2 with β1, β2 ∈ Φ+(γ).

Since (γ, α) = (γ, β1) + (γ, β2) with both summands on the right
hand side positive, by minimality of (γ, α) it follows that β1, β2
are Z≥0-linear combinations of Φ+(γ). Then also α is a Z≥0-linear
combination of Φ+(γ), contradiction. ⌋

Claim 2: Any two distinct elements α, β ∈ ∆(γ) satisfy (α, β) ≤ 0.
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⌈ Suppose (α, β) > 0. By Lemma 5.5.8, also α − β ∈ Φ. But
α − β /∈ Φ+(γ) (as then α = β + (α − β), in contradiction to
α ∈ ∆(γ)) and α − β /∈ Φ−(γ) (as then β − α ∈ Φ+(γ) and
β = α + (β − α), in contradiction to β ∈ ∆(γ)). This is a
contradiction to Φ = Φ+(γ) ∪ Φ−(γ). ⌋

For the next claim we need the following fact from linear algebra (Exercise): E

(Ex. 36)“Let F be a euclidean space, and let v1, . . . , vm be vectors in F such that
(vi, vj) ≤ 0 for all i ̸= j. Suppose that all vi lie on the same side of some
hyperplane (i.e. there is an x ∈ F such that (vi, x) > 0 for all i). Then
v1, . . . , vm are linearly independent.”

Claim 3: ∆(γ) is a base.

⌈ By definition, ∆(γ) ⊂ Φ+(γ). Then the above fact (with x = γ)
together with claim 2 shows that ∆(γ) is linearly independent.
Furthermore

E = spanRΦ = spanRΦ
+(γ)

Claim 1
= spanR∆(γ) ,

so that ∆(γ) is in fact a basis of E, establishing property B1 of a
base. Property B2 follows as Φ = Φ+(γ) ∪̇Φ−(γ), and elements
of Φ+(γ) are Z≥0-linear combinations of ∆(γ) by claim 1, and
Φ−(γ) = −Φ+(γ). ⌋

Claim 1 shows that all elements in Φ+(γ) are positive roots for ∆(γ). As
by construction Φ−(γ) = −Φ+(γ), it follows that all elements in Φ−(γ) are
the negative roots. But Φ = Φ+(γ) ∪̇Φ−(γ), which shows that Φ±(γ) is the
complete set of positive/negative roots.

Part 2:

Claim: The set D := {x ∈ E | (x, α) > 0 for all α ∈ ∆} is not empty.

⌈ Let dα ∈ E (α ∈ ∆) be the basis dual to ∆ in the sense that for
all α, β ∈ ∆(γ) we have (α, dβ) = δα,β. Define

S :=
{∑

α∈∆ sαdα
∣∣ rα > 0

}
.

Clearly, S ̸= ∅. Furthermore, S ⊂ D since for any x ∈ S and
α ∈ ∆, we have

(x, α) =
∑
β∈∆

sβ(dβ, α) = sα > 0 .

⌋
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By the above claim, we can choose γ ∈ D. Then:

• γ is regular: We need to check that (γ, β) ̸= 0 for all β ∈ Φ, not
just for β ∈ ∆ (which holds by construction). Suppose β ∈ Φ+. Then
β =

∑
α∈∆ kαα for some kα ∈ Z≥0. We get (γ, β) =

∑
α∈∆ kα(γ, α) > 0,

as (γ, α) > 0 by construction and not all kα can be zero.

For β ∈ Φ− we analogously find (γ, β) < 0.

• Φ± ⊂ Φ±(γ): Clear, as in the previous point we checked that ±(γ, α) >
0 for α ∈ Φ±.

• Φ± = Φ±(γ): Follows from the previous point as Φ = Φ+ ∪̇Φ− and
Φ = Φ+(γ) ∪̇Φ−(γ).

• ∆ ⊂ ∆(γ): Suppose α ∈ ∆ but α /∈ ∆(γ). Then there exist β1, β2 ∈
Φ+(γ) = Φ+ such that α = β1 + β2. Each of β1, β2 are Z≥0-linear
combinations of elements in ∆ where not all coefficients are zero. This
is a contradiction to linear independence of ∆.

• ∆ = ∆(γ): Follows as both ∆ and ∆(γ) form a basis of E and hence
both have rk(L) many elements.

Definition 5.6.6. Given a base ∆ of Φ, the fundamental Weyl chamber is

C(∆) := C(γ) where γ is regular s.t. ∆ = ∆(γ) .

Remark 5.6.7. 1. We have C(∆) = {x ∈ E | (x, α) > 0 for all α ∈ ∆}.
(Why? Hint: Check that C(γ) = {x ∈ E | ∀α ∈ Φ+(γ) : (x, α) > 0}.) ?

2. There is a one-to-one correspondence

{Weyl chambers C} {bases ∆ of Φ}
(1)

(2)

,

where for the map (1) one picks any γ ∈ C and takes the base ∆(γ),
and for the map (2) one sends ∆ to C(∆).

(22.12.)

For each α ∈ Φ define the reflection along the root α to be the linear map

sα : E −→ E , λ 7−→ λ − 2 (λ,α)
(α,α)

α .

We use the same notation and defining formula for sα : H∗ → H∗. Some
properties of sα are:
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• sα(α) = −α,

• if (λ, α) = 0, then sα(λ) = λ,

• sα ◦ sα = id,

• sα = s−α.

Geometrically, sα is a reflection at the hyperplane Pα orthogonal to α (Why?). ?

Definition 5.6.8. The Weyl group W of L is the subgroup of GL(E) gen-
erated by the sα, α ∈ Φ. Explicitly,

W = {sα1 ◦ · · · ◦ sαm |m ≥ 0 , αi ∈ Φ} .

(There is no need to explicitly include inverses of the generators as s−1
α = sα.)

Remark 5.6.9. The Weyl group acts on E by isometries: For all λ, µ ∈ E
and w ∈ W we have (w(λ), w(µ)) = (λ, µ) (Why?). In other words, ?

W ⊂ O(E) .

Theorem 5.6.10. For all w ∈ W and β ∈ Φ also w(β) ∈ Φ.

Proof. It is enough to show that for all α, β ∈ Φ we have sα(β) ∈ Φ.
The direct sum M =

⊕
k∈Z Lβ+kα is a (not necessarily irreducible) slα-

module (because of Lemma 5.4.8 (1)). Recall from the proof of Theorem 5.5.5

that hα acts on Lβ+kα by multiplication with 2(α,β)
(α,α)

+ 2k. Since β ∈ Φ by

assumption, we have Lβ ̸= {0}, and so λ := 2(α,β)
(α,α)

is an eigenvalue of hα.

In Remark 5.5.3 (3) we saw that if λ is an eigenvalue of h in a finite-
dimensional sl(2,C)-representation, then so is −λ. Thus also

−λ = −2(α, β)

(α, α)
=

2(α, β)

(α, α)
+ 2k with k = −2(α, β)

(α, α)

is an hα-eigenvalue, and so for this value of k we have Lβ+kα ̸= {0}. Now

β + kα = β − 2
(α, β)

(α, α)
α = sα(β) .

Altogether we see that Lsα(β) ̸= {0} and so sα(β) ∈ Φ.

Corollary 5.6.11. The Weyl group of L is finite.
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Proof. An element w ∈ W ⊂ O(E) is completely determined by its values on
a spanning set of E. In particular, we w is determined by the values it takes
on Φ. By Theorem 5.6.10, w restricts to a bijection Φ → Φ (both w and
w−1 restrict to maps Φ→ Φ). But Φ is a finite set, and the number of bijec-
tions Φ → Φ is given by |Φ|! (the number of elements in the corresponding
permutation group). Thus also |W | ≤ |Φ|!.

Example 5.6.12. The Weyl group of sl(n,C):
We start by recalling some notation from Example 5.5.7. The root space is

Φ = {αij := εi − εj | i, j = 1, . . . , n , i ̸= j} ,

where the εi satisfy
∑

i εi = 0. We can still write λ ∈ H∗ uniquely in terms
of εi as λ =

∑n
j=1 λjεj provided we demand

∑n
j=1 λj = 0. In this convention,

the bilinear form (−,−) on H∗ is given by

(λ, µ) =
1

2n

n∑
j=1

λjµj .

We can now compute the reflection along the root αij:

sαij
(λ) = λ− 2

(λ, αij)

(αij, αij)
αij = λ− 2

1
2n
(λi − λj)

1
2n

2
(εi − εj)

=
∑
k ̸=i,j

λkεk + λjεi + λiεj .

Thus, sαij
acts on the coefficients of λ by a transposition which exchanges

the coefficients of εi and εj (note that this does not affect the condition∑
k λk = 0). Since all values i ̸= j are allowed, these transpositions generate

the permutation group Sn of n elements, and we have a group isomorphism
Sn → W , σ 7→ wσ, where

wσ(λ) =
n∑
k=1

λσ−1(k) εk .

(Why does one need σ−1 for this to be a group homomorphism?) ?

For the rest of this subsection we fix a base ∆ of Φ. For a simple root α (i.e.
for α ∈ ∆), the corresponding reflection sα is also called a simple reflection.

Lemma 5.6.13. Let α ∈ ∆. Then sα permutes the set Φ+ \ {α}.
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Proof. Let β ∈ Φ+ such that β ̸= α. Note that then also β /∈ Cα (the only
roots proportional to α are ±α, and as α ∈ ∆ ⊂ Φ+ we have −α ∈ Φ−).

As β ∈ Φ+, we have

β =
∑
γ∈∆

kγ γ =
∑

γ∈∆\{α}

kγ γ + kα α with kγ ∈ Z≥0 .

As β /∈ Cα, there must be at least one γ ∈ ∆ \ {α} such that kγ > 0. Acting
with sα on β changes β by a multiple of α:

sα(β) =
∑

γ∈∆\{α}

kγ γ + (const)α .

