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Main references used:
e Section 1: Baker, Matrix Groups (Springer 2002)

e Sections 2-6: Humphreys, Introduction to Lie algebras and represen-
tation theory (Springer 1972)

e Sections 5, 6: Kirillov, An introduction to Lie groups and Lie algebras
(CUP 2008)

1 Matrix Lie groups and Lie algebras

1.1 Preliminary remarks (for Info)

Definition 1.1.1. A Lie group is a topological space G equipped with the
structure of a group and of a smooth manifold, such that the maps g — ¢!
and (g, h) — g - h are smooth.

Definition 1.1.2. Let k be a field. A Lie algebra (over k) is a k-vector space
g together with a bilinear map

[ ]iaxg—rg,
the Lie bracket, such that
1. (skew-symmetry) [x,z] = 0 for all = € g,
2. (Jacobi identity) [z, [y, z]] + [y, [z, z]] + [z, [z, y]] = 0 for all z,y,z € g.

Remark 1.1.3. 1. If the characteristic of k is not 2, skew-symmetry is
equivalent to [x,y] = —[y, ] for all z,y € g. (Why?)

2. A Lie group G gives rise to a Lie algebra on the tangent space T.G at
the neutral element e € G.

3. Symmetries in physics:

evolve

state at time 0 ——— state at time ¢

|s |s

evolve,

state’ at time 0 —— state’ at time ¢

Symmetries are often Lie groups.



1.2 Rotations and translations

m Consider R” with inner product g(u,v) = >  wv;. A linear map T :
R™ — R™ is an orthogonal transformation if g(Tu, Tv) = g(u,v) for all u,v €
R"™. In the standard basis {e;};—1, ., of R™ and the matrix representation
Ti; = (Te;);, this is equivalent to 7' = 1 (Why?). T is a rotation if in
addition det(7T) = 1.

m Examples of groups:
e Orthogonal group: O(n) = O(n,R) = {M € Mat(n,R) | M*M = 1}.
e Special orthogonal group: SO(n) ={M € O(n) | det(M) = 1}.
e Fuclidean group:

E(n) = {maps f:R" = R"[Vz,y € R": [z —y| = |f(z) — f(y)]} -

O(n) and SO(n) are groups (Why?). The maps f € F(n) are precisely those @
of the form f(z) = Tz + u with T € O(n) and u € R" (Exercise). @

Definition 1.2.1. Let H, N be groups, and ¢ : H — Aut(N), h — ©n s
a group homomorphism from H into the group automorphisms of N. The
semidirect product H x, N = H x N is the set H x N with product and

inverse
(h’ TL) ) (h,7n/) = (h ' h/’ n: gOh(TL/)) ) (h7n)_1 = (h'_lv Ph—1 (n_l)) :
Remark 1.2.2. 1. H x N is a group. (Why?) @

2. If g, =idy for all h € H, then H x N is the direct product H x N of
groups.

31 NE BN D B2 1 with fo(n) = (1,n) and f3(h,n) = h, is
an exact sequence of groups, i.e. im f; = ker f; 11,1 =1,2,3.

Example 1.2.3. For f, f' € E(n), f(x) = Tx + u, etc, have f(f'(z)) =
fTr+u)=TT"v+v)+u=TTr+Tu' + u. In fact

E(n) = O(n)x,R"* | f(z)=Tr+uw— (T,u)

is a group isomorphism for ¢ : O(n) — Aut(R"), pr(x) = Tx.



m n-dimensional Minkowski space is R"™ with the non-degenerate bilinear form
n(u,v) = ugvp — ULV1 — =+ = Up_1Vp_1
where the entries of u € R are numbered from 0 ton — 1,

u:( Ug ,ul,...,un_l) .
time space

m Further examples of groups:

e [orentz group:

O(L,n—1) = {M € Mat(n,R) |Vz,y € R": n(Mz, My) = n(z,y)} .

e Poincaré group:

P(l,n—1)={f:R" = R"| f(z) = Az+u for some A € O(1,n—1),u € R"}.

We have O(1,n — 1) = {M € Mat(n,R)| M'JM = J}, where J is the
diagonal n x n matrix with entries 1, —1,--- — 1 on the diagonal (Exercise).
Analogous to E(n) one checks P(1,n —1) =2 O(1,n — 1) x R™ (Details?). R

@

1.3 Matrix Lie groups

m The general linear group of a vector space V is
GL(V') = {invertible linear maps V' — V'} .
Write GL(n,R) for GL(R").

Definition 1.3.1. A matrix Lie group is a closed subgroup of GL(N,R) or
GL(n,C) (n >1).

Here, “closed” is meant in the topological sense (the complement is an
open set).

Information: Every matrix Lie group is a Lie group in the sense of Defini-
tion 1.1.1. However, not every Lie group is isomorphic to a matrix Lie group.

Example 1.3.2. 1. GL(n,R), O(n), SO(n), O(1,n — 1) are matrix Lie
groups. For example, the map f : Mat(n, R) — Mat(n,R), M — M'M
is continuous, and so O(n) = f~1({1}) is the preimage of a closed set,
hence closed.



be seen via the group homomorphism (Exercise)

T u

GL(n,R) xR" — Mat(n + 1,R) , (T,u)H(O 1

3. Special linear group: For K =R or C, set

SL(n,K) ={M € Mat(n,K) | det M =1} .

4. Let K=R or C and set

_ 0 Loxn
Jsp = (—ﬂnm 0 ) € Mat(2n,R) .

The symplectic group is

SP(2n,K) = {A € Mat(2n,K) | A Jpy A = Jg,} .

(For info: The defining condition implies at once that det A = +1. It
is less obvious that A € SP(2n,K) already implies det A = 1. One way
to see this is to 1) note that A preserves a symplectic bilinear form on
K", 2) recall that the determinant of a linear map V' — V' is given by
its action on alternating top forms, and 3) build a top form out of a

symplectic basis.

5. On C" define the inner product (u,v) = >, ujv;. The unitary group

J=1
18

U(n) = {A € Mat(n,C) |Vu,v € C": (Au, Av) = (u,v)} ,

and the special unitary group is

SUMn)={AeU(n)|detA=1}.

SL(n,K), SP(2n,K), U(n), SU(n) are matrix Lie groups. (Exercise.)

1.4 Lie algebra, general definition

k :

Definition 1.4.1. A k-algebra is a pair (A,b) where A is a k-module and

commutative ring (e.g. k =7, R, C, C[X], ...)

b: Ax A— Ais a k-bilinear map.

m A k-algebra A is associative if b(b(x,y), z) = b(x,b(y, z)) for all z,y, z € A.

6

E(n) and P(1,n — 1) are isomorphic to matrix Lie groups. This can

(Ex. 1)

(17.10.)

,,,,,,,



Definition 1.4.2. A Lie algebra over k is a k-algebra L = (L,[—, —]) such
that

1. (skew-symmetry) [x,z] =0 for all x € L,
2. (Jacobi identity) [z, [y, z]] + [y, [z, z]] + [z, [z, y]] = 0 for all x,y,z € L.

Example 1.4.3. 1. For any k-module L one can define [a,b] = 0 for all
a,b € L. A Lie algebra with zero Lie bracket is called abelian.

2. Let (A,-) be an associative algebra. The commutator is the map
[—,—] : Ax A — A [a,b] =a-b—>b-a. Then (A, ][—,—]) is a Lie
algebra. (Why?)

3. Let A = (A,b) be a k-algebra. A derivation on A is a k-linear map
D : A — A such that D(b(z,y)) = b(Dz,y) + b(x, Dy). Write

Der(A) := {D|D is a derivation on A} .

Der(A) is a Lie algebra with Lie bracket [D, F] = Do E—FEoD. (Why
is [D, E] again a derivation? Give an example where D o E is not a
derivation.)

Definition 1.4.4. A (Lie) algebra homomorphism from L to K is a k-linear
map ¢ : L — K such that

o([r,y]) = [p(x),0(y)] forall z,ye L.

Definition 1.4.5. A Lie subalgebra of L is a sub-k-module K C L (a k-linear
subspace), such that for all z,y € K also [z,y] € K.

m From here on we will only consider Lie algebras over a field k£ (rather than
a general commutative ring).

1.5 Lie algebras from matrix Lie groups

m Let K =R or C. The exponential of a matrix X € Mat(n,K) is

=1
exp(X Zk_ =1+ X +iX2 41X 4.
k=0

By convention, X° := 1, even for X = 0.

Remark 1.5.1. 1. The matrix exponential converges absolutely for all
X. (Why? Hint: Use the operator norm on Mat(n,K), or any other
submultiplicative norm.)



2. Let X,Y € Mat(n,K). If XY =YX, then exp(X)exp(Y) = exp(X +
Y) = exp(Y) exp(X). It follows that exp(X) € GL(n,K) for all X €

Mat(n, K).
3. det(exp(X)) = exp(tr(X)) (Exercise.) @
Example 1.5.2. 1. For A\i,..., A\, € C, (Ex.2)
A1 eM
exp =
)\n €>\"
2. For A € C,

o Al —e’\ll o 0 =X\ _ [cosA —sinA
Plo A T 0 1) “PLx o ~ \sinA  cosA\

Proposition 1.5.3. Let K be R or C. There exist open neighbourhoods U
of 0 and V' of 1 in Mat(n,K) such that exp : U — V is a diffeomorphism.

Sketch of proof. Consider K = R, the argument for C is similar. First one
checks that the total derivative of exp exists everywhere on Mat(n, R). Then
one computes the total derivative at 0 explicitly to see that it is invertible.
The inverse function theorem gives the result. (Alternatively one can define
the matrix log and show that it is inverse to exp in a suitable neighbourhood.)

O

Definition 1.5.4. Let K be R or C and G C GL(n,K) a matrix Lie group.
The Lie algebra of G is

g={A € Mat(n,K) | exp(sA) € G for all s € R} .

Theorem 1.5.5 (for information). Let G, g be as in the above definition.
1. gisa Lie algebra with Lie bracket given by the commutator in Mat(n, K).

2. There are open neighbourhoods U of 0 € g and V' of 1 € GG such that
exp : U — V is a diffeomorphism.

For a proof see Thm. 7.32 in Baker, “Matrix Groups”, Springer.