But since at least one of the kγ in the first sum is strictly positive, by property
(B2) of a base (Defintion 5.6.2) we have sα(β) ∈ Φ+. Furthermore, for the
same reason, sα(β) /∈ Cα, so that in fact sα(β) ∈ Φ+ \ {α}.

Altogether, sα restricts to a map Φ+ \ {α} → Φ+ \ {α}, and since it
squares to the identity, it is a bijection.

Corollary 5.6.14. Set δ = 1
2

∑
β∈Φ+ β. Then for a simple root α ∈ ∆ we

have sα(δ) = δ − α.

Proof. We compute

sα(δ) = 1
2
sα(α) +

1
2

∑
β∈Φ+\{α}

sα(β)
(∗)
= −1

2
α + 1

2

∑
β′∈Φ+\{α}

β′ = δ − α ,

where in step (∗) we used sα(α) = −α and that by Lemma 5.6.13, sα merely
permutes the summands of

∑
β∈Φ+\{α} and can hence be absorbed into a

redefinition of the summation variable.

Theorem 5.6.15. 1. For all γ ∈ E there is a w ∈ W such that (w(γ), α) ≥
0 for all α ∈ ∆. If γ is in addition regular, then w(γ) ∈ C(∆).

2. If ∆′ is another base for Φ, then there is w ∈ W such that w(∆′) = ∆.

3. For each α ∈ Φ there is w ∈ W such that w(α) ∈ ∆.

4. W is generated by simple reflections, i.e. by {sα |α ∈ ∆}.

Proof. Let W ′ be the subgroup of W generated by simple reflections,

W ′ := {sα1 ◦ · · · ◦ sαm |m ≥ 0 , αi ∈ ∆} ⊂ W ⊂ O(E) .

We will first show parts 1–3 of the theorem for the subgroup W ′ and then in
part 4 we will show that actually W ′ = W .
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Part 1 for W ′: Recall the definition of δ from Corollary 5.6.14 and note that
{(w(γ), δ) |w ∈ W ′} is a finite subset of R. We can hence pick a w ∈ W ′

such that (w(γ), δ) is maximal.
For all α ∈ ∆ also sα ◦ w ∈ W ′. By definition of w we get the inequality

(w(γ), δ) ≥ (sα ◦ w(γ), δ)
(1)
= (sα ◦ sα ◦ w(γ), sα(δ))

(2)
= (w(γ), δ − α) ,

where step 1 follows as sα is an isometry, and step 2 uses s 2
α = id and

Corollary 5.6.14. It follows that

(w(γ), α) ≥ 0 for all α ∈ ∆ .

Furthermore, for regular γ we have (w(γ), α) > 0 for all α ∈ ∆ (Why? Hint: ?
Theorem 5.6.10), i.e. w(γ) ∈ C(∆).

Part 2 for W ′: By Theorem 5.6.5 (2) there exists a regular γ′ ∈ E such that
∆′ = ∆(γ′). By part 1 we can choose w ∈ W ′ such that w(γ′) ∈ C(∆). But
for any γ ∈ C(∆) we have ∆ = ∆(γ), and so ∆ = ∆(w(γ′)). Using this, we
compute

w(∆′) = w(∆(γ′))
(∗)
= ∆(w(γ′)) = ∆ .

(Why does (∗) hold? Hint: First show that for all regular ψ ∈ E we have ?
w(Φ+(ψ)) = Φ+(w(ψ)).)

(9.1.)

Part 3 forW ′: By part 2 it is enough to show that α ∈ ∆(γ) for some regular
γ. To construct such a γ, we start by choosing γ̃ ∈ Pα such that γ /∈ Pβ for
all β ∈ Φ \ {±α}. This is possible as each Pβ for β /∈ Rα intersects Pα in a
proper subspace and the union of a finite number of proper subspaces cannot
give all of Pα. Thus γ̃ satisfies

(γ̃, α) = 0 and (γ̃, β) ̸= 0 for all β ̸= ±α .

By continuity, there exists t, ε > 0 such that for γ := γ̃ + tα we have

(γ, α) < ε and |(γ, β)| > ε for all β ̸= ±α . (∗)

(Details?) By construction, γ is regular, and as (γ, α) > 0 we have α ∈ ?
Φ+(γ). It remains to show that also α ∈ ∆(γ), i.e. that there are no β1, β2 ∈
Φ+(γ) with α = β1 + β2. Suppose there were such β1, β2. Then, firstly,
β1, β2 ̸= ±α (Why?), and, secondly, ?

(γ, α)︸ ︷︷ ︸
<ε

= (γ, β1)︸ ︷︷ ︸
>ε

+(γ, β2)︸ ︷︷ ︸
>ε

.
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Here we used (∗) and the fact that β1, β2 ∈ Φ+(γ) so that (γ, βj) > 0.
Altogether we obtain a contradiction, so that indeed α ∈ ∆(γ).

Part 4: We will show that for all β ∈ Φ we have sβ ∈ W ′ (and not just for
β ∈ ∆). This then implies W ′ = W .

Let β ∈ Φ be given. By part 3, there w ∈ W ′ such that w(β) ∈ ∆. Thus
sw(β) ∈ W ′. But

sw(β) = w ◦ sβ ◦ w−1 .

(Why? Hint: Just write out both sides and use that w is an isometry.) ?
Rewriting this as sβ = w−1 ◦sw(β) ◦w, we see that all maps on the right hand
side are in W ′, and so also sβ ∈ W ′.

Remark 5.6.16. 1. Parts 1 and 2 of the above theorem say that the Weyl
group W acts transitively on the set of Weyl chambers, and on the set
{∆|∆ is a base for Φ}.
For Info: In fact, W acts simply transitively on the set of Weyl cham-
bers and the set of bases. (Humphreys, Introduction to Lie algebras
and representation theory, Section 10.3 Theorem e.)

2. By part 3 of the theorem, the W -orbit of the elements in any given
base ∆ is all of Φ, i.e. {w(α) |α ∈ ∆, w ∈ W} = Φ.

5.7 Classification via Dynkin diagrams

In this subsection we fix a fssc Lie algebra L and a CSA H ⊂ L. Note that
the dimension of L is given by (Why?) ?

dimC L = rk(L) + |Φ| .

Example 5.7.1. Classification of root systems of rank 1 Lie algebras:
In this case, there has to be at least one root α ∈ Φ (to get a non-zero span
E), and as E is 1-dimensional, any two roots are proportional. As with α
also −α is a root (Lemma 5.5.1 (1)), and by Theorem 5.5.5 (1) only the roots
±α are allowed, Φ = {α,−α}:

α−α

By the above formula, dimC L = 1 + 2 = 3 On the other hand, by Propo-
sition 5.5.2, for each root α we get an injective Lie algebra homomorphism
sl(2,C)→ L, and by dimensional reasons, this has to be an isomorphism.

We conclude that up to isomorphism, there is precisely one fssc Lie algebra
of rank 1, namely sl(2,C). This Lie algebra is also called A1.

95



Lemma 5.7.2. Let α, β ∈ Φ such that β ̸= ±α and (α, β) > 0. Suppose
(β, β) ≥ (α, α). Set

p =
2(α, β)

(α, α)
∈ Z>0 , q =

2(α, β)

(β, β)
∈ Z>0 .

Then p ∈ {1, 2, 3} and q = 1.

Proof. By the Cauchy-Schwartz inequality, for all u, v ∈ E we have

(u, v)2 ≤ (u, u)(v, v) ,

and (u, v)2 = (u, u)(v, v) iff u and v are colinear. By assumption, β ̸= ±α,
and hence α, β are not colinear (Theorem 5.5.5 (1)). Thus

(α, β)2 < (α, α) (β, β) ,

and hence pq < 4. Furthermore, we have p, q ∈ Z>0, and by assumption
p > q. The only possible values for the pair (p, q) are therefore (1, 1), (2, 1),
(3, 1).

Remark 5.7.3. The angle ψ ∈ [0, π
2
] between the lines Rα and Rβ is

(
cosψ

)2
=

(α, β)2

(α, α) (β, β)
=

pq

2
.

If (α, β) ̸= 0, the ratio of the squared length of the roots is (β, β)/(α, α) =
p/q. From Lemma 5.7.2, we obtain the following table of possible angles and
length ratios between roots β ̸= ±α:

p q ψ (β,β)
(α,α)

1 1 60◦ 1
2 1 45◦ 2
3 1 30◦ 3
0 0 90◦ no cond.

The last line is the case (α, β) = 0.

Example 5.7.4. Classification of root systems of rank 2 Lie algebras:
Since E is 2-dimensional, Φ contains two roots which are non-colinear. non-
colinear roots. Let θm be the smallest angle between any pair of non-colinear
roots in Φ. Since with α also −α is a root, we have θm ∈ (0, π

2
]. According

to Remark 5.7.3, there are only four possible values for θm:
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• θm = 90◦: The root system is

These are two orthogonal copies of the root system for sl(2,C), and in
this case it follows together with Example 5.7.1 that L ∼= sl(2,C) ⊕
sl(2,C) (Exercise). E

(Ex. 38)

• θm = 60◦: Let α1, α3 be two roots with this angle. By the table in
Remark 5.7.3, α1 and α3 have the same length. By Theorem 5.6.10,
also

sα3(α1) = α1 − 2
(α1, α3)

(α3, α3)︸ ︷︷ ︸
=p=1

α3 = α1 − α3 =: α2

is a root. The root system thus contains at least six roots, Φ ⊃
{±α1,±α2,±α3}. If there were an additional root β, it cannot be
proportional to αi, i = 1, 2, 3. But then it would form an angle of less
than 60◦ with one of the αi, contradicting the assumption on θm. We
arrive at the following root system:

α1

α2
α3

This is the root system of L = sl(3,C) (Example 5.5.7), which is also
called A2. We will later state (but not prove) that the root system
determines a fssc Lie algebra up to isomorphism.

• θm = 45◦: Let α, β be two roots with this angle. Then by the above
table, (β, β) = 2(α, α). Completing with respect to Weyl reflections
gives: (Details?) ?
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α

β

This is the root system of L = sp(4,C) (Exercise), also called C2. E

(Ex. 39)• θm = 30◦: If α, β are two roots with this angle, the above table gives
(β, β) = 3(α, α). Completing with respect to Weyl reflections gives

α

β

(Details?) This Lie algebra is called G2. (See Fulton, Harris, Repre- ?
sentation theory – A first course, Chapter 22 for more on G2.)

Definition 5.7.5. Given a base ∆ of Φ and an ordering ∆ = {α1, α2, . . . , αr}
of the simple roots, the Cartan matrix is the r × r matrix A with entries

Aij =
2(αi, αj)

(αj, αj)
.

Remark 5.7.6. The Cartan matrix satisfies

• Aij ∈ Z (Theorem 5.5.5 (3)),

• Aii = 2 and Aij ≤ 0 if i ̸= j (Lemma 5.6.4),

• AijAji ∈ {0, 1, 2, 3} if i ̸= j (Lemma 5.7.2).

It is also clear from the definition that Aij = 0 ⇔ Aji = 0. Using the prop-
erties above, we also see that, if Aij ̸= 0 for i ̸= j, then Aij ∈ {−1,−2,−3},
and if Aij ∈ {−2,−3} then Aji = −1.

A Dynkin diagram is a pictorial representation of a Cartan matrix obtained
as follows:
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1. Draw dots (called vertices) labelled 1, . . . , r.

2. For i ̸= j draw AijAji lines between the vertices i and j.

3. If |Aij| > |Aji| draw an arrowhead ‘>’ on the lines between i and j
pointing from i to j.

Remark 5.7.7. 1. If there is an arrow from node i to node j e ⟩
i

e
j

then
(αi, αi)

(αj, αj)
=
|Aij|
|Aji|

> 1 ,

i.e. the root αi is longer than the root αj.

2. The labeling of the vertices by 1, . . . , r is not part of the Dynkin dia-
gram. Instead it encodes the ordering of the simple roots, which is an
additional choice.

Example 5.7.8. Cartan matrix and Dynkin diagram for sl(n,C):
Recall the root system Φ = {αij := εi− εj | i, j = 1, . . . , n , i ̸= j}, and from
Example 5.6.3 that a base of Φ is given by

∆ = {αi := αi,i+1 | i = 1, . . . , n− 1} .
Using the explicit inner product from Example 5.5.7, we find

(αi, αi) =
1
n
, (αi, αi+1) = − 1

2n
, (αi, αi+j) = 0 for j ≥ 2 .

This gives

Aij =


2 ; i = j

−1 ; |i− j| = 1

0 ; else

.

The corresponding Dynkin diagram is
(12.1.)e

1
e
2

e
3
· · · e

n− 1

Example 5.7.9. Cartan matrix and Dynkin diagram for rank 2:
Below we list the choice of base ∆ = {α1, α2} together with the corresponding
Cartan matrix and Dynkin diagram.

1. A2 = sl(3,C): Already treated in the previous example,

α1

α2

, A =

(
2 −1
−1 2

)
, e

1
e
2
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2. C2 = sp(4,C): In Example 5.7.4 we saw that p = 2(α1,β)
(α1,α1)

= 2 and

q = 2(α1,β)
(β,β)

= 1. Using the symmetries in the root system gives

A12 =
2(α1, α2)

(α2, α2)
= −1 , A21 =

2(α2, α1)

(α1, α1)
= −2 .

Thus:

α1

βα2

, A =

(
2 −1
−2 2

)
,

e ⟨
1

e
2

3. G2: Analogously, we get (Details? Why do α1, α2 form a base?) ?

α2

α1

, A =

(
2 −3
−1 2

)
, e ⟩

1
e
2

Remark 5.7.10. 1. A root system is called irreducible, if one cannot
write Φ = Φ1 ∪̇Φ2 with non-empty Φ1,Φ2 such that (γ1, γ2) = 0 for all
γ1 ∈ Φ1, γ2 ∈ Φ2.

In Example 5.7.4, the first root system is not irreducible, and the re-
maining three are irreducible.

2. The following statements on the fssc Lie algebra L are equivalent:

(a) L is simple.

(b) Φ is irreducible.

(c) The Dynkin diagram is connected.

(Exercise.) E

(Ex. 38, 40, 43)
The remaining theorems in this section we will just state but not prove.
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Theorem 5.7.11. Let L,L′ be fssc Lie algebras. The following are equiva-
lent:

1. L ∼= L′ as Lie algebras.

2. For any choice of CSA H ⊂ L and H ′ ⊂ L′, there exists an s ∈ R>0

and an isometry ψ : E(L,H)→ E(L′, H ′) such that

ψ(Φ(L,H)) = s · ψ(Φ(L′, H ′))

(For a proof see Humphreys, Section 14.2.)

Remark 5.7.12. 1. In words, the theorem says that two fssc Lie algebras
are isomorphic if and only if their root systems are isometric, up to a
possible rescaling. Of course, the scale factor then has to be s = 1 (as
by part 1 L ∼= L′), but the current formulation is useful because of the
next point.

2. If L is in addition simple, so that the Dynkin diagram is connected,
the corresponding Cartan matrix determines Φ up to an overall rescal-
ing. Thus: Two finite-dimensional simple complex Lie algebras are
isomorphic if and only if their (unlabelled) Dynkin diagrams agree.

Theorem 5.7.13 (Killing-Cartan-Dynkin). Let L be a simple finite-dimensional
complex Lie algebra. Choose a CSA H ⊂ L and a base ∆ of Φ(L,H). The
Dynkin diagram of L with respect to H,∆ is one of the following (the la-
belling of the vertices is not part of the diagram):

Ar = e
1

e
2

e
3
· · · e

r
for r ≥ 1

Br = e
1

e
2

e
3
· · · e ⟩

r−1
e
r

for r ≥ 2

Cr = e
1

e
2

e
3
· · · e ⟨

r−1
e
r

for r ≥ 3

Dr = e
1

e
2

e
3
· · · e

r−2

e
e��

@@

r

r−1

for r ≥ 4

E6 = e
1

e
2

e
3

e
6 e

4
e
5

E7 = e
1

e
2

e
3

e
7 e

4
e
5

e
6
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E8 = e
1

e
2

e
3

e
4

e
5

e
8 e

6
e
7

F4 = e
1

e ⟩
2

e
3

e
4

G2 = e ⟩
1

e
2

Furthermore, each of the above diagrams occurs for some choice of L.

(For a proof see Humphreys, Sections 11.4 and 18.4.)

Remark 5.7.14. 1. The names of the Dynkin diagrams above are also
used to denote the corresponding Lie algebras. The index gives the
rank of that Lie algebra, which is the same as the number of vertices
in the Dynkin diagram. E.g. Ar has rank r.

2. We have already met the four infinite series under different names (but
we only proved that fact for Ar):

• Ar = sl(r + 1,C)
• Br = so(2r + 1,C)
• Cr = sp(2r,C)
• Dr = so(2r,C)

These are called classical Lie algebras. The remaining 5 cases E6, E7,
E8, F4, G2 are called exceptional Lie algebras.

The restrictions placed on r in the classification theorem ensure that each
Dynkin diagram appears exactly once. For small values of r some Dynkin
diagrams coincide and give isomorphisms of Lie algebras:

B2 = so(5,C) ∼= sp(4,C) = C2 , D3 = so(6,C) ∼= sl(4,C) = A3 .

6 Representations of semisimple Lie algebras

In this section we fix

• L: fssc Lie algebra,

• H ⊂ L: a choice of CSA,

• ∆ ⊂ Φ ≡ Φ(L,H): a choice of base,
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• ∆ = {α1, . . . , αr}: a choice of ordering of the simple roots.

This results into a decomposition Φ = Φ+ ∪ Φ− into positive and negative
roots, and defines the euclidean space E = E(L,H) ⊂ H∗.

6.1 The weight lattice

A subset Γ ⊂ V of a finite-dimensional vector space V is called a lattice if
there is a basis {v1, . . . , vn} of V such that Γ is the Z-linear span of the basis
vectors,

Γ = {m1v1 + · · ·+mnvn |mi ∈ Z} .
The following notions depend just on the choice of H, but not on the choice
of base ∆:

• Integral weight: An element λ ∈ H∗ is called a weight. A weight λ is
integral if 2(λ, α)/(α, α) ∈ Z for all α ∈ Φ. The motivates the definition
of the coroot α∨:

for α ∈ Φ : α∨ :=
2

(α, α)
α ∈ H∗ .

Then λ ∈ H∗ is integral iff (λ, α∨) ∈ Z for all α ∈ Φ.

• Weight lattice: The set of all integral weights is called the weight lattice
Λ:

Λ := {λ ∈ H∗ |λ is integral } .
We will see in Remark 6.1.1 below that this is indeed a lattice. For
now note that a Z-linear combination of elements in Λ is again in Λ.

• Root lattice: The Z-linear span of all roots is called the root lattice Λr:

Λr := {
∑

α∈Φmα α |mα ∈ Z} .

Again it is not clear that this is actually a lattice, but we will check
this in Remark 6.1.1. Every root is an integral weight, Φ ⊂ Λ (Why?), ?
and hence also

Λr ⊂ Λ .