Remark 1.5.6 (for information). 1. Slogan: The Lie algebra g knows all
about the Lie group G near the unit e € G. Indeed, the product on
G can be recovered from the Lie bracket on g via the Baker-Campbell-
Hausdorff formula: exp(X)exp(Y) = exp(X *Y'), where

XY =X +Y +3[X, Y]+ H[X [X Y]+ [V [V X+

8



2. For a general Lie group G (in the sense of Definition 1.1.1), the Lie
algebra g of G is g = T.G as a R-vector space and the Lie bracket is
defined in terms of vector fields on G as follows: Let L, : G — G,
g — ag (left translation). A vector field X on G is called left invariant
if (DL,)(b)X(b) = X(b) for all b € G, i.e. (Ly).X = X. Let £ be the
R-vector space of all left-invariant vector fields on GG. One checks that
for XY € £ also [X,Y] € L. Finally, L — T.G, X — X(e) is an
R-linear isomorphism.

Example 1.5.7. Let K be R or C.

Mat. Lie grp. | Lie algebra
GL(n,K) | gl(n,K) = Mat(n, K)
SL(n,K) | sl(n,K)={A e Mat(n,K)| tr A =0}
SP(2n,K) | sp(2n,K) ={A4 € Mat(n,K)| A'Jy, + JpA =0}
O(n) o(n) = {A € Mat(n,R) | A"+ A =0}
O(l,n—1) |o(l,n—1)={A € Mat(n,R) | A"J+ JA =0}
SO(n) so(n) = o(n)
U(n) u(n) = {A € Mat(n,C) | AT+ A =0}
SU(n) su(n) ={A €u(n)| tr A= 0}

Some examples of how to verify this are:

o GL(n,K): e is invertible for all choices of s, A.

o SL(n,K): A € sl(n,K) et e SL(n,K) for all s € R < dete? =1
for all s € R. Since det e*? = ¥4, this happens iff tr A = 0.

e O(n): If (e*)te®® = 1 for all s € R, differentiating with respect to
s gives A' + A = 0. Conversely, if A' + A = 0, then in particular
AA' = A'A and so (e¥4)test = 344 = 1.

Check explicitly that these are Lie algebras: For example in the case of o(n),
let A, B € o(n) and set C' = [A, B] = AB — BA. We need to check that also
C € o(n). Indeed:

O = (AB—BA)' = B'A'— A'B' = (—B)(—A)—(~A)(—B) = [B, A] = —C..

(20.10.)



1.6 Example: so(3) and su(2)

m Notation: E;; = E(n);; is the n x n matrix with a 1 in row ¢ and column
j and zeros else: (Ejj)ap = 0;40;p. E.g.

010
E@3)=1{0 0 0
000
We have EabEcd = (5b,cEad-
The Lie algebra so(3)
A basis of so(3) is given by
0 0 0 00 —1 0 10
J=10 0 1) , J=(100 0 , J3=|—-1 00
0 -1 0 1 0 O 0 00

J; is the generator of rotations around the i-axis. E.g. exp(—60.J;) is a rotation
in the 2-3-plane by angle 0, cf. Example 1.5.2.

m Notation: €4, denotes the totally antisymmetric tensor for a, b, ¢ € {1,2,3},
normalised such that €103 = 1. Then €391 = —1, €393 = 0, etc. We have
(Why?)

3
§ Eabz Ecdz = 5a,c(5b,d - 5a,d6b,c .

r=1

Using €4 the above basis of so(3) becomes J, = 22,0:1 EaveEpe (Why?) @
and the Lie bracket of basis elements is (Exercise): @

(Ex. 3)

3
[Jaa Jb] = _Zgabc Jc .
c=1

The Lie algebra su(2)

The Pauli matrices are

0 1 0 —i 10
(o) () e h)

Note that o} = o, and tr o, = 0. su(2) consists of all A € Mat(2, C) such that
AT+ A =0and tr A= 0. A basis (over R) of su(2) is given by {ioy, ics,io3}.
The Lie bracket is (Exercise)

(Ex. 3)

10



3
[i04,10p] = —2 E Eabe 10 .
c=1

Remark 1.6.1. 1. The Lie algebras so(3) and su(2) are isomorphic as
real Lie algebras. (Exercise)

2. (for info) The Lie groups SO(3) and SU(2) are not isomorphic as Lie
groups (there is no continuous group isomorphism). Indeed, SU(2) is
simply connected, SO(3) is not. So there is not even a homeomorphism,
irrespective of the group structure.

2 Lie algebras and representations
In this section, k£ denotes a field.
2.1 Ideals
Definition 2.1.1. Let L be a Lie algebra over k. An ideal in L is a sub-vector
space I C L such that
Vee La€cl:[ralel.
Remark 2.1.2. For subsets A, B C L write
[A, B] = span, {[a,b]|a € A,b € B} .
Then H C L is a Lie subalgebra of L iff [H, H] C H, and an ideal in L iff
[L,H] C H.
Example 2.1.3. 1. sl(n,k) C gl(n, k) is an ideal. Indeed, if = € gl(n, k)
and a € sl(n,k), then tr([z,a]) = tr(za — ax) = 0, and so [z,a] €
sl(n, k).

2. I = {A1|X € k} C gl(n,k) is an ideal. Indeed, for all z € gl(n, k),
[z, A1] =0¢€ I.

3. Write ]3(1,71 — 1) for the matrix Lie group given by the image of the
Poincaré group P(1,n — 1) in Mat(n + 1,R) via Example 1.3.2. The
Lie algebra of P(1,n — 1) is (Exercise) @

(Ex. 5)
p(l,n—1)= { (61 g) ‘A co(l,n—1),z € R”}
Then the elements (§#) for an ideal of p(1,n —1). (Why?) @

11



4. {(88)‘& € k} C Mat(2, k) is an ideal in {(8g)|a, b,c € k}, but not in
gl(2,k). But it is a Lie subalgebra in both. (Details?)

m Let K, L be Lie algebras over £ and ¢ : K — L a Lie algebra homomor-
phism. The kernel of ¢ and the image im(y) are

kero={re K|p(x)=0}C K , imp={px)|zeK}CL.

Lemma 2.1.4. For a Lie algebra homomorphism ¢ : K — L, kerp is an
ideal in K.

Proof. Let a € ker p and x € K. We need to show that [z,a| € ker ¢. This
follows from

¢([z,a]) = lp(@), p(a)] = [p(2),0] = 0,
where we used that ¢(a) =0 as a € ker . O

(Can you give an example where im(¢p) is not an ideal? And show that
it is always a Lie subalgebra?)

Remark 2.1.5. 1. The centre of L is
Z(L)={z€ L|[z,z]=0forallze L} .
Z(L) is an ideal in L. L is abelian (recall Example 1.4.3) iff Z(L) = L.

2. The derived algebra of L is [L, L]. The derived algebra is an ideal in
L.

3. If I,J C L are ideals, then INJ and [ +J ={i+j|i€ [, € K} are
also ideals in L. (Why?)

Proposition 2.1.6. Let L be a Lie algebra over k£ and I C L an ideal.

1. The quotient vector space L/I is a Lie algebra with Lie bracket

[x+j7y+I]L/I = [xay]L+I .

2. The canonical projection w7 : L — L/I, x — x + I, is a Lie algebra
homomorphism.

Proof. Part 1:
Claim: [—, —|p/; is well-defined.

12



[ We need to check that the definition is independent of the choice
of representative. Let ' =x 44, y =y + j with ¢,j € I.

[x/7y,]L = [x+lay+]]L = [‘Tay}L—}_[xaj]L+[Z7y]L+[27j]L .
—— N N~

el el el
Thus [z +y|, + I = [2/,y]L + I, as required. ]
Claim: [—, —]p /s satisfies skew-symmetry and the Jacobi identity.

[ Skew-symmetry: [z 4+ I, 2 + ]y = [z, x|, +1 =0+ 1.
Jacobi identity: analogously. (Details?) ] @

Part 2: The equality 7([z,y]|r) = [7(2), 7(y)]z s is immediate from the defi-
nitions. o

Definition 2.1.7. A Lie algebra L is called simple if its only ideals are {0}
and L and if L is not abelian.

(Can you find a non-zero abelian Lie algebra whose only ideals are {0} @
and L?)

Lemma 2.1.8. If L is simple, then Z(L) = {0}.

Proof. Since Z(L) is an ideal, we have Z(L) = {0} or Z(L) = L. But if
Z(L) = L, then L is abelian. O
Example: sl(2, k)

A basis of sl(2, k) is given by {e, f, h} with

01 00 1 0
(o) () ()
The Lie brackets are
[h,€]=2€, [hvf]:_Zfa [eaf]:h'

Proposition 2.1.9. Suppose that char(k) # 2. Then sl(2, k) is simple.

Proof. Let I # {0} be an ideal in sl(2, k). We will show that I = si(2, k).
Let v € I be non-zero. Write v = ae + bf + ch with a,b,c € k. Then

le,v] = bh — 2ce | e, [e,v]] = —2be
[f,v]:—ah+20f ) [fa[fav]]:_2af'

13



Thus, if a # 0, then also f € I, and taking repeated brackets with e shows
that also h,e € I, and hence I = sl(2,k). Analogously, b # 0 implies

I =sl(2,k).
If a=b=0, then ¢ # 0 and so h € I. Taking Lie brackets with e and f
again shows that also e, f € I, and hence I = sl(2, k). ]

(For char(k) = 2, sl(2, k) is not simple. Can you find a non-trivial ideal?) @

2.2 Representations

In this subsection, L denotes a Lie algebra over k.

m For a k-vector space V, ¢gl(V') denotes the Lie algebra (End(V), [—, —]). In
other words, gl(V) is the vector space of all linear maps V' — V with Lie
bracket given by the commutator [A, B] = AB — BA.

Definition 2.2.1. 1. A representation of L is a pair (V, R) where V is a
k-vector space and R : L — gl(V) is a Lie algebra homomorphism.

2. An L-module is a pair (V,p) where p : L x V' — V is a bilinear map
such that

a.(b.v) = b.(av) = [a,b]p.v foralla,be L, veV
where a.v := p(a,v) and [—, —|; denotes the Lie bracket of L.

Remark 2.2.2. Let V be a k-vector space. There is a 1-1 correspondence
between representations of L on V' and L-module structures on V' via

pla,v) = R(a)v .
For example, if V' is an L-module, then for all v € V,

R([a,b]r)v = p([a,b]L,v) = [a,b]L.v = a.(b.v) — b.(a.v)

= R(a)R(b)v — R(b)R(a)v = [R(a), R(b)]v ,

and so R is a Lie algebra homomorphism L — g{(V'). (What is the argument @
for the converse direction?)