The next notions in addition depend on the choice of base ∆ = {α1, . . . , αr}:

• Dominant weight: An integral weight is called dominant if (λ, α∨
i ) ∈

Z≥0 for i = 1, . . . , r. We denote the set of dominant weights by

Λ+ := {λ ∈ H∗ | (λ, α∨
i ) ∈ Z≥0 for i = 1, . . . , r} .
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Clearly, Λ+ ⊂ Λ, but Λ+ is not a lattice (e.g. x ∈ Λ+, x ̸= 0 implies
−x /∈ Λ+). Equivalently, λ is dominant iff it is integral and satisfies
(λ, αi) ≥ 0 for i = 1, . . . , r.

• Fundamental dominant weight: Let {ω1, . . . , ωr} be the R-basis of E
dual to ∆ in the sense that

(ωi, α
∨
j ) = δi,j for i, j ∈ {1, . . . , r} .

Note that the ωi also form a C-basis of H∗. By definition, (ωi, α
∨
j ) ∈

Z≥0, so that ωi ∈ Λ+. The ωi are called fundamental dominant weights.

Remark 6.1.1. Parts 2 and 3 of this remark show that Λ and Λr are indeed
lattices in E (and also in H∗).

1. λ ∈ H∗ is integral iff (λ, α∨
i ) ∈ Z for i = 1, . . . , r. (Why does ⇐ hold? ?

I.e. why is it enough to test integrality against simple roots only?)

2. Claim: Λ = {
∑r

i=1miωi |mi ∈ Z}.

⌈ Let λ =
∑r

i=1 λiωi with λi ∈ C be a general element of H∗.
Then

λ ∈ Λ
1.⇔ (λ, α∨

j ) ∈ Z for j = 1, . . . , r

⇔
r∑
i=1

λi (ωi, α
∨
j )︸ ︷︷ ︸

=δi,j

∈ Z for j = 1, . . . , r

⇔ λj ∈ Z for j = 1, . . . , r
⌋

3. Claim: Λr = {
∑r

i=1miαi |mi ∈ Z}.
(Why does this hold? Hint: Recall property (B2) of a base.) ?

4. The dominant weights can be written in terms of the fundamental
dominant weights as (Why?) ?

Λ+ = {
∑r

i=1miωi |mi ∈ Z≥0} .

Analogously, we define the subset Λ+
r ⊂ Λr as

Λ+
r = {

∑r
i=1miαi |mi ∈ Z≥0} .

There is a notational pitfall here as in general

Λ+
r ̸= Λr ∩ Λ+ .

(Can you given an example?) ?

(16.1.)
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5. The basis change between simple roots and fundamental dominant
weights can be expressed via the Cartan matrix:

αi =
r∑
j=1

Aij ωj , ωi =
r∑
j=1

(A−1)ijαj .

(Why? Hint: To check the first equality it is enough to check the inner ?
product with all simple coroots.)

Example 6.1.2. For sl(n,C), the simple roots have inner products (Exam-
ple 5.7.8)

(αi, αi) =
1
n
, (αi, αi+1) = − 1

2n
, (αi, αi+j) = 0 for j ≥ 2 .

Thus, the coroots are given by

α∨
i =

2

(αi, αi)
αi = 2nαi .

Let us consider n = 1 and n = 2 in more detail.

1. sl(2,C): The condition (ω1, α
∨
1 ) = 1 is solved by ω1 =

1
2
α1. The weight

and root lattice are

Λ = Zω1 , Λr = 2Zω1 .

2. sl(3,C): The condition (ωi, α
∨
j ) = δi,j is solved by

ω1 =
1
3

(
2α1 + α2) , ω2 =

1
3

(
α1 + 2α2) .

As already seen in Remark 6.1.1 (4), conversely we have

α1 = A11ω1 + A12ω2 = 2ω1 − ω2 , α2 = A21ω1 + A22ω2 = −ω1 + 2ω2 .

Let ui =
1√
3
ei, i = 1, 2, be a rescaled version of the standard basis of

R2. There is an isometry E → R2 which maps

α1 7→ u1 , α2 7→ −1
2
u1 +

√
3
2
u2 ,

and so also
ω1 7→ 1

2
u1 +

1
2
√
3
u2 , ω2 7→ 1√

3
u2 .

The weight and root lattices are

Λ = {m1ω1 +m2ω2 |m1,m2 ∈ Z} ,
Λr = {(2m1 −m2)ω1 + (2m2 −m1)ω2 |m1,m2 ∈ Z} .

(How does one arrive at the expression for the root lattice?) ?
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Lemma 6.1.3. 1. TheWeyl group maps integral weights to integral weights.

2. For all λ ∈ Λ there is w ∈ W such that w(λ) is dominant.

3. For each λ ∈ Λ+, the number of dominant weights in λ− Λ+
r is finite.

Proof. Part 1: By Theorem 5.6.10, for all w ∈ W and α ∈ Φ also wα ∈ Φ.
(How does that imply the statement?) ?

Part 2: By Theorem 5.6.15, there is a w ∈ W such that (w(λ), αi) ≥ 0 for
i = 1, . . . , r.

Part 3: Let µ ∈ λ− Λ+
r be dominant. By definition, this means that

• (µ, α∨
i ) ≥ 0 for i = 1, . . . , r, and

• λ− µ =
∑r

i=1miαi for some mi ∈ Z≥0 .

Using this, we compute

(λ+ µ, λ− µ)︸ ︷︷ ︸
=|λ|2−|µ|2

=
r∑
i=1

mi

(
(λ, αi) + (µ, αi)

)
≥ 0

The right hand side is ≥ 0 as mi ≥ 0 by construction, and as λ, µ are
dominant. Thus |µ| ≤ |λ|. But the intersection of the ball B≤|λ| ⊂ E of
radius |λ| around the origin with Λ (and hence with Λ+) is finite.

6.2 Highest weight representations

The next definition generalises the eigenspaces M [λ] of h we defined for
sl(2,C)-modules in Remark 5.5.3 to L-modules for all fssc L.

Definition 6.2.1. Let M be an L-module.

1. A v ∈ M is a vector of weight λ ∈ H∗ if h.v = λ(h) v for all h ∈ H.
The weight space for λ is the corresponding eigenspace,

M [λ] := {v ∈M | ∀h ∈ H : h.v = λ(h) v} .

If M [λ] ̸= {0}, then λ is called a weight of M .

2. The set of weights of M is denoted by

P (M) := {λ ∈ H∗ |M [λ] ̸= {0} } .

We say that M admits a weight decomposition if

M =
⊕

λ∈P (M)

M [λ]

as a C-vector space (but not in general as an L-module).
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Remark 6.2.2. 1. LetM be an L-module. If v ∈M [λ] and x ∈ Lα, then
x.v ∈M [λ+ α] as, for all h ∈ H,

h.(x.v) = [h, x].v + x.(h.v) = α(h)x.v + λ(h)x.v = (λ+ α)(h)x.v .

2. The universal enveloping algebra U(L) of L ̸= {0} is an example of an
L-module, with U(L) acting by multiplication (Why does this define ?
a module?). However, M does not admit a weight decomposition. In
fact, we have U(L)[λ] = {0} for all λ ∈ H∗, so that P (U(L)) = ∅.
(Why? Hint: For a given h ∈ H consider a PBW-basis build from an ?
ordered basis of L containing h as its smallest element. What can you
say about h-eigenvectors?)

Example 6.2.3. sl(2,C): Recall our standard basis e, h, f for sl(2,C) from
used above Proposition 2.1.9. There is one simple root α1 (as sl(2,C has rank
1), and by the choice of base in Example 5.6.3 it is given by α1 = ε1− ε2. In
Example 6.1.2 we found the corresponding fundamental dominant weight to
be ω1 =

1
2
α1. Thus

α1(h) = h11 − h22 = 2 and ω1(h) =
1
2
α1(h) = 1 .

1. Recall the Verma module Vλ (λ ∈ C) from Exercise 25. This has a
basis {vm}m∈Z≥0

on which h ∈ sl(2,C) acts as h.vm = (λ − 2m)vm =
(λ−2m)ω1(h)vm. Thus Vλ admits a weight decomposition, and the set
of weights is

P (Vλ) = {(λ− 2m)ω1 |m ∈ Z≥0} .

2. Also in Exercise 25 we classified the irreducible finite-dimensional sl(2,C)
modules Mλ in terms of an integer λ ∈ Z≥0. The corresponding set of
weights is finite,

P (Mλ) = {λω1, (λ− 2)ω1, . . . , (−λ+ 2)ω1,−λω1} .

Note that there is a 1-to-1 correspondence between dominant weights,
i.e. elements of Λ+ = Z≥0 ω1, and irreducible finite-dimensional sl(2,C)-
modules. This observation will generalise to all fssc L (Theorem 6.4.1
below).

Set N± :=
⊕

α∈Φ± Lα ⊂ L, so that

L = N− ⊕H ⊕N+ .

We define
B := H ⊕N+ .
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N±, H, and B are Lie subalgebras (but not ideals) of L (Why?). B is called ?
a Borel subalgebra.

Define the height of λ ∈ Λr (with respect to ∆) to be

ht(λ) =
r∑
i=1

mi for α =
r∑
i=1

mi αi

Note that the mi are integers, and so also ht(α) ∈ Z.

Lemma 6.2.4. 1. N± are nilpotent and B is solvable.

2. If M is a 1-dimensional B-module, then M = M [λ] for some λ ∈ H∗

and N+ ⊂ B acts as zero on M .

Proof. Part 1: Recall from Definitions 3.1.1 and 3.2.1:

• Descending central series: C0L = L, Ci+1L = [L,CiL]; a Lie algebra is
nilpotent if CnL = {0} for some n.

• Derived series: D0L = L, Di+1L = [DiL,DiL]; a Lie algebra is solvable
if CnL = {0} for some n.

It follows from [Lα, Lβ] ⊂ Lα+β, that

CnN+ ⊂
⊕

β1,...,βn∈Φ+

Lβ1+···+βn (∗)

Let R = max{ht(α)|α ∈ Φ} the maximal height among all roots. For β ∈ Φ+

we have ht(β) ≥ 1 (Why?). Hence for β1, . . . , βn ∈ Φ+ we get ht(β1 + · · · + ?
βn) ≥ n. If we are summing more than R positive roots, the resulting height
is strictly greater than R and hence cannot be a root. Combining this with
(∗) shows

CR+1N+ = {0} .