(24.10)

Example 2.2.3. 1. For any L one has the trivial representation (k,0),
where V = k and R is the zero map.

14



2. For a € L define the linear map ady(a) = ad(a) : L — L by ad(a)b =
[a,b]. The adjoint representation of L is

ad: L — gl(L) , aw adp(a).

In this case, V = L and R = ad. We need to check that ad is a Lie
algebra homomorphism: for all a,b € L and v € L,

[ad(a),ad(b)}v = (ad( )ad(b) — ad(b) ad(a ))
= la, [b,v]L]L — [b, [a, v]L]L
= la, [b,v]]L + [b, [v,a]]L = —[v, [a, 0]L]L
= [[a, b, v, = ad([a,b]L)v

The derivations Der(L) on L (Example 1.4.3) are a Lie subalgebra of
gl(L), and ad(a) is a derivation on L (Why?). Thus the image of @
ad : L — gl(L) actually lies in Der(L) C L.

3. Let V = Clz,y] = spanc{z™y"|n,m € Z>o} be the polynomial ring
over C in two variables. Then R : sl(2,C) — gl(V),

0 0 0 0

Re)=ag . R()=yg . RO =wg —yg

defines an infinite-dimensional representation of sl(2,C) on C[z,y].

(Exercise) @

Definition 2.2.4. Let (V, R) be a representation of L.
1. (V, R) is faithful if R is injective (i.e. R(x) = R(y) = = = y).

2. An invariant subspace or subrepresentation (or submodule) is a sub-
vector space U C V such that

R(a)u e U forallae Liue U .

3. (V, R) is irreducible (or simple) if V' # {0} and if the only invariant
subspaces are {0} and V.

4. The dual representation to (V,R) is (V, R)* := (V*, RT), where V* is
the dual vector space, and R*(a) := —R*(a) : V* — V*. (Why does @
this define a representation? What goes wrong if one omits the minus
sign?)
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5. Given two representations V = (V, R) and W = (W, S), an intertwiner
of representations is a linear map f : V — W such that

R(a)
lf lf

commutes for all @ € L. As a formula: S(a) o f = f o R(a). Write
Homy(V,W)={f:V — W| f is an intertwiner} C Hom(V, W) ,
where Hom(V, W) denotes all k-linear maps V' — W.

Remark 2.2.5. Consider the adjoint representation (L, ad) of L. A subrep-
resentation I C L is the same as an ideal in L (Why?). Thus, if L is a simple
Lie algebra, (L, ad) is a simple representation of L.

For the converse there is a notational pitfall: The Lie algebra L = k is not
simple as a Lie algebra (since it is abelian), but (L, ad) is a simple represen-
tation of L.

Remark 2.2.6. Let V = (V, R) and W = (W, S) be representations of L.

1. Then Hom(V, W) is a representation of L. We describe it as an L-
module instead: for all @ € L, f € Hom(V, W),

a.f :=S(a)o f— foR(a).

We need to check that this defines an L-module (Definition 2.2.1). First
compute

a.(b.f) =a.(S(b)o f — foR(D))
= S(a)o5(b) o f = S(b) o foR(a)+ S(a)o foR(b)+ foR(b)o Ra)

Using this, we get

a.(b.f) —b.(a.f) =[S(a),SD)] o f+0+0+ fo[R(b), R(a)]
= S([a7 b]) of— fOR([CL, b]) = [a7b]f :

2. We say that L acts trivially on f if a.f = 0 for all a € L. We have:
(Why?)

L acts trivially on f < f is an intertwiner .

Thus Homy(V, W) C Hom(V, W) is precisely the subspace of all f on
which L acts trivially.

16



3. Let f € Homy(V,W). As usual,
kerf={veV]|flv)=0}CV , imf={f(v)|[veV}CW.

Then ker f is a submodule of V' and im f is a submodule of W. For
example, if v € ker f, then

a.f(v)@f(a.v):O foralla € L ,

where (x) uses that f is an intertwiner. Thus also f(v) € ker(f) and
so ker f is a submodule of V. (Can you rewrite the argument in terms
of representations? Why is im f a submodule?)

Lemma 2.2.7. Let V,W be L-modules and f : V — W an intertwiner.
Then:

1. If V is irreducible, then f =0 or f is injective.
2. If W is irreducible, then f =0 or f is surjective.
3. If Vand W are irreducible, then f = 0 or f is bijective.

Proof. Parts 1 and 2 follow from Remark 2.2.6 (3). For example, part 1
follows from the fact that ker f C V is a submodule, and since V' is irreducble,
cither ker f = {0} (i.e. f is injective) of ker f = V (i.e. f = 0). Part 2 is
shown analogously (How?), and part 3 follows from parts 1 and 2. ]

Theorem 2.2.8 (Schur’s Lemma). Suppose k is algebraically closed (e.g.
k = C but not k£ = R). Let V' be a finite-dimensional irreducible L-module
and f:V — V an intertwiner. Then

f=Xid for some A € k.

Proof. This follows from a linear algebra result:

For k algebraically closed, a matrix M € Mat(n, k) has at least
one eigenvalue.

Let thus v € V', v # 0 be an eigenvector of f with eigenvalue \: f(v) = Av.
The linear map g = f — A\id is also an intertwiner V' — V. Since v € ker g, g
is not bijective, and by Lemma 2.2.7 we must have g = 0. Hence f = Aid. [

Remark 2.2.9. One cannot drop the conditions that k is algebraically closed
or that V' is finite-dimensional:

17



1. Let L = R be the 1-dimensional (automatically abelian) Lie algebra
over R. Write u := 1 € L. This is a basis of L and [u,u] = 0. Set
R(u) = (Y7'). Then (R%* R) is an irreducible representation of L.
The linear map f = R(u) : R* — R? is an intertwiner which is not
proportional to the identity matrix. (Why is V irreducible? Is that @
still true if we use & = C?7 Why is R(u) an intertwiner? Can you
work out Homy,(V, V)7 This is an R-algebra under composition, do you
recognize it?)

2. (for info) An infinite-dimensional counter example with & = C can be
constructed as follows: 1) Check that for an associative C-algebra A and
Lie algebra L over C, the tensor product A ®c L is again a Lie algebra.
2) Take A = C(t), the field of rational functions, and L = sl(2,C).
Check that the adjoint representation of A®c L is irreducible. 3) Check
that for each p € C(t), the map f(¢® a) = (pg) ® a is an intertwiner.
These examples have to be a bit complicated as by Lemma 2.2.7, for V
irreducible, End (V') is a division algebra. The only finite dimensional
division algebra over C is C. Thus in any counter-example, Endy (V)
must be infinite dimensional over C.

2.3 Direct sums and tensor products

m From linear algebra: Let k be a field, and let V., W be k-vector spaces.
From V', W one can construct their

direct sum V & W and tensor product V @, W .

If the field k is clear, we write V @ W instead of V @, W. (Why does one @
sometimes write ®; but not also @,? Hint: Think of C as a 1-dimensional

C vector space and as a 2-dimensional R-vector space. Compare C & C in
both cases, as well as C ®¢ C and C ®g C.)

Remark 2.3.1. 1. If {v;};e; and {w;};ecs are bases of V' and W, respec-
tively,

{(vi,0) }ier U{(0,w;)}jes is a basis of V& W,
{Ui X wj}(i,j)EIXJ is a basis of V X w.

If V,W are finite-dimensional, then

dim(VeW)=dmV +dmW , dn(VeW)=dmV . -dmW .

18



2. The tensor product is equipped with a bilinear map Vx W — V& W,
(v,w) = v ® w. It has the following universal property:

For every k-vector space X and every k-bilinear map f: V x W — X,
there exists a unique k-linear map f VW — X such that f = f o®:

VXW&H/Q@W

Vfl .
. glf

Ig

(Can you show that the pair (V' ® W, ®) in the universal property is @
unique up to unique isomorphisms? Can you show existence, e.g. by
using bases? There is also a universal property for the direct sum, can

you find it?)

3. Every vector x € V@& W can be uniquely written as x = (v,w), v € V,
w € W. We also write x = v @ w.

An element of V' ® W of the form v ® w is called a pure tensor. Not
every vector x € V ® W is of the form x = v ® w, but x can always be
written as a finite sum z = ) . v; ® w;. However, this representation is
not unique.

For example, for V =W =R? z = e;®e; +ey®ey (e;: standard basis)
cannot be written as + = v ® w (Why? Hint: Consider the bilinear
map f: R? x R? = R?, f(a,b) = g(v*,a)b, where v+ is orthogonal to
v.) And we have the identity (Why?)

(o) 2 () = ()2 (1) (3)= () ()= )

Definition 2.3.2. Let V, W be L-modules.

ORC

(27.10)

1. The direct sum V & W is the L-module with underlying vector space
V @& W and action, for a € L,

a.(v®w) = (a.v) ® (a.w) .

2. The tensor product V ® W is the L-module with underlying vector
space V ® W and action, for a € L,

a.(v@w) = (a.v) @w+v® (aw) .
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Remark 2.3.3. Since an element in V ® W can be represented in many
different ways, it is not a priori clear that the above definition of a.(v ® w)
makes sense. To see that it does, it is best to use the universal property:

Themap f, : VW = VoW, f(v,w) = (a.v) @w+v® (a.w) is
bilinear. Hence there is a unique linear map f, : VW — VoW
with the property f.(v®@w) = fo(v,w). For allz € V@ W, define

a.x = fq(x).

An analogous argument has to be made whenever a linear map out of a tensor
product is defined by its action on pure tensors.

So far we have defined a map L x (V@ W) =V W, (a,z) — a.z, which is
linear in z. It remains to show that it is also linear in a, and that it satisfies

the defining property of an L-module in Definition 2.2.1. (Details? Why @
does one not just set a.(v @ w) = (a.v) @ (a.w)?)

Example 2.3.4. Let B: L® L — L be defined by B(a®b) = [a,b],. (Why (?)
is this well-defined?)

Claim: B is an intertwiner of L-modules.

[ We need to check that for all a,v,w € L we have a.B(v ® w) =
B(a.(v® w)). Indeed,

a.B(v®@w) = a.lv,w] = [a, [v, w]]
and

B(a.(v®@w)) = B((a.v) @ w4 v ® (a.w))
= B([a,v] ® w4+ v ® [a,w]) = [[a, v], w] + [v, [a, w]] .

Equality follows from the Jacobi-identity. |

Definition 2.3.5. For Lie algebras L, L’ over k, the direct sum of L and L'
is the Lie algebra with underlying vector space L & L' and bracket

l[add, bl =a,d], & [bV] .

Remark 2.3.6. 1. We identify L and L’ with their summands in L & L'
L=L®0cC La L, etc. Then L and L' commute in L & L' in the
sense that [L, L'] = {0}.

2. Conversely, let A, B C L be Lie subalgebras such that [A, B] = {0}
and L = A@® B as vector spaces. Then L = A @ B as Lie algebras.
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3. Let L = A® B as vector spaces. Then L = A @ B as Lie algebras if
and only if A and B are ideals in L. (Why?)

Example 2.3.7. Recall the Lie algebra u(n) over R from Example 1.5.7.
Note that u(1) is a 1-dimensional abelian Lie algebra over R (given by 1 x 1-
matrices of the form (i\), A € R).

Claim: u(n) = u(1) @ su(n) as Lie algebras.
[ The linear map f : u(n) — u(l) ® su(n),
F(A4) = tr(A4) @ (A~ L tr(A)D)
is an isomorphism of Lie algebras. (Why?) | @

For info: The Lie groups U(1) x SU(n) and U(n) are not isomorphic as Lie
groups. Indeed, they are not even isomorphic as groups: U(1) x SU(n) has
centre U(1) x Z, and U(n) has centre U(1), the latter group is divisible,
the former is not. But there is a surjective smooth group homomorphism

¢:U(1) x SU(n) = U(n), p(\, M) = AM with finite kernel

kel(O) _ {(€2mﬁkf/n’ 67271'7'/{'/11,1]_) | ke Z} o~ Z” )
which turns U(1) x SU(n) into a finite (connected) covering of U(n). (The
universal cover of both groups is R x SU(n).)

However, U(1) x SU(n) and U(n) are diffeomorphic as manifolds. For
example, one can choose f: U(1l) x SU(n) — U(n) and g : U(n) — U(1) x
SU(n) to be

fA, M) =diag(A\, 1,..., )M | g(A) = (det A, A/ det(A)) ,

which are smooth and mutually inverse to each other.

3 Nilpotent and solvable Lie algebras

In this section, k denotes a field and L a Lie algebra over k.

3.1 Nilpotent Lie algebras and Engel’s Theorem

Definition 3.1.1. 1. The descending central series of L is defined recur-
sively by . .
C°L=L , CTL=[LCL)fori>0.

L is called nilpotent if C"L = {0} for some n.
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2. An element x € L is called ad-nilpotent if ad(z) : L — L is a nilpotent
endomorphism, i.e. ad(z)" = 0 for some N.

Remark 3.1.2. 1. Claim: C*L is an ideal in L

[ Let x € L and a € C'L. We proceed by induction. For
1 = 0 there is nothing to show. If ¢ > 0, a can be written
as a linear combination of terms [y,b] with y € L and b €
C~!. By induction hypothesis, C*~'L is an ideal in L, and
so [y,b] € C""'L. Altogether, [z,a] is a linear combination

of terms [z, [y,b]] € [L,C*'L] = C"'L. ]

2. Part 1 implies that C**'L C C'L, and that C'L is a Lie subalgebra
and C*H L € C'L is an ideal.

Claim: The Lie algebra C*L/C"' L is abelian.

(Why?) @

3. Let z,y € L. Then ad(x)'y € C'L. In particular, if L is nilpotent every
element of L is ad-nilpotent.

Theorem 3.1.3 (Engel’s Theorem). Let L be a finite-dimensional Lie alge-
bra over a field k. If all x € L are ad-nilpotent, then L is nilpotent.

The proof of Theorem 3.1.3 requires some preparation.

Remark 3.1.4. 1. For infinite-dimensional L, the conclusion of the the-
orem does in general not hold. (Exercise) @

2. It is not enough to check that all elements of a given basis of L are
ad-nilpotent to conclude that L is nilpotent. For example sl(2,C) is
not nilpotent (Why?), but the three basis vectors @

6D 0 ()

are all ad-nilpotent. (For e and f this is immediate from the brackets
given in the sl(2, k) example in Section 2.1, but z needs to be checked.
Can you give an A € sl(2,C) that is not ad-nilpotent?)

Main example

Define the upper triangular matrices
T(n)=T(n,k) =span,{ E;; |1 <i<j<n},
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the strictly upper triangular matrices
N(n) = N(n,k) =span,{ E;; |1 <i<j<n},
and the diagonal matrices
D(n) = D(n,k) =span { E;; |1 <i<n}.

Then T'(n) = D(n) @ N(n) as vector spaces, but not as Lie algebras. For
a € Zxq write
T, = spany{ Eijli+a <j},

so that To = T'(n), Ty = N(n), T, = {0} for a > n, and T, C T}, for a > b.
Claim: [T,,Ty] C T,4p, with “=” holding for a + b > 1.

[ The inclusion follows from the observation that [E;;, E,.,] =
0 wliy — 0y Ey;, together with ¢ +a < j and z +b <.

Let Eyy € Tyyp, 6. u+a+b < wv. We need to write £, as (a
sum of) commutators of matrices in T, and 7.

Note that E, .1, € Ty, and E, 4., € T}, and that
[Eu,u+a7 Eu—i—a,v] = Eu,u+aEu+a7v_Eu+a,vEu,u+a = Euv_(sv,uEu—i-a,u-l—a .
But u+a+b<wvanda+b>1, and so u # v. |

We have the following properties for T'(n) and N(n):

1. [T(n), T(n)] = N(n) and [T'(n), N(n)] = N(n). (The second equality @
is a special case of the claim, why does the first one hold?)

2. Part 1 shows that T'(n) is not nilpotent, since

; _)T(n) ;i=0
CT(")_{N(n) >0

On the other hand, the above claim shows that N(n) is nilpotent with

CZN(TL) = ﬂ-{-l
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Preparation for the proof of Engel’s Theorem

Proposition 3.1.5. 1. Suppose L is nilpotent. Then

(a) If K C L is a subalgebra, then K is nilpotent.
(b) If ¢ : L — L' is a Lie algebra homomorphism, then imy C L' is
nilpotent.
(c) If L # {0}, then Z(L) # {0}.
2. L/Z(L) is nilpotent iff L is nilpotent.
Proof. la) K C L= [K,K|C|[L,L]=---= C'K C C"L for all i.
1b) [p(L), ¢(L)] = @([L, L]) and inductively C*(p(L)) = ¢(C"L).

1c) Suppose C"L = {0} but C" 'L # {0}. Then [L,C"'L] = {0} and so
C" 'L c Z(L).

2) Suppose L is nilpotent. By part 1(b), the image of 7 : L — L/Z(L) is
nilpotent, but 7 is surjective.

Conversely, suppose L/Z(L) is nilpotent. There there is an N such
that for all z1,...,zn,y € L, in L/Z(L) we have

ad(m(z1)) ad(m(z2)) - - - ad(m(xy))7(y) =0 .

Equivalently z := ad(z;) ad(z2) - - - ad(zy)y € Z(L) (Why is this equiv-
alent?). But then [zg, 2] = 0 for all 2y € L, and so CV 1L = 0.
[

Definition 3.1.6. For a sub-vector space K C L the normaliser of K in L
is

N(K)={r € L|[r,a) e K foralla e K} .

Remark 3.1.7. [N (K),K]| C K, and Ny (K) is a Lie subalgebra of L
(Why?). If K is itself a Lie subalgebra (rather than just a sub-vector space),
then K C Ny (K) and in fact K is an ideal in N (K).

m Recall that for a vector space V, ¢l(V) = End(V), with End(V) the
associative algebra of linear maps V' — V| and ¢l(V') the corresponding
Lie algebra with commutator as Lie bracket. z € gl(V) is nilpotent, if
2V =xo0zxo0---0x =0 for some N.

Lemma 3.1.8. Let V be a k-vector space. If z € gl(V) is nilpotent, then z
is also ad-nilpotent.
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(The converse if false. Can you give a counter example?)

Proof. We need to show that the linear map ad(z) : g{(V') — gl(V) is nilpo-
tent. Define A, p, = gl(V) — gl(V) as

Me(a) =xzoa , pyla)=aox.

Then ad(z) = A\, — p, and A\, 0 p, = p, o A\, (Why?). Suppose 2V = 0 for
some N. Then also (A\;)¥ =0 = (p,). We have

2N oN (%) X (2N j 2N—j
§=0

where () uses that A\, and p, commute. O

Theorem 3.1.9. Let V' # {0} be a finite-dimensional k-vector space, and
let L C gl(V') be a Lie subalgebra. If all z € L are nilpotent as maps V' — V|
then there is a v € V, v # 0, such that Lv = {0}, i.e. Vx € L:z0ov = 0.

(We cannot just demand that L is a linear subspace of ¢gi(V'). Can you
give a counter example?)

Proof. We use induction on the dimension of L. Let A(n) denote the state-
ment of the theorem with the addtional assumption that dim L < n.

Base case n = 1: For dim L = 0 there is nothing to do. Suppose dim L =1
and let € L be non-zero. By assumption, 2V = 0 for some N, and so z
cannot be bijective. Hence kerz # {0}.

Induction step A(n — 1) = A(n): We may assume that dim L = n.
Claim 1: Let K C L be a Lie subalgebra. Then K C N (K).
[ K acts on K and on L via the adjoint action, and (K, ad) is
a subrepresentation (for the K-action) of (L,ad). Hence we ob-
tain a well-defined action of K on L/K, i.e. a Lie algebra homo-
morphism R : K — gl(L/K) (Details?). Write K = im(R) C
gl(L/K).

Let z € K. By assumption,  : L — L is nilpotent, and by
Lemma 3.1.8, ad(z) : L — L is nilpotent. But then each a € K
is a nilpotent map L/K — L/K (Why?).

Since dim K < dim K < dim L = n we may apply A(n —1) to
V=L/K and K C gl(L/K):

Jve L/K : v#0and Kv = {0} .
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In terms of L, this means there is v € L, v ¢ K such that
[x,v] € K for all z € K. By Definition 3.1.6, v € Np(K).
Since anyway K C Np(K) (Remark 3.1.7) and v ¢ K, we have
K C Ni(K). ]

Claim 2: Let K C L be a maximal Lie subalgebra. Then K is an ideal in L.