The argument for N− is analogous. For B note that [B,B] ⊂ N+, and so
nilpotency of N+ implies that B is solvable.

Part 2: Let v ∈M be non-zero. SinceM is one-dimensional, for each h ∈ H,
h.v is proportional to v. Hence there is a λ ∈ H∗ such that h.v = λ(h)v for
all h ∈ H. It follows that M =M [λ].

Let xα ∈ Lα for some α ∈ Φ+. Recall from Remark 6.2.2 (1) that xα.v ∈
M [λ + α]. But since M = M [λ], we must have M [λ + α] = {0}. Thus
xα.v = 0. As the xα span N+, it follows that N+.v = {0}.

(19.1.)
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Let X be an arbitrary Lie algebra over some field k, and let M be an
X-module. We say that M is generated by a v ∈M if

U(X).v = M .

In other words, M is spanned by the vectors obtained from v by repeated
action with elements from X.

Definition 6.2.5. A highest weight module of weight λ (of L with respect
to ∆) is a non-zero L-module M such that

1. M is generated by some v ∈M [λ], and

2. N+.v = {0}.

Note that whether an L-module is a highest weight representation or not
depends on the choice of base ∆. (Can you given an example? Hint: Think ?
of choices of base for sl(2,C) and of the Verma module in Exercise 25.)

Remark 6.2.6. Every highest weight representation admits a weight decom-
position (Exercise). E

(Ex. 42)
Proposition 6.2.7. Every irreducible finite-dimensional L-module is a high-
est weight representation.

Proof. Let M be an irreducible finite-dimensional L-module. Then M is in
particular a B-module. Since B is solvable (Lemma 6.2.4), by Lie’s theorem
(Theorem 3.2.3) and Proposition 3.2.4 (1), it stabilises a flag (Mi) in M . In
particular, M1 is a 1-dimensional B-module. By Lemma 6.2.4, M1 = M1[λ]
for some λ ∈ H∗. In particular, M1 ⊂M [λ].

Pick v ∈ M1, v ̸= 0. Again by Lemma 6.2.4. we have N+.v = {0}. Set
M ′ = U(L).v ⊂M . Then M ′ is a non-zero L-submodule of M (Why?). But ?
M is irreducible by assumption, and so we must have M ′ =M .

6.3 Verma modules

For λ ∈ H∗ let Cλ be the 1-dimensional B-module with underlying vector
space C and action

h.1 = λ(h) , x.1 = 0 (x ∈ N+) .

Definition 6.3.1. The Verma module of weight λ (of L with respect to H
and ∆) is

Vλ := IndLB(Cλ)
def.
= U(L)⊗U(B) Cλ .
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Remark 6.3.2. Claim: Vλ is a highest weight representation of weight λ.

⌈ We verify Definition 6.2.5 for the choice v = 1 ⊗U(B) 1. By
definition of the relative tensor product (Definition 4.5.1) we have,
for h ∈ H and x ∈ N+,

h.v = h⊗U(B) 1 = 1⊗U(B) h.1 = λ(h) 1⊗U(B) h.1 = λ(h) v ,

x.v = x⊗U(B) 1 = 1⊗U(B) x.1 = 0 .
⌋

In particular, by Remark 6.2.6, Vλ admits a weight decomposition.

Lemma 6.3.3. For λ ∈ H∗ we have:

1. P (Vλ) = λ− Λ+
r ,

2. dimVλ[λ] = 1 ,

3. dimVλ[µ] <∞ for all µ ∈ H∗.

Proof. We will use Corollary 4.5.7 to obtain a basis of Vλ = IndLB(Cλ). To
this end, pick a total order on Φ− and choose a non-zero vector xα ∈ Lα for
each α ∈ Φ−. Then a basis of B can be extended to a basis of L by adding
{xα |α ∈ Φ−}. Recall (from below Remark 4.3.2) that S(Φ−) stands for the
set of finite increasing sequences in Φ−. A basis of Vλ is given by

{vM |M ∈ S(Φ−)} where vM := xβ1 · · · xβn ⊗U(B) 1 for M = (β1, . . . , βn) .

For each h ∈ H and M = (β1, . . . , βn) we have

h.vM = (β1 + · · ·+ βn + λ)(h) vM . (∗)

(Details? Hint: Check that h.v() = λ(h)v() and iterate the computation ?
in Remark 6.2.2(1).) Thus the basis {vM |M ∈ S(Φ−)} already consists of
common H-eigenvectors.

Part 1: By (∗), the set of weights of Vλ is given by

P (Vλ) = {λ+ β1 + · · ·+ βn |n ∈ Z≥0, β1, . . . , βn ∈ Φ−} .

But every such sum of βi’s can be written as
∑r

i=1miαi for mi ∈ Z≤0 (this
follows from property (B2) of a base). Conversely, as −αi ∈ Φ−, every
such sum of simple roots occurs as a sum of βi’s. Using Φ− = −Φ+ gives
P (Vλ) = λ− Λ+

r .

Part 2: λ+ β1 + · · ·+ βn = λ requires β1 + · · ·+ βn = 0. As ht(βi) ≤ −1 this
in turn requires n = 0. Thus the only basis element in (∗) of weight λ is v().
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Part 3: Vλ[µ] is non-zero only for µ ∈ P (Vλ) = λ − Λ+
r . Write µ = λ + γ,

−γ ∈ Λ+
r . The basis vector v(β1,...,βn) lies in Vλ[µ] iff β1 + · · ·+ βn = γ. This

in turn implies ht(γ) = ht(β1) + · · · + ht(βn). Since ht(β) ≤ −1 for each
β ∈ Φ−, there are only finitely many ways to satisfy this condition.

Lemma 6.3.4. Let M be a highest weight representation of weight λ. Then

1. M ∼= Vλ/W as L-modules for some L-submodule W ⊂ Vλ.

2. dimM [λ] = 1 and dimM [µ] <∞ for all µ ∈ H∗.

3. P (M) ⊂ P (Vλ)

Proof. Part 1: We will use the universal property for induced modules from
Exercise 23: Let j : Cλ → Vλ = IndLB(Cλ) be the B-module homomorphism
which sends 1 to v(). Then for all B-module homomorphisms f : Cλ → M ,

there exists a unique L-module homomorphism f̃ : IndLB(Cλ)→M such that
f = f̃ ◦ j,

Cλ IndLB(Cλ)

M

j

f

f̃

Let v ̸= 0 be a vector which exhibits M as a highest weight module of
weight λ as in Definition 6.2.5. We choose f to map 1 ∈ Cλ to v (Why is ?
this a B-module homomorphism?). By construction, v is in the image of f̃ ,
and as M is generated by v, f̃ is automatically surjective (Details?). Thus ?
M ∼= IndLB(Cλ)/W for S := ker(f̃).

Parts 2 and 3: By Exercise 16, W is a direct sum of H-eigenspaces. Thus
for all µ ∈ H∗, W [µ] ⊂ Vλ[µ]. We can compute the quotient Vλ/W for each
eigenspace separately,

M =
⊕

µ∈P (M)

M [µ] , M [µ] = Vλ[µ]/W [µ] .

In particular, P (M) ⊂ P (Vλ). Since M is generated by a non-zero v ∈M [λ],
we have dimM [λ] ≥ 1. On the other hand dimM [λ] ≤ dimVλ[λ] = 1.
Finally, dimM [µ] ≤ dimVλ[µ] <∞ by Lemma 6.3.3.

Proposition 6.3.5. For each λ ∈ H∗, the Verma module Vλ has a unique
maximal proper submodule.

In other words, there exists a unique submodule Smax ⊊ Vλ with the prop-
erty that for all S ⊊ Vλ we have S ⊂ Smax.
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Proof of Proposition 6.3.5. Uniqueness is clear (Details?). For existence, de- ?
fine

Smax = spanC
{
W |W ⊂ Vλ submodule with W [λ] = {0}

}
.

Then:

• Smax ⊂ Vλ is a submodule. (Why?) ?

• For each submodule S ⊊ Vλ we have S ⊂ Smax:
By Exercise 16, S has a weight decomposition with S[µ] ⊂ Vλ[µ]. In
particular, S[λ] ⊂ Vλ[λ] = Cv(). Thus S[λ] = {0} or else v() ∈ S[λ] and
as v generates Vλ we would have S = Vλ. Altogether, S[λ] = {0} and
so S ⊂ Smax by construction.

• Smax ⊊ Vλ: As in the previous point, W which makes up the spanning
set of Smax has a weight decomposition W =

⊕
µ∈P (W )W [µ]. By defi-

nition, W [λ] = {0}, so that λ /∈ P (W ). It follows that each W in the
spanning set of Smax is contained in the subspace

W ⊂
⊕

µ∈P (λ)\{λ}

Vλ[µ] .

Hence also the linear span of such W is contained in that subspace.
Altogether, Smax[λ] = {0}.

Remark 6.3.6. As in the above proof, write Smax ⊊ Vλ for the maximal
proper submodule and denote the quotient by

Mλ := Vλ/Smax .

By construction,

• Mλ is irreducible,

• Mλ is a highest weight module,

• dimMλ[λ] = 1 and dimMλ[µ] <∞ for all µ ∈ H∗,

• P (Mλ) ⊂ P (Vλ) = λ− Λ+
r .

(The last two points also follow from Lemma 6.3.4, but why do the first two ?
points hold?)