[ Np(K) is a Lie subalgebra (Remark 3.1.7), and by Claim 1 we
have K C N (K). But by assumption K is maximal, and so we
must have Ny (K) = L, i.e. K is an ideal in L. |

Claim 3: Let K be as in Claim 2. Then dim(L/K) = 1.

[ Suppose dim L/ K > 1. By Claim 2, L/K is a Lie algebra. Let 7 :
L — L/K be the canonical projection. Let {0} C U C L/K be a
one-dimensional subspace (and so in particular a Lie subalgebra).
Then U := 7~1(U) is a Lie subalgebra of L with K C U C L, in
contradiction to maximality of K. |

Claim 4: Let K be as in Claim 2 and set W := {v € V|Kv = 0}. Then
there is a non-zero w € W such that Lw = {0}.

[ By Claim 3 we can find z € L such that L = K@ kz. Let v € W.
Then also zv € W as for all x € K,
rzv =[x, zlv+ 2z av, =0,
€K =0
where we used that K is an ideal in L (Claim 2). By assumption,

all elements of L are nilpotent on V', so in particular, z is nilpotent
on W.

Applying A(n — 1) to K and V shows that W # {0}. Since z is
nilpotent on W, there is a non-zero w € W such that zw = 0.
Since by definition Kw = {0} it follows that Lw = (K @ kz)w =

{0}. ]

A maximal proper Lie algebra always exists (Why?). Hence Claim 4 @
completes the induction step. O

Definition 3.1.10. Let V be a finite-dimensional k-vector space and set
n=dim(V). A flag (V;) in V is a collection of subspaces

{0} =VoCcViC---CV,1CV, =V,
such that dimV; = i.
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Corollary 3.1.11. Let V, L be as in Theorem 3.1.9. Then there exists a
flag (V;) in V' such that

VeelLi1=1,...,dimV : 2V, CV,_.

Proof. Suppose we have already constructed the flag up to some i > 0:
{0}=VoCcViC---CV,.

If V; = V we are done. Else consider the quotient vector space V = V/V;
with canonical projection 7 :V — V.

For each x € L there is a unique Z : V. — V such that 7 oz = Z o 7, and
the map ¢ : L — gl(V), x — 7 is a Lie algebra homomorphism (Why?). Set @
L :=im(y). By Proposition 3.1.5 (1b), L is nilpotent. Theorem 3.1.9, applied
to V and L gives v € V, v # 0, such that Lv = {0}. Take V;;; = 7 (kv).
(Why does V;4; have the required properties to give the next part of the @
flag?) O

Remark 3.1.12. Let V| L be as in Theorem 3.1.9, and let (V;) be a flag as
in the above corollary. Let eq,...,e, be a basis of V such that e,...,e; is
a basis of V;. The basis defines an isomorphism ¢ : V — k", and hence an
isomorphism of Lie algebras

gl(V) = gl(n, k), frrgofod .

The image of L under this isomorphism lies in N(n, k). (Why?) @

(7.11)

Proof of Engel’s Theorem
Recall the statement of Engel’s Theorem (Theorem 3.1.3):

(L Lie alg., dim L < oo, Vz € L:x ad-nilpotent) = L nilpotent
Proof of Theorem 3.1.3. We again proceed by induction. Let thus A(n) be
the statement of Engel’s Theorem plus the assumption that dim L = n.
Base case n = 1: Clear.

Induction step A(n — 1) = A(n):
Claim: Z(L) # {0}.

[ Consider the adjoint representation ad : L — g¢l(L) and write
L := im(ad) C gl(L). Since each z € L is ad-nilpotent, by

definition each u € L is a nilpotent endomorphism of L. By
Theorem 3.1.9 there is v € L, v # 0, such that Lv = 0. But this

is equivalent to [x,v] = 0 for all z € L. |
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Let K = L/Z(L). As all x € L are ad-nilpotent, also all a € K are
ad-nilpotent (Why?). By the above claim, dim K < n. Thus the induc-
tion hypothesis A(n — 1) applies to K, showing that K is nilpotent. By
Proposition 3.1.5(2), L is nilpotent. O

3.2 Solvable Lie algebras and Lie’s Theorem
Definition 3.2.1. The derived series of L is defined recursively by

D'L=L , D™'L=[D'L,DL]fori>0.
L is called solvable if D"L = {0} for some n.

Remark 3.2.2. 1. T'(n,k) is solvable, as by the main example in Sec-
tion 3.1: D'T'(n,k) = [T(n,k),T(n, k)] = [To, To] = T1, D*T(n, k) =
(T2, Th] = To, D’T(n, k) = [T, T5] = Ty, etc.

2. Nilpotent implies solvable, but in general solvable does not imply nilpo-
tent. (Why?)

Theorem 3.2.3 (Lie’s Theorem). Let k be algebraically closed and of char-
acteristic zero. Let V' be a finite-dimensional k-vector space and L C gl(V)
a solvable subalgebra. Then L stabilises a flag in V.

m That L stabilises a flag in V' means that there is a flag (V;);—o
such that for all x € L and all ¢« we have zV; C V;.

In terms of the basis chosen in Remark 3.1.12 (i.e. ey,. .., ¢; is a basis of
Vi), each x € L is represented by an upper triangular matrix. This gives a
Lie algebra homomorphism L — T'(n, k).

.....

The proof of Lie’s Theorem requires some preparation

Preparation for the proof of Lie’s Theorem

Proposition 3.2.4. 1. Suppose L is solvable. If K C L is a Lie subalge-
bra, then K is solvable. If ¢ : L — L’ is a Lie algebra homomorphism,
then im(p) C L' is solvable.

2. Let I C L be an ideal. If I and L/I are solvable, then L is solvable.
3. If I,J C L are ideals and I, J are solvable, then I + J is solvable.

Remark 3.2.5. 1. Let 0 - K — L — (Q — 0 be a short exact sequence
of Lie algebras (i.e. image = kernel and the arrows are Lie algebra
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homomorphism; “short” means that there are three non-trivial terms).
Combining parts 1 and 2 of the proposition shows

L solvable << K, (@ solvable .

2. Part 3 shows that each finite dimensional Lie algebra contains a unique
maximal solvable ideal. For suppose I,.J C L are solvable and maximal
in the sense that there are no I’ 2 I and J' 2 J which are solvable.
Since I,J C I + J and I + J is solvable, we must have [ = [ + J = J.
(What goes wrong if we drop “finite-dimensional”?)

Proof of Proposition 3.2.4. Part 1: Similar to Proposition 3.1.5 (1), in par-
ticular p(D'L) = D(p(L)). (Details?)

Part 2: We have the short exact sequence, with Q = L/I,
0-15L50Q—0.
Since @ is solvable, there is an m such that D™Q = {0}. Then
m(D™L) = D™(w(L)) = D"Q = {0} ,

and so D™L C I. Since I is solvable, there is n such that D"I = {0} and
so also D™ [, = {0}. (Why does the corresponding argument not work for
nilpotent Lie algebras?)

Part 3: Consider the short exact sequence
0—=JSI+J5ST+0))J—=0.

The projection I — (I +J)/J, z — |[x] is a surjective Lie algebra homomor-
phism, and since I is solvable, by part 1 also (I +.J)/J is solvable. Since also
J is solvable, but part 2, so is I + J. O

Definition 3.2.6. Let L be a finite-dimensional Lie algebra over k.
1. The radical Rad L of L is the (unique) maximal solvable ideal of L.
2. L is called semisimple if Rad L = {0}.

m A simple finite-dimensional Lie algebra is in particular semisimple. (Why?
Hint: Either Rad L = {0} or Rad L = L. But also [L, L] is an ideal, and so
[L,L]={0}or [L,L] =L.)

Finite-dimensional semisimple Lie algebras over C are the topic of Sec-
tions 5 and 6.
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Proposition 3.2.7. Let k be algebraically closed and of characteristic zero.
Let V' be a finite-dimensional non-zero k-vector space, and L C gl(V) a
solvable Lie subalgebra. Then V' contains a common eigenvector for all x € L.

m Here, “common eigenvector” means that there is v € V, v # 0 and a
function A : L — k, such that

Vee L : zv = Ax)v.
Then ) is automatically k-linear. (Why?) @
The proof of Proposition 3.2.7 needs the following lemma.

Lemma 3.2.8. Let k be of characteristic zero, L a Lie algebra over k, and
H C L an ideal. Let M be a finite-dimensional L-module. Suppose there is
ve M,v+#0,and A\ : H — k such that

h.w=Ah)v forall x€ L he H .

Then A\([z,h]) =0forallx € L, h € H.

Proof. Let € L be given and write R(z) : M — M for the action of z on
M. Let n > 0 be maximal such that

{v, R(z)v, ..., R(z)"v}C M
is linearly independent. Abbreviate v; = R(z)'v and set U; = span,{vo, v1, ..., v;}
so that dimU; =7 + 1.
Claim: For all h € H and all ¢ we have h.v; = A(h)v; +w for some w € U;_4
(w =0 for i = 0).

[ We proceed by induction on i. For ¢ = 0 the statement holds by
assumption. Suppose the statement holds for a given ¢. Then

h.viy1 = h.(z.v;) @ [h, z].v; + z.(h.v;)
®w+ z.(A(h)v; + w') @ Ah)vigg +w” .

In step (2) we use [h,z] € H to conclude w := [h,z].v; € U; by
induction hypothesis. Step (3) is the induction hypothesis once
more, with w’ € U;_; In step (4) we set w” = w + z.w' € U;. |
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Thus try, R(h) = (n+ 1)A(h), and so
(n+ 1)X([z, h]) = try, R([z, h]) = try, (R(z)R(h) — R(h)R(z)) =0 .

Since char(k) = 0, this implies A([z, h]) = 0.

(Where did we use the fact that the n in U, is defined by the maximal
linear independence property above? Can we just omit this demand on n?
Hint: To get zero in the last equality above, we use cyclicity of the trace,
and we need that R(z) and R(h) restrict to maps U,, — U,.) O

Proof of Proposition 3.2.7. We proceed by induction on dim L. Let thus
A(n) be the statement of the proposition, under the additional assumption
that dim L < n.

Base case n = 0: Clear.
Induction step A(n — 1) = A(n): We may assume that dim L =n > 1.
Claim 1: L contains an ideal K of codimension 1.
[ Since L is solvable, D'L = [L,L] € L. The quotient Q :=
L/[L, L] is non-zero and abelian. Hence there exists a sub-vector
space U C @ of codimension 1. As () is abelian, U is an ideal of

Q. Write 7 : L — (@) for the canonical projection. The preimage
K :=771(U) is of codimension 1 in L and is an ideal. (Why?) | @

Since K C ¢gl(V) is solvable (Proposition 3.2.4(1)) and of dimension
n—1, A(n — 1) applies and V' contains a common eigenvector v # 0 for K,
of eigenvalue function A : K — k. Let W, be the common eigenspace for K
with eigenvalue function \:

Wy={weW|Vz e K:zw=\z)w}.
Since v € W), in particular W) is non-zero.
Claim 2: W, is an invariant subspace for L, i.e. Va € L : aW, C Wj.

[ Let a € L be given. We need to check that for all w € W, also
aw € W)y, i.e. that for all x € K we have zaw = \(x)aw. To see
this, first note

raw = [z, alw + azw © A([z, a))w + Az)aw ,

where in (%) we used [a,z] € K (K is an ideal by claim 1). By
Lemma 3.2.8 (with H ~ K, M ~ W,), A([z,a]) = 0, and so
indeed z(aw) = A(z)aw. |
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Pick z € L\ K. As K has codimension 1, we have L = K®kz. By Claim 2,
z restricts to amap z : Wy, — W,. As W) is non-zero (and finite-dimensional,
and the field is algebraically closed), it contains an eigenvector w € W), for
z: zw = pw for some p € k. Then w € V is a common eigenvector for all
x € L. (Why? What is the eigenvalue function X : L — k7 Where in the
proof did we use that k is characteristic zero?) O

Proof of Lie’s Theorem

Recall the statement of Lie’s Theorem (Theorem 3.2.3):

(k=k, char(k) =0, dimV < oo, L C gl(V) solvable )
= L stabilises a flag in V'

Proof of Theorem 3.2.3. 1If dimV = 0, there is nothing to show. Suppose
dimV > 1. By Proposition 3.2.7 there is a common eigenvalue v € V' for L.
Take Vi = kv. Then repeat the argument for V := V/V;. (Details? Hint:
V, C V is an L-submodule, so V is again an L-module; consider the image

of Lin gl(V).) O

Proposition 3.2.9. Let k£ be an algebraically closed field of characteristic
zero, and let L be a finite-dimensional solvable Lie algebra over k. Then:

1. There is a flag (L;)i=o....dimz in L such that each L; is an ideal of L.

2. [L, L] is nilpotent.

Proof. Part 1: Consider the adjoint representation ad : L — gl(L) and set
L := imad. By Proposition 3.2.4 (1), L is solvable. By Theorem 3.2.3, L
stabilises a flag (L;) in L. Each L; in this flag is an ideal of L. (Why?)

Part 2: Let (L;) be the flag from part 1. For each u € [L,L] we have
ad(u)L; C L;—y (Exercise). Thus all ad(u) are nilpotent, and by Engel’s
Theorem (Theorem 3.1.3), [L, L] is nilpotent. O

3.3 Cartan’s criterion for solvability

Theorem 3.3.1 (Cartan’s criterion). Let k be algebraically closed and of
characteristic zero. Let V be a finite-dimensional k-vector space and L C
gl(V') a subalgebra. If try(xy) = 0 for all x € [L,L] and y € L, then L is
solvable.

The proof will be given at the end of this section.
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Remark 3.3.2. The converse statement (L solvable = try (zy) = 0 for all
x €[L,L] and y € L) can be obtained from Lie’s Theorem. (Exercise) @

Definition 3.3.3. Let L be a finite-dimensional Lie algebra. The Killing "
form kp, (or just k) of L is the bilinear map sy : L X L — k given by

kr(z,y) = try (ad(z) ad(y)) forall z,ye L.

Example 3.3.4. 1. If L = N(n,k), then kp(xz,y) = 0 for all z,y €
N(n,k). For L = gl(n,k), the Killing form is non-degenerate (i.e.
for all x € gl(n, k), © # 0, there is y € gl(n, k) such that ki (z,y) # 0).

(Why?) (?)

2. Let L = sl(2,k). In the basis e, h, f used above Proposition 2.1.9, we

have
[h>e]:2€> [haf]:_Qf ) [eaﬂ:h
and so
0 -2 0 20 0 0 00
ad(e)=10 0 1]),ad(h)=(0 0 0 |J,ad(f)=1-1 0 0
0 0 O 0 0 =2 0 20

This gives, for example,
k(e,h) =0, k(h,h) =8, kle, f)=4.

Corollary 3.3.5 (to Cartan’s criterion). Let k be algebraically closed and
of characteristic zero, and let L be a finite-dimensional Lie algebra over k.
The following are equivalent:

1. L is solvable.
2. kp(x,y)=0forallz € [L,L], y € L.
(Is the corollary still true if in 2. we demand instead that z,y € L?) @

Proof. Consider the adjoint representation ad : L — gI(L) and set L =
im(ad) C gl(L). Then L is solvable by Proposition 3.2.4 (1).

1=-2: This follows from Remark 3.3.2. (Details?) @
2=-1: By Cartan’s criterion (Theorem 3.3.1) L is solvable. We have the
short exact sequence (Why?) @

05 2(L) > L% T 0.

Since L is solvable, and Z(L) is always solvable, by Remark 3.2.5(1), L is
solvable. n
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Remark 3.3.6. Let L be a finite-dimensional Lie algebra.

1. The Killing form of L is symmetric and invariant: For all z,y,z € L
we have (Why does the invariance property hold?)

HL(xay) = HL(Z/vx) ) KL([:C?@/]?Z) = HL(xa [yaz]) .

2. Let I C L be an ideal. Then [ is in particular a Lie subalgebra and we
can consider its Killing form ;.

Claim: For all a,b € I we have rk;(a,b) = kr(a,b).

[ Pick a complement of [ in L, i.e. a sub-vector space V C L
such that L = I @V (as vector spaces, not as Lie algebras).
Then ad(a)ad(b) : I @V — I (as I is an ideal), and the
component V' — I does not contribute to the trace. |

For a subset V C L write V+ = {a € L|kr(a,v) =0 for all v € V}. This is
automatically a sub-vector space.

For the next two points of the remark we assume that k is algebraically
closed and of characteristic zero.

3. By Corollary 3.3.5, L is solvable iff [L, L] C L*.
4. Claim: L* is a solvable ideal.

[ Lt is an ideal (Why?). By parts 2 and 3, x;.(a,b) = 0 for @
all a,b € L*. By Corollary 3.3.5, L' is solvable. |

In particular, L+ C Rad(L).

Thus for semisimple L, the Killing form is non-degenerate. (For info:
The converse also holds as we will see in Section 5.)

Preparation for the proof of Cartan’s criterion

For the rest of this section, k is assumed to be algebraically closed and of
characteristic zero.

Definition 3.3.7. Let V be a finite-dimensional k-vector space and let x :
V' — V be linear. Then x is semisimple if it is diagonalisable, and it is
nilpotent if 2™ = 0 for some n.

m [f x is semisimple and nilpotent, then x = 0.
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Theorem 3.3.8 (Jordan-Chevallay decomposition). Let V' a finite-dimensional
k-vector space, and x € End(V'). Then:

1. There exist unique x,, x,, such that * = z, + x,,, x5 is semisimple, x,,
is nilpotent, and [z, z,,| = 0.

2. There exist polynomials p,q € k[T] with zero constant term (which
depend on x) such that z, = p(z), =, = q(x).

Proof. Part 1, existence: Write x in Jordan-normal form. If E is a subspace
on which z acts by a Jordan block (in an appropriate basis), choose the
corresponding blocks in z; and x,, as

Al 0 A0 0 0 1 0
AT AT 0
x|E: ) IS|E: ) xn|E:
0 A 0 A 0 0
Part 2: Let Ay, ..., A\ be the pairwise distinct eigenvalues of x, and let m; be

their algebraic multiplicity. If 0 is not an eigenvalue, we add Ay = 0 to the
list and set my = 1. The ideals in k[T] generated by (1" — \;)™ are pairwise
coprime. By the Chinese Remainder Theorem for commutative rings, there
is a (non-unique) polynomial p € k[T, such that

p(T) = A\, mod (T — \)™ for all 4
In other words, for each i there is a polynomial 7;(7"), such that

In particular, p(0) = 0 follows by choosing i such that A\; = 0.
For i = 1,...,k, let V; be the eigenspace of eigenvalue \; for x, (i.e. the
generalised eigenspace of that eigenvalue for ). Then

p(@)|v, = (N4 (z = X)™ri(2)) [y, = Aiidy,

as (x — \;)™ is zero on V;. Since V' is a direct sum of the V;, this shows
p(z) = x,. Since x, = x — x5 we can take ¢(T') =T — p(T).

Part 1, uniqueness: Let x = s 4+ n be another decomposition such that
the conditions in part 1 hold. Then [z, s] = [p(z),s] = 0 as [z,s] = 0
by assumption. Hence x5 and s can be simultaneously diagonalised, and in
particular also xy — s is semisimple. Analogously, [z,,n] = 0, and hence
x, —n is nilpotent (Why?). But as x5+, =z = s+n, also xy— s = n— 1z,
and so x, — s is simultaneously semisimple and nilpotent. Hence z, — s =
0=n—uxz,. ]
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Remark 3.3.9. If x : V' — V preserves a subspace, so do =y, z,: Let ACV
be a sub-vector space such that xA C A. Then also x,A C A and z,A C A.
(Why? Hint: Use part 2 of Theorem 3.3.8.)

Lemma 3.3.10. Let V be a finite-dimensional k-vector space and z €
End(V). If x = 25 + z,, is the Jordan-Chevallay decomposition of z, then
ad(z) = ad(zs) + ad(x,) is the Jordan-Chevallay decomposition of ad(x) :
End(V) — End(V).