Lemma 6.3.7. Let λ, µ ∈ H∗. The following are equivalent:

1. λ = µ

2. Vλ ∼= Vµ as L-modules

3. Mλ
∼= Mµ as L-modules

(The proof is an exercise.) E

(Ex. 45)
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6.4 Finite dimensional irreducible representations

The next theorem makes precise the statement that finite-dimensional irre-
ducible L-modules are in 1-to-1 correspondence with weights in Λ+.

Theorem 6.4.1. 1. Let λ ∈ H∗. Mλ is finite-dimensional iff λ ∈ Λ+.

2. For every finite-dimensional irreducible L-module M there exists a
unique λ ∈ H∗ such that M ∼= Mλ as L-modules.

We will prove this theorem in two stages: First part 2 and the direction
⇒ in part 1, and then after some preparation we show the more involved
direction ⇐ in part 1.

Proof of Theorem 6.4.1. Part 2: By Proposition 6.2.7, M is a highest weight
representation of weight λ for some λ ∈ H∗. By Lemma 6.3.4, M ∼= Mλ, and
by Lemma 6.3.7, the value of λ is unique.

Part 1, direction ⇒: Suppose that Mλ is finite-dimensional. We need to
show that then (λ, α∨

i ) ∈ Z≥0 for i = 1, . . . , r. Let v ∈ Mλ[λ], v ̸= 0 (this
exists and is in fact a basis of Mλ[λ] by Remark 6.3.6).

Recall from Proposition 5.5.2 the Lie subalgebra slαi
with basis eαi

∈ Lαi
,

fαi
∈ L−αi

and hαi
= Hα∨

i . We have

• Mλ is a finite-dimensional slαi
-module.

• eαi
∈ N+, so that eαi

.v = 0 by construction of Mλ.

The first point implies that hαi
.v = mv for some m ∈ Z (Remark 5.5.3 (1)).

Decomposing into irreducible slαi
-modules and comparing to the explicit

action of eαi
in Exercise 25 shows that the second point above implies m ≥ 0.

Altogether we have, for some m ∈ Z≥0,

mv = hαi
.v = λ(hαi

) = λ(Hα∨
i ) = (λ, α∨

i ) .

Lemma 6.4.2. Let N be a finite-dimensional sl(2,C)-module and x ∈ N ,
x ̸= 0 such that h.x = mx. Then m ∈ Z and we have:

• if m > 0, then fm.x ̸= 0, and

• if m < 0, then e−m.x ̸= 0.

(Why does this hold? Hint: Decomposing N into irreducible sl(2,C)- ?
modules and then verify that statement from the explicit e and f action in
the classification of such modules in Exercise 25.)
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Lemma 6.4.3. In U(L) we have for m ≥ 0 and i, j = 1, . . . , r:

[
eαi

, f m+1
αj

]
=

{
(m+ 1)f mαj

(hαj
−m1) ; i = j

0 ; i ̸= j
,

where 1 ∈ U(L) denotes the unit.

Proof. Abbreviate e = eαi
and f = fαj

. As the Lie bracket is a derivation,
we have

[e, fm+1] = [e, fm]f + fm[e, f ] .

Both cases in the statement now follow inductively.

• i = j: [e, f ] = h gives the base case m = 0 (by convention anything in
U(L) to the power 0 is 1), as well as the inductive step. (Details?) ?

• i ̸= j: [e, f ] = 0 as αi−αj is not a root (Property (B2) of a base). The
above relation then immediately gives [e, fm] = 0 for all m.

Proof of Theorem 6.4.1. Part 1, direction⇐: Fix λ ∈ Λ+. We want to show
that Mλ is finite-dimensional.

Claim 1: For each i = 1, . . . , r, Mλ contains a non-zero finite-dimensional
slαi

-submodule.

⌈ Let v ̸= 0 be in Mλ[λ] and mi = (λ, α∨
i ). Since λ ∈ Λ+, we have

mi ∈ Z≥0. Set

W = spanC{f kαi
.v | k = 0, 1, . . . ,mi} .

We will check that W is an slαi
-submodule. To this end, it is

enough to check that

eαi
.v = 0 and f mi+1

αi
.v = 0 .

(Why is that enough?) The first identity is clear as αi ∈ Φ+ and ?
N+.v = {0}. For the second identity we first show that

eαj
f mi+1
αi

.v = 0 for all j = 1, . . . , r . (∗)

Indeed, using Lemma 6.4.3 and eαj
.v = 0 for all j we get,

eαj
f mi+1
αi

.v = [eαj
, f mi+1
αi

].v = 0 (i ̸= j)

eαi
f mi+1
αi

.v = [eαi
, f mi+1
αi

].v = −(mi + 1)f mαj
(mi1− hαj

).v = 0 ,
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where the last step follows from hαj
.v = (λ, α∨

j ) v = mi v. This
establishes the identity (∗).
Abbreviate w := f mi+1

αi
.v. It remains to show that w = 0.

Suppose w ̸= 0. Then the weight of w is µ := λ − (mi + 1)αi
(Why?), in particular µ ̸= λ. But (∗) implies that N+.w = ?
{0}, and the universal property of the induced module Vµ implies
that there is a non-zero L-module homomorphism φ : Vµ → Mλ

(Details? Why is this not directly implied by Lemma 6.3.4?). As ?
Mλ is irreducible, φ descends to a non-zero homomorphismMµ →
Mλ, which by Schur’s Lemma (Theorem 2.2.8) is an equivalence.
This is a contradiction as Lemma 6.3.7 now implies λ = µ. Thus
w = 0. ⌋

Claim 2: For each i = 1, . . . , r, Mλ is the union of its finite-dimensional
slαi

-submodules.

⌈ Let N ⊂Mλ be the sum of all finite dimensional slαi
-submodules

of W . We will show N =Mλ.

This shows the claim, as N is also equal to the union of all finite
dimensional slαi

-submodules. (Why? Hint: Write x ∈ N as x = ?
w1 + · · ·+wn, where each wi is contained in a finite-dimensional
slαi

-submodule. What can you say about finite (not necessarily
direct) sums of finite-dimensional slαi

-submodules?)

Let Q ⊂ Mλ be a finite-dimensional slαi
-submodule. Consider

the sub-vector space

Q′ := Q+ L.Q ⊂ Mλ .

Then Q′ is again a finite-dimensional slαi
-submodule. For exam-

ple, to see that Q′ is closed under the action of eαi
, one computes,

for q ∈ Q, x ∈ L,

eαi
x.q = [eαi

, x]︸ ︷︷ ︸
∈L

.q + x eαi
.q︸︷︷︸

∈Q

∈ Q′ .

Since Q′ is finite-dimensional, it follows that Q′ ⊂ N . Thus N
is not just closed under the action of slαi

but in fact under the
action of all of L, i.e. it is an L-submodule of Mλ.

By Claim 1, N is non-zero. As Mλ is irreducible, we must have
N =Mλ. ⌋
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Claim 3: For each w ∈ W and µ ∈ P (Mλ) also w(µ) ∈ P (Mλ).

⌈ By Theorem 5.6.15, it is enough to check the claim for simple
reflections w = sαi

, i = 1, . . . , r.

Let i ∈ 1, . . . , r be given. Pick u ∈ Mλ[µ], u ̸= 0. We will use u
to construct a non-zero element ũ ∈Mλ[sαi

(µ)].

By Claim 2, u ∈ Q for some finite-dimensional slαi
-submodule

Q ⊂ Mλ. We have hαi
.u = µ(hαi

)u = (µ, α∨
i )u. Setting m :=

(µ, α∨
i ), from Lemma 6.4.2 we get m ∈ Z and

• if m > 0, then ũ := f mαi
.u ̸= 0, and

• if m < 0, then ũ := e−mαi
.u ̸= 0.

In both cases, ũ ∈Mλ[µ−mαi]. Finally,

µ−mαi = µ− (µ, α∨
i )αi = sαi

(µ) .
⌋

(Claim 3 does not hold for Verma modules. Can you give an example?) ?

Claim 4: P (Mλ) is finite.

⌈ Recall that by assumption λ ∈ Λ+. Define D := (λ− Λ+
r ) ∩ Λ+.

By Lemma 6.1.3, D is a finite set.

Let µ ∈ P (Mλ) be arbitrary. By Remark 6.3.6, P (Mλ) ⊂ λ −
Λ+
r ⊂ Λ (the second inclusion uses λ ∈ Λ+ and Λ+

r ⊂ Λ). By
Lemma 6.1.3, there is w ∈ W such that w(µ) is dominant. By
Claim 3, w(µ) ∈ P (Mλ), so that altogether w(µ) ∈ D. We
conclude that, conversely,

P (Mλ) ⊂ {w(ν) | ν ∈ D,w ∈ W} .

As both D and W are finite (recall Corollary 5.6.11), also P (Mλ)
is finite. ⌋

As dim(Mλ[µ]) <∞ for all µ ∈ P (Mλ) (Remark 6.3.6), Claim 4 implies that
Mλ is finite dimensional.

The next lemma improves on Claim 3 in the above proof.

Corollary 6.4.4. For λ ∈ Λ+ and w ∈ W we have

dimMλ[µ] = dimMλ[w(µ)] for all µ ∈ H∗ .
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(Why does this hold? Hint: From Theorem 6.4.1 we know Mλ is finite- ?
dimensional, so in particular it is a finite dimensional slαi

-module. Taking
the proof of Claim 3 as a guide, reduce the statement to the fact that for a
finite-dimensional sl(2,C)-module (irreducible or not), the h-eigenspaces of
eigenvalue m and −m have the same dimension.)

Proposition 6.4.5. Let λ ∈ Λ+. Then

P (Mλ) =
{
w(µ)

∣∣w ∈ W,µ ∈ (λ− Λ+
r ) ∩ Λ+

}
.

Proof. As in the proof of Claim 4 above, we use that for each µ ∈ λ there is a
w ∈ W such that w(µ) ∈ Λ+. Together with Corollary 6.4.4, the proposition
follows if we can show:

(λ− Λ+
r ) ∩ Λ+ ⊂ P (Mλ) .