Proof. Since the decomposition is unique, we just need to check the defining
properties:

e ad(z) = ad(x,) + ad(z,): Clear.

e ad(z;) is semisimple: Let {v;};—1_aimv be a basis of V such that z; is
diagonal, xv; = A\jv; for some \; € k. Let E;; € End(V) be the map
E;j(vy) = 64,5vi, cf. Section 1.6. The E;; form a basis of End(V'), and
we have, for all a,

ad(z,) Eijv, = (25, Bijlve = 2sEijv, — Eijxsv,
= 04,alsV; — )\aEijUa = Aiéj,avi - /\j5j,avi
= ()\z — /\j)EijUa .
Thus Ej; is an eigenvector of ad(z;) of eigenvalue A\; — ;. In particular,
ad(z,) is diagonal in the basis {£;;}.

e ad(x,) is nilpotent: Lemma 3.1.8.

e [ad(xs),ad(z,)] = 0: Set L = gl(V). Since ad : L — gI(L) is a Lie
algebra homomorphism, and since [z, ,] = 0 be assumption, we have

lad(zs), ad(z,,)] = ad([zs, z,])) =0 . -

Lemma 3.3.11. Let V be a finite-dimensional k-vector space and let A C
B C End(V) be subspaces. Set

M = {x € End(V) | ad(z)(B) C A} .
If x € M satisfies try (xy) = 0 for all y € M, then x is nilpotent.

Proof. Let © = x4+ x, be the Jordan-Chevallay decomposition of z. We will
show that z; = 0 (and so x = x,, is nilpotent).

As char(k) = 0, we have an embedding Q — k, and we will identify Q
with its image in k (e.g. Q C C).
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Let {v;} be a basis of V' such that z, is diagonal, x,v; = A\v; for some

A; € k. Write
A = spang{As, ..., Adimv }

for the Q-span of the eigenvalues in k. Then A is a Q-vector space (e.g. by
construction dimg A < dimy, V).

Let f: A — Q be an arbitrary Q-linear map. Define y € End(V') on the
basis {v;} as

y(vi) = f(Ni)vi -

Claim: y € M.

[ Let E;; be the basis of End(V') defined by Ejjv, = §;,v; as in
the proof of Lemma 3.3.10, where we also saw that ad(z;)(E;;) =
(A — Aj)E;j. In the same way one checks ad(y)(E;;) = (f(\i) —
FG))E;.

Pick a polynomial r(T") € k[T] such that r(\;,—\;) = f(A\i—2A;) for
all i,7 = 1,...,dim(V). Note that for i = j this gives r(0) = 0,
and that since f is Q-linear we have 7(\; — ;) = f(\;) — f())).

By Lemma 3.3.10, ad(z) = ad(zs)+ad(z,) is the Jordan-Chevallay
decomposition of ad(x). Let p € k[T] be a polynomial as in
Theorem 3.3.8 (2) such that ad(zs) = p(ad(z)). Using this, we
compute

ad(y) E; ( (Ai) — ( ))Ez'j =1(\i — Aj) By = r(ad(z)) By .

Thus ad(y) = r(p(ad(x ))) Since 7(p(T")) by construction has
no constant term, r(p(z)) : End(V) — End(V) is a linear map
given by a sum of non-zero powers of x. As ad(z)(B) C A by
assumption, also ad(y)(B) = r(p(ad(x)))(B) C A.

Since y € M by the above claim, by assumption try(zy) = 0. On the
other hand, writing {v}} for the basis of V* dual to {v;},

try (zy) = Z :)sy vl Zf Zf DA €N

Since try(zy) € A, we can apply f to it, and since f is Q-linear, this gives
0 = f(try(zy)) = >, f(M)? But the f(\;) are rational, and so the sum
of squares can be zero only if f()\;) = 0 for all i. Hence f vanishes on a
spanning set of A, and so must be zero.

The only way in which every Q-linear map A — Q can be zero is if
A = {0}, i.e. if \; = 0 for all 4. But this is equivalent to x5 = 0. O
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Proof of Cartan’s criterion

Recall Cartan’s criterion (Theorem 3.3.1):
(dimV < oo, L C gl(V),Vz € [L,L],y € L:try(zy) =0) = L solvable

Proof of Theorem 3.3.1. Set A = [L,L] and B = L such that A C B C
EndV, and let M be as in Lemma 3.3.11:

M ={x € End(V)| ad(x)(B) C A} .
By construction, L C M.
Claim 1: Let « € [L, L]. Then try(zy) =0 for all y € M.

[ [L, L] is spanned by elements of the form [a, b] with a,b € L. Let
y € M be given. Then

try ([a, bly) = try(alb,y]) =0,

where the last equality follows by the assumptions in the state-
ment of the theorem as a € L and [b,y] = —ad(y)b € A = [L, L]
by definition of M.

Claim 2: [L, L] is nilpotent.

[ By Claim 1 and Lemma 3.3.11, each x € [L, L] is nilpotent.
By Lemma 3.1.8, also ad(z) is nilpotent. By Engel’s Theorem
(Theorem 3.1.3), [L, L] is nilpotent. |

Claim 2 implies that L is solvable. Indeed, D'L = [L, L] =: L, and
so DL = D'L C C'L, and the latter eventually becomes zero as L is
nilpotent. [

4 The universal enveloping algebra

In this section, k denotes an arbitrary field.

4.1 The tensor algebra

Definition 4.1.1. Let V be a k-vector space. A tensor algebra of V is a
pair (7',t), where T is a unital associative algebra over k and t: V — T is a
linear map, such that the following universal property holds:
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For each unital associative algebra A and each linear map f : V' —
A there exists a unique unital algebra homomorphism f : 7 — A
such that f = fot.

As a commuting diagram, the condition can be stated as:

V1t
Vfl i
=
A

Lemma 4.1.2. Let (7,t) and (7",t') be tensor algebras for V. Then there
exists a unique unital algebra isomorphism ¢ : T — T" such that

v
SN
T ¢ y T

commutes.

Proof. From the universal property we get unique unital algebra homomor-
phisms ¢, 1) such that the diagrams

vV LT (AN

t’l o ’ tl e
9 K’

T T

commute. We will show that these are inverse to each other. The composition
1 o ¢ makes the following diagram commute: (Why?)
|
tl il
y~ oo
T

But that diagram also commutes when we label the dashed arrow by the
algebra homomorphism idy. But uniqueness we must have ¢ o ¢ = idy. In
the same way one shows that ¢ o) = id. O

m Let V be a k-vector space. Set

™V =k, T'V =V, T*V =VeV,...,.T"V=V - -V ,...
—————

m times
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and
oo

T(V): =1V .

m=0

We have an embedding 7 : V' — T(V) given by v + v € T'V. We turn T(V)
into a unital associative algebra by defining the unit to be 1 € k = TV C
T(V), and the product to be, on homogeneous components,

™V x1T"V — TV
(UM R @Up, VO QUy) F2 UL R DUy, QUL Q-+ DUy, .

Proposition 4.1.3. Let V' be a k-vector space. Then (T'(V'),7) is a tensor
algebra for V.

Proof. Let A be a unital associative algebra and f : V' — A a linear map. We

must show the existence and uniqueness of a unital algebra homomorphism
f:T(V)— Asuch that f = for.

Existence: For 1 € T°V we set f(l) =1y Forz =0 ® - ®uv, € TV

define f(z) = f(vy)--- f(um) € A. (Why is this a well-defined map out of @

the tensor product? Why does it define an algebra homomorphism? Why
does it satisfy f = fo77?)

Uniqueness: Let g : T(V) — A be a unital algebra homomorphism which
satisfies f = g o7. Then

g1 ® - @vm) L glon) - g(om) L g(7(m)) - g(7(vm))

(i) (Ul)...f(vm)@f(v1®"‘®vm)7

where the steps are: (1) g is an algebra homomorphism, (2) definition of 7,
(3) g satisfies go 7 = f, (4) definition of f. As this holds for all m, and the
v ® -+ ® vy, span TV, this shows g = f. [

Remark 4.1.4. 1. Below we will say “the tensor algebra” to refer to 7'(V)
as constructed above.

2. If V.= {0}, then T(V) = T%V) = k is one-dimensional. If V' # {0},
then T'(V) is infinite-dimensional.

3. If V =k, then T(V) = k[X], the polynomial algebra in one variable
(Why?). But for V = k% T(V) 2 k[X,Y]. Indeed, let a = (1,0) and
b= (0,1) denote the standard basis of k%. Then ab # ba in T'(V'), but

@

XY =YX in k[X,Y]. (Can you write a basis for T'(V') in terms of @

a,b?)
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4. For info: Let F' : Alg, — Vecy be the forgetful functor from algebras
and algebra homomorphism to vector spaces and linear maps. Taking
the tensor algebra defines a functor 7' : Vec, — Alg, which in fact
is left adjoint to the forgetful functor, i.e. there is a natural family of
isomorphisms (obtained from the universal property)

by : Homyeo(V, FA) — Homa(TV, A) .

Functors left adjoint to a forgetful functor are often called “free”. In
this sense, T'(V) is the algebra freely generated by V.

4.2 The universal enveloping algebra

m [f A is an associative algebra, we will always also view it as a Lie algebra
with commutator as Lie bracket, [a,bl4 := ab — ba. In particular, if L is a
Lie algebra and A is an associative algebra, a Lie algebra homomorphism

¢ L — A satisfies p([[z,y]) = o(2)o(y) — ¢(y)e(z).

Definition 4.2.1. Let L be a Lie algebra over k. A universal enveloping
algebra of L is a pair (U,u), where U is a unital associative algebra over
k and v : L — U is a Lie algebra homomorphism, such that the following
universal property holds:

For each unital associative algebra A and each Lie algebra ho-
momorphism ¢ : L — A there exists a unique unital algebra
homomorphism ¢ : " — A such that ¢ = ¢ o u.

As a commuting diagram, the condition can be stated as:

L——-U

Vsol S
e Jlo

Lemma 4.2.2. Let (U,u) and (U’, ') be universal enveloping algebras for
a Lie algebra L. Then there exists a unique unital algebra isomorphism

¢ : U — U’ such that
L
U/“”\}‘U'

commutes.

41



(The proof is an exercise.) @

® From here on “algebra” means “unital associative algebra”. (Bx.17)

Remark 4.2.3. Let A be an algebra over k. Recall some properties of
algebras and ideals:

1. A two-sided ideal of A (or ideal for short) is a sub-vector space I C A
such that
Vaoec Ajiel : a-i€landi-a€l.

2. For S C A a subset, write (S) C A for the two-sided ideal generated
by S:
(S) =span{a-s-b|se€ Sa,be A} .

Since A is unital, we have S C (S). If f : A — B is an algebra
homomorphism, such that f(s) = 0 for all s € S, then also f((S)) =

{0}.
(Why is (S) the smallest ideal containing S? Why does the homo- @
morphism-property hold?)