Let µ ∈ (λ − Λ+
r ) ∩ Λ+ be given. We consider elements of the form

ν = µ +
∑r

i=1 kiαi with ki ∈ Z≥0. For an appropriate choice of the ki we
have ν = λ ∈ P (Mλ). The next claim shows that we can iteratively reduce
the coefficients ki by 1 without leaving the set P (Mλ) until all ki are zero.
Hence the claim implies that µ ∈ P (Mλ).

Claim: Suppose that ν := µ +
∑r

i=1 kiαi ∈ P (Mλ) such that not all ki are
zero. Then there is an i0 ∈ {1, . . . , r} such that ki0 > 0 and ν−αi0 ∈ P (Mλ).

⌈ Since ν ̸= µ we have (ν − µ, ν − µ) > 0. Thus there must be at
least one i0 such that ki0 > 0 and (ν − µ, αi0) > 0. From this we
see that

(ν, α∨
i0
) > (µ, α∨

i0
) ∈ Z≥0 , (∗)

where the last inequality follows as µ ∈ Λ+.

By assumption, ν ∈ P (Mλ). Pick a non-zero u ∈ Mλ[ν]. We
compute

hαi0
.u = ν(hαi0

).u = (ν, α∨
i0
).u .

Since Mλ is a finite dimensional (Theorem 6.4.1), we can use
the explicit description of finite-dimensional sl(2,C)-modules to
conclude that (∗) implies

fαi0
.u ̸= 0 .

The weight of fαi0
.u is ν − αi0 . Thus ν − αi0 ∈ P (Mλ). ⌋
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Example 6.4.6. Let us use Proposition 6.4.5 to compute the set of weights
for some irreducible representations of sl(2,C) and sl(3,C):

sl(2,C): Recall from Example 6.1.2 (1) that α1 = 2ω1. Let λ = Λ+. Then
λ = mω1 for some m ∈ Z≥0 and

(λ− Λ+
r ) ∩ Λ+ = {mω1 − kα1 | k ∈ Z≥0} ∩ Λ+

= {(m− 2k)ω1 | k ∈ Z≥0 and 2k ≤ m} .

The Weyl group is generated by simple reflections (Theorem 5.6.15), of which
in this case there is only one. Thus W ∼= Z2 with non-trivial element sα1

acting by sα1(µ) = −µ. Thus (26.1.)

W.
(
(λ− Λ+

r ) ∩ Λ+
)
= {±(m− 2k)ω1 | k ∈ Z≥0 and 2k ≤ m}
= P (Mλ) .

sl(3,C): The weight lattice Λ (green) and the root lattice Λr (blue), to-
gether with the cones giving Λ+ and −Λ+

r :

The Weyl group orbits of (λ − Λ+
r ) ∩ Λ+ for different choices of λ, giving

P (Mλ) for the corresponding irreducible sl(3,C) representation Mλ.

λ = ω1: λ = ω2:
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λ = ω1 + ω2:

Note that Proposition 6.4.5 just allows us to determine which Mλ[µ] are
non-zero, and not their actual dimension. But in the three sl(3,C) exam-
ples above, we can identify the representations explicitly. Combining Exam-
ples 5.6.3 and 6.1.2 we get

ω1 =
1
3

(
2α1 + α2) =

1
3

(
2ε1 − ε2 − ε3) = ε1 , ω2 =

1
3

(
ε1 + ε2 − 2ε3) = −ε3 ,

where we used ε1 + ε2 + ε3 = 0. Recall that the CSA consists of traceless
diagonal matrices, which we write as

h = h1E11 + h2E22 + h3E33 with h1 + h2 + h3 = 0 .

Then:

• Fundamental representation: Let F be the representation of sl(3,C)
with underlying vector space C3 and action by matrix multiplication.
F is irreducible (Why?). The weight spaces of F are just Cei, i = 1, 2, 3, ?
and we have

h.e1 = h1e1 = ω1(h) e1 ,

h.e2 = h2e2 = (−h1 − h3)e2 = (−ω1 + ω2)(h) e2 ,

h.e3 = h3e3 = −ω2(h) e3 .

We conclude F ∼= Mω1 . (Why is e1 a highest weight vector? I.e. why ?
does e1 satisfy N+.e1 = {0}?)

• Anti-fundamental representation: Let F have again C3 as underlying
vector space, but now M ∈ sl(3,C) acts by matrix multiplication with
−M t. One can check that F ∼= F ∗, see Definition 2.2.4 (4) (Details?), ?
in particular F is irreducible. For F we find

h.e1 = −ω1(h)e1 , h.e2 = (ω1 − ω2)(h)e2 , h.e3 = ω2(h) e3 ,

and so F ∼= Mω2 . (Why is e3 a highest weight vector?) ?
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• Adjoint representation: The adjoint representation of sl(3,C) is irre-
ducible (Why?) is also irreducible, and the weight decomposition is ?

sl(3,C) = H ⊕
⊕
α∈Φ

Lα ,

and one finds (sl(3,C), ad) ∼= Mω1+ω2 . (Why? And what is the explicit ?
matrix that is the corresponding highest weight vector?)

Note that for the fundamental and anti-fundamental representation, all weight
spaces are 1-dimensional, while dimMω1+ω2 [0] = 2 for the adjoint represen-
tation.

Remark 6.4.7. 1. CombiningWeyl’s Theorem (Theorem 5.3.2) and The-
orem 6.4.1, it follows that every finite-dimensional L-module M has a
weight decomposition. One also finds that Corollary 6.4.4 holds for
finite-dimensional modules, irrespective of irreducibility: for all w ∈ W
and µ ∈ H∗ we have (Why?) ?

dimM [µ] = dimM [w(µ)] .

2. Theorem 6.4.1 can be stated as follows. For a rank r fssc Lie alge-
bra L, one can specify an irreducible finite-dimensional representation
uniquely by elements (λ1, . . . , λr) ∈ (Z≥0)

r, where such an r-tuple cor-
responds to λ =

∑
i λiωi ∈ Λ+. The λi are sometimes called Dynkin

labels of an irreducible representation. For the sl(3,C)-representations
discussed above we have:

representation fundamental anti-fund. adjoint
Dynkin labels (1,0) (0,1) (1,1)

6.5 Characters

Let C[Λ] be the group algebra of the weight lattice Λ, thought of as an
abelian group under addition. C[Λ] has:

• basis: {eλ |λ ∈ Λ}, where eλ at this point is just a symbol, and

• multiplication: eλeµ = eλ+µ.

• unit: 1 := e0.

We define the algebra automorphism (−) of C[Λ] on a basis as

(−) : C[Λ]→ C[Λ] , eλ 7→ e−λ .
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Remark 6.5.1. We can think of eλ as a (non-linear) function H → C via
eλ(h) := eλ(h), where the exponential on the right hand side is that of complex
numbers. This defines a linear map

ϕ : C[Λ]→ Fun(H,C) , eλ 7→
(
h 7→ eλ(h)

)
.

This map is injective (Why? Hint: It is enough to show that the func- ?
tions h → eλ(h) are linearly independent. Write λ =

∑
imiωi and t =∑

tiα
∨
i . Then λ(h) =

∑
miti, and so it is enough to show that the functions

(t1, . . . , tr) 7→ em1t1+···+mrtr are linearly independent for different m ∈ Zr).
Furthermore, ϕ is an algebra homomorphism, where Fun(H,C) is an algebra
via pointwise addition and multiplication (Details?). ?

Definition 6.5.2. The character of a finite-dimensional L-module M is

ch(M) :=
∑

µ∈P (M)

dim
(
M [µ]

)
eλ ∈ C[Λ] .

Remark 6.5.3. 1. The character is well-defined as both P (M) and dimM [µ]
are finite for a finite-dimensional L-module M .

2. Applying ϕ from Remark 6.5.1 to ch(M) results in a function H →
C. This function can be described by a trace as follows. Let R :
L → End(M) be the Lie algebra homomorphism describing M as a
representation. Then R(h) is a linear map M → M . As M is finite-
dimensional, we can consider its matrix exponential eR(h) : M → M ,
which is again a linear map (Section 1.5).

Claim: We have, for h ∈ H,

ϕ
(
ch(M)

)
(h) = trM

(
eR(h)

)
.

⌈ By Remark 6.4.7, M has a weight decomposition M =⊕
µ∈P (M)M [µ]. The weight spaces are eigenspaces for the

action of h: for x ∈ M [µ] we have R(h)x = λ(h)x. Hence
the matrix exponential onM [µ] is just eR(h)x = eλ(h)x. Using
this, we compute

trM
(
eR(h)

)
=

∑
µ∈P (M)

trM [µ]

(
eR(h)

)
=

∑
µ∈P (M)

trM [µ]

(
eλ(h) id

)
=

∑
µ∈P (M)

eλ(h) dimM [µ] = ϕ
(
ch(M)

)
(h)

⌋
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Example 6.5.4. 1. sl(2,C): For λ = mω1 we have P (Mλ) = {(m −
2k)ω1 | k = 0, 1, . . . ,m}. Thus

ch(Mλ) = emω1 + e(m−2)ω1 + · · ·+ e−mω1 .

If we abbreviate x := eω1 , we have emω1 = xm and we can rewrite the
character as

ch(Mλ) =
xm+1 − x−m−1

x− x−1
.

2. sl(3,C): Abbreviate x = eω1 and y = eω2 . Using the explicit realisa-
tions in Example 6.4.6 we find (Details?) ?

ch(Mω1) = x+ x−1y + y−1 ,

ch(Mω2) = y + xy−1 + x−1 ,

ch(Mω1+ω2) = xy + x−1y2 + x2y−1 + 2 + xy−2 + x−2y + x−1y−1 .

Theorem 6.5.5. Let M,N be finite-dimensional L-modules. Then M ∼= N
as L-modules iff ch(M) = ch(N).

The proof uses the next two lemmas.

Lemma 6.5.6. The set {ch(Mλ) |λ ∈ Λ+} is a linearly independent subset
of C[Λ].

Proof. Define a partial order on Λ via

µ ≤ λ
Def.⇔ λ− µ ∈ Λ+

r .

(Why is this a partial order? Hint: One needs to check λ ≤ λ; µ ≤ λ and ?
λ ≤ µ implies λ = µ; ν ≤ µ and µ ≤ λ implies ν ≤ λ.) Let S ⊂ Λ+ be a
finite subset and suppose we have∑

λ∈S

cλ ch(Mλ) = 0 for some cλ ∈ C .

We need to show that all cλ are zero.
Pick a λ0 ∈ S which is maximal with respect to the partial order “≤”,

i.e. λ0 ≤ µ ⇒ λ0 = µ (as S is finite, this is always possible, thought λ0 is
typically not unique). Then

• eλ0 is a summand of ch(Mλ0) as dimMλ0 [λ0] = 1, and

• eλ0 is not a summand of ch(Mµ) for any µ ∈ S \ {λ0}.
(Why? Hint: P (Mµ) ⊂ µ− Λ+

r ) ?
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As the eλ are linearly independent by definition, it follows that cλ0 = 0.
Iterating this procedure shows that all cλ are zero.

Recall from Corollary 5.3.7 that L has a unique (up to isomorphism) 1-
dimensional representation, which we will denote simply by C. Recall also
the notation eλ = e−λ.

Lemma 6.5.7. Let M,N be finite-dimensional L-modules. Then:

1. If M ∼= N , then ch(M) = ch(N).

2. ch(C) = 1.

3. ch(M ⊕N) = ch(M) + ch(N).

4. ch(M ⊗N) = ch(M) · ch(N).

5. ch(M∗) = ch(M).

Proof. 1. Clear. (Details?) ?

2. Clear.

3. We use the representation as a trace in Remark 6.5.3 (2) and the fact
that ϕ : C[Λ]→ Fun(H,C) from Remark 6.5.1 is injective. For m⊕n ∈
M ⊕ N we have RM⊕N(h)(m ⊕ n) = (RM(h)m) ⊕ (RN(h)n), and so
also

eRM⊕N (h)(m⊕ n) =
(
eRM (h)m

)
⊕
(
eRN (h)n

)
For the trace, this implies

trM⊕N
(
eRM⊕N (h)

)
= trM

(
eRM (h)

)
+ trN

(
eRN (h)

)
.

4. The action of L on the tensor product M ⊗ N is defined as (Defini-
tion 2.3.2)

RM⊗N(h)(m⊗ n) = (RM(h)m)⊗ n+m⊗ (RN(h)n)

=
(
RM(h)⊗ idN + idM ⊗RN(h)

)
(m⊗ n) .

The two linear endomorphisms RM(h)⊗ idN and idM ⊗RN(h) of M ⊗
N commute, and hence the matrix exponential can be expanded as
(Remark 1.5.1)

eRM⊗N (h)(m⊗ n) = eRM (h)⊗idN eidM ⊗RN (h)(m⊗ n)
= eRM (h)m⊗ eRN (h)n

Taking the trace shows the claim.
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5. Analogously. (Details? Hint: Let f : V → V be a linear endomorphism ?
of a finite-dimensional vector space V , and let f ∗ : V ∗ → V ∗ be its dual.
Check that trV (f) = trV ∗(f ∗) and that exp(f)∗ = exp(f ∗) : V ∗ = V ∗.
The action of L on M∗ is given in Definition 2.2.4).

(30.1.)

Proof of Theorem 6.5.5. The direction “⇒” was shown in Lemma 6.5.7 (1).
For the converse direction, suppose that ch(M) = ch(N). ByWeyl’s Theorem
(Theorem 5.3.2), M,N are direct sums of irreducible L-modules,

M ∼=
⊕
λ∈Λ+

(Mλ)
⊕mλ , N ∼=

⊕
λ∈Λ+

(Mλ)
⊕nλ ,

where mλ, nλ ∈ Z≥0 and only finitely many are nonzero. By parts 1 and 3 of
Lemma 6.5.7, this implies

ch(M) =
∑
λ∈Λ+

mλ ch(Mλ) , ch(N) =
∑
λ∈Λ+

nλ ch(Mλ) .

By assumption we have ch(M) = ch(N), and so linear independence of the
ch(Mλ) (Lemma 6.5.6) implies mλ = nλ for all λ, and hence M ∼= N .

Example 6.5.8. 1. Tensor products of sl(2,C)-modules: In Exercise 9
we showed that Mω1 ⊗Mω1

∼= M0⊕M2ω1 by explicitly constructing an
isomorphism of sl(2,C)-modules. Using Theorem 6.5.5, Lemma 6.5.7
and Example 6.5.4, we obtain a much shorter proof:

ch(Mω1 ⊗Mω1) = ch(Mω1) ch(Mω1) = (x+ x−1)2

= x2 + 2 + x−2 = ch(M0) + ch(M2ω1) .

In fact, we can compute the decomposition of a general tensor product
Mmω1 ⊗Mnω1 into irreducibles via

ch(Mmω1) ch(Mnω1) =
xm+1 − x−m−1

x− x−1
· x

n+1 − x−n−1

x− x−1

=
xm+1 − x−m−1

x− x−1

(
xn + xn−2 + · · ·+ x−n+2 + x−n

)
=

m+n∑
k=|m−n|, step 2

ch(Mkω1)

(Details? Hint: The expansion in the second step is most useful if we ?
assume without loss of generality that m ≥ n.)
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2. Tensor products of sl(3,C)-modules: Using the characters from Exam-
ple 6.5.4, let us decompose Mω1 ⊗Mω2 into irreducibles:

ch(Mω1) ch(Mω2) = (x+ x−1y + y−1)(y + xy−1 + x−1)

= xy + x−1y2 + x2y−1 + 3 + xy−2 + x−2y + x−1y−1

= ch(M0) + ch(Mω1+ω2) .

Thus Mω1 ⊗Mω2
∼= M0 ⊕Mω1+ω2 .

Recall the notation δ = 1
2

∑
α∈Φ+ α from Corollary 5.6.14. For an element

w ∈ W define the length ℓ(w) of w to be the minimal number of simple
reflections needed to obtain w. The determinant of w : H∗ → H∗ is related
to the length of w via (Why?) ?

(−1)ℓ(w) = det(w) .

The next theorem we will state without proof. (See Humphreys, Theo-
rem 24.3 or Kirillov, Theorem 8.34 for a proof.)

Theorem 6.5.9 (Weyl’s Character Formula). For λ ∈ Λ+ we have

ch(Mλ) =

∑
w∈W (−1)ℓ(w)ew(λ+δ)∏
α∈Φ+

(
eα/2 − e−α/2

) .
Example 6.5.10. 1. sl(2,C): We have Φ+ = {α1} and so δ = 1

2
α1 = ω1

and ∏
α∈Φ+

(
eα/2 − e−α/2

)
= eα1/2 − e−α1/2 = eω1 − e−ω1 = x− x−1 .

The Weyl group acts as W = {id,− id} on E, so that, for λ = mω1,∑
w∈W

(−1)ℓ(w)ew(λ+δ) = eλ+δ − e−λ−δ = xm+1 − x−m−1 .

Combining this, the Weyl character formula gives

ch(Mmω1) =
xm+1 − x−m−1

x− x−1

as in Example 6.5.4.

2. sl(3,C): This example illustrates that the Weyl character formula
quickly becomes unwieldy. Recall that α1 = 2ω1 − ω2 and α2 =
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−ω1 + 2ω2 (cf. Example 6.1.2) We have Φ+ = {α1, α2, α1 + α2} and
so

δ = 1
2
(α1 + α2 + (α1 + α2)) = ω1 + ω2 .

The denominator of the Weyl character formula is given by

D :=
∏
α∈Φ+

(
eα/2 − e−α/2

)
=

(
xy−

1
2 − x−1y

1
2

)(
x−

1
2y − x

1
2y−1

)(
x

1
2y

1
2 − x−

1
2y−

1
2

)
.

To compute the numerator, we need a more explicit handle on the Weyl
group. The simple reflections act on the fundamental weights as

sαi
(ωj) = ωj − (ωj, α

∨
i )αi = ωj − δi,jαi ,

and so

sα1(aω1 + bω2) = aω1 − aα1 + bω2 = −aω1 + (a+ b)ω2 ,

sα2(aω1 + bω2) = aω1 + bω2 − bα2 = (a+ b)ω1 − bω2 .

Abbreviating aω1+bω2 as (a, b) and using thatW is generated by simple
reflections (Theorem 5.6.15), it is now easy to compute the action of
w ∈ W on (a, b):

w id sα1 sα2sα1

w.(a, b) (a, b) (−a, a+ b) (b,−a− b)
det(w) 1 −1 1

w sα2 sα1sα2 sα2sα1sα2

w.(a, b) (a+ b,−b) (−a− b, a) (−b,−a)
det(w) −1 1 −1

As an example, we compute ch(Mω1). Then ω1 + δ = (2, 1) and the
W -orbit of (2, 1) is

W.(2.1) =
{
(2, 1) , (−2, 3) , (1,−3) , (3,−1) , (−3, 2) , (−1,−2)

}
.

The gives the numerator as

N :=
∑
w∈W

(−1)ℓ(w)ew(ω1+δ)

= x2y − x−2y3 + xy−3 − x3y−1 + x−3y2 − x−1y−2 .

One can now check that indeed as in Example 6.5.4 we have

ch(Mω1) =
N

D
= x+ x−1y + y−1 .

(Check! Can you repeat the computation for ch(Mω2) and ch(Mω1+ω2)?) ?
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