3. Let I C A be a two-sided ideal, and 7 : A — A/I is the canoni-
cal projection to the quotient vector space. There is a unique algebra
structure on A/l such that 7 is an algebra homomorphism. For exam-
ple, the product on A/I is given by (a + 1) - (b+ 1) :=ab+ 1.

m Let L be a Lie algebra over k. In T'(L) consider the subset
S={z@y-—y@z—|z,yl|z,yeL}.
Note that x @y — y ® € T?L and [z, y];, € T'L. Define
U(L) =TIWNS) , = [LST(L)SU(L)] .

Then ¢y, is a Lie algebra homomorphism, i.e.

el yle) = ew(@)ec(y) —e(y)ec(z)  forall zyel.

(Why? And why is 7 alone not a Lie algebra homomorphism if dim L > 17) @
Since 7 : T(L) — U(L) is surjective, U(L) is spanned (as a k-vector space)
by elements of the form

LL(fL'l)LL(IQ)"'LL(I'm) s mEZZO y, X1y...,Tm € L.

Here, the product is that of U(L).
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Proposition 4.2.4. Let L be a Lie algebra over k. Then (U(L),¢r) is a
universal enveloping algebra for L.

Proof. Let A be an algebra and ¢ : L — A a Lie algebra homomorphism.
We have to show existence and uniqueness of an algebra homomorphism
¢ :U(L) — A such that p = goup.

Existence: From the universal property of the tensor algebra we get an alge-
bra homomorphism ¢ : T(L) — A such that

L ——— T(L)

@l i
w0

A

commutes. Let z,y € Land s =2 ®y —y® x — [x,y|]r. Then

o(s) = o(z)o(y) — o(y)¢(z) — o([z,y]L)

= o(r(2))o(7(x)) — o(7(2))o(7(x)) — (7 ([2,y]L))
)
2 p@)ey) — ev)e(x) — (e, gle) 0.
where the individual steps follow from: (1) ¢ is an algebra homomorphism,
(2) definition of 7, (3) ¢ o7 = ¢, and (4) ¢ is a Lie algebra homomorphism.
Thus ¢(S) = {0} and by Remark 4.2.3(2) also ¢((S)) = {0}. Hence
there exists a unique linear map ¢ : T'(L)/(S) — A such that

(L) —— TL)/(S) =U(L)

d
A L
commutes. Since ¢ is an algebra homomorphism, so is ¢ (Why?). By con- @
struction, ¢ = Qo ¢y.

Uniqueness: Let 1 : U(L) — A be an algebra homomorphism which satisfies
¢ =1 ouy. Recall from above that U(L) is spanned by elements of the form
u=p(x1)tr(xa) -t (x). We have



where the steps are: (1) ¢ is an algebra homomorphism, (2) 1 satisfies
ou, =, (3) ¢ satisfies pory = ¢, and (4) ¢ is an algebra homomorphism.
Since 9 and @ agree on a spanning set for U(L), they are equal. O]

Remark 4.2.5. 1. When we say “the universal enveloping algebra of L”
below, we refer to the pair (U(L),tr) constructed above.

2. By the universal property, to see if two algebra homomorphism f,g :
U(L) — L are equal, it is enough to compare them on the image of ¢

f=g & fou=gou.

3. Let ¢ : L — L’ be a Lie algebra homomorphism. Then there exists a
unique algebra homomorphism U(¢) : U(L) — U(L') such that

L —%
LL\L Ly
U(o)

commutes. (Why?)

4. For info: One can check that part 3 turns U into a functor U : Liey —
Alg,. The functor U is left adjoint to the functor Alg, — Lie, which
replaces the associative product by the commutator Lie bracket.

5. T(L) and U(L) are Hopf algebras (for T'(L) one only needs L to be a
vector space). For example, the coproducts Ar : T'(V) = T'(V)T (V)
and Ay : U(L) — U(L) ® U(L) are defined via the universal property
froma—a®1l+1®a (a € L).

4.3 The symmetric algebra

Definition 4.3.1. Let V be a k-vector space. The symmetric algebra for V
is

S(V)y:=T(V)/J , where J={(zQy—yzx|x,yeV).

(One can also characterise S(V') by a universal property. Can you think
of one? Hint: Part 1 of the remark below.)

Remark 4.3.2. 1. S(V) is a commutative algebra (Why?). If we turn V/
into a Lie algebra by equipping it with the zero-bracket [z,y] = 0 for
all z,y, then S(V)=U(V).
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2. Define J™ C T™V to be

J"=span{a®@rQyRb—aQyRr0b|
v,y €V,a€TV,be TV for i+ j+2=m} .

Then J =, _, J™ (Why?) and hence (setting J° = J' = {0})
SV)=EsS"V , where SV :=T"V/J".

m=0

In particular, S(V) is still graded as an algebra: for a € S™V, b€ S"V
have a - b € S™"V.

(Why is the universal enveloping algebra U(L) of a non-abelian Lie
algebra L not graded in this way?)

m Fix a basis {v)}req of V, and pick a total order on € (this is possible even
for infinite 2 by the axiom of choice). E.g. Q@ = {1,2,...,n} or Q = Z or
Q =R. Let SQ be the set of finite increasing sequences in 2,

SQ= {1, Am) [m > 0,0 < <AL

If 7:T(V) — S(V) is the canonical projection, set z, := m(v,) and for a
finite sequence M = (Aq, ..., \,) (ordered or not) write

Up =V, ® - Q Uy, € T(V) y M =2 B :W(UM) € S(V) .
Proposition 4.3.3. {zy}iesq is a basis of S(V).

Proof. First note that the z); span S(V) (Why?). It remains to show that
they are linearly independent.

Denote the length of a sequence M = (Ay,...,\y,) by |M| = m. For a
permutation o € II,,, of m elements write Mo = (Asq1),- .., Ao(m)) (think of
M as a function {1,...,m} — Q and of the notation Mo as precomposition
M o o). Then {vyo|M € SQ, 0 € Iljp} is a basis of T(V). (Why?)

Set

J' = span{vay — vne | M € SQ 0 € Uy}

Then

e J'is a two-sided ideal in T'(V'). (Why? Hint: Show first that for any
o,m € Iljp we have vyr — vare € J'.)

e JCJ: Wehave r @y —y®x € J for all x,y € V, as follows when
expanding x,y in the basis v,.
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e J' C J: If 7 is a transposition of neighbouring elements, by definition
vy — vpr € J. Write an arbitrary o € Il as a composition o =
71 - - - 71, of such transpositions. Then

Vv — VMo :ZJM — UMn +3JM7—1 —UM7_17_21+... cJ.
v "

eJ eJ

Suppose Yy epcmzn = 0 for some ¢y € k (only finitely many non-zero).
This is equivalent to

ZCMZM:O@ZCMUMEJ

MeQ MeQ
& g CMUNM = 5 aro(var — vare) for some apr, € k
MeQ MeQ,o#id
<~ E <CM — E CLMJ)UM + E M, ocVMo = 0.
MeQ o#id MeQ,oid

But the vy, are a basis of T'(V'), and so all ays, are zero, and hence also all
Chr - ]

Remark 4.3.4. The basis {zy }pesq gives an algebra isomorphism between
S(V') and the polynomial algebra k[(z))aeq] in the variables z,, A € Q.

4.4 The Poincaré-Birkhoff-Witt Theorem

m Let L be a Lie algebra over k and (U (L), ¢) its universal enveloping algebra,
7w :T(L) — U(L) the canonical projection.

Fix a basis {vy}aeq of L with Q a totally ordered set, and write S for
finite increasing sequences as in the previous section. For a finite sequence
M = (Ai,..., A\n) (ordered or not) write

vpr = vn ® @ un, €T(L) o ag o= ilan) - 1(a,) = w(owr) € U(L)
For the empty sequence M = () we declare vy, = 1, x5 = 1.

Theorem 4.4.1 (Poincaré-Birkhoff-Witt Theorem).
{xp}mesa is a basis of U(L).

The proof requires some preparation.

m Set
UnL = span,{t(xy)---o(x;)|i <m,zq,...,0, € L} = W(@TZV> .
i=0
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The ascending chain of subspace
ULCc U, LCUyL C---

is called the canonical filtration of U(L).

Remark 4.4.2. 1. By construction, we have | J>_, U, L = U(L), and for
each v € U(L) there is an m such that v € U, L.

2. ForaeU,L, be U,L we have a-b € U4, L. (Why?)

Lemma 4.4.3. For all m > 0, o0 € I1,,, and z4,...,x,, € L we have

t(z1) - (rm) — o) U(Tom)) € Upil .

Proof. Tt is enough to show the statement for transpositions of neighbouring
elements (Why?). Let 7 € I, be the transposition 7(j) = j+1, 7(j+1) = j.
In this case, the statement becomes

v(ay) - e(jor) (o) e(@jan) — (i) e(a;)) e(@jpe) - - - (@)

= u(ar) - elajo) [(wg), (wgen)] d(@jio) - (wm) € UpaL .

Lemma 4.4.4. We have U(L) = span,{zy | M € SQ}.

Proof. We will show by induction that U,,L is spanned by the x,; with
M € SQ and |M| < m.

m = 0, 1: clear.

m — 1 ~» m: By definition, U, L is spanned by xy;, with M € SQ, o € I}
and |M| < m. By Lemma 4.4.3, the difference z,; — x, lies in U,,_; L. By
induction hypothesis, U, 1L is spanned by zx with N € SQ, |[N| < m — 1.
Altogether, U,, L is spanned by x,;, M € SQ, |M| < m as claimed. n

Main technical lemma: L acts on SL

m The idea of the construction is: “An element of an ordered basis of L acts
on an ordered product in SL by moving it to its correct position using the
Lie bracket and iterate until only ordered products occur.”

Consider L = sl(2, k) as an example, with basis {f, h, e} ordered as f <
h < e. By Proposition 4.3.3, the corresponding basis of S(L) is

{1, hoe, ff, fh, fe,hh,he,ee, fff, ffh, ffe, fhh,.......}
SRR ~ -

eSlL €S2 eS3L
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For example, to compute the action of e on ff, we first note that in U(L)
we have the following equalities:

eff =le,fIf+ fle.fl+ ffe=hf+ fh+ ffe=[h fl+2fh+ ffe
=-2f+2fh+ ffe.

We have re-expressed ef f in terms of ordered products, and so we would like
to set

eff)=-2f+2fh+ ffe.
The next lemma shows that this indeed gives a well defined action.

m The grading on S(L) = ,-_, S™L defines a filtration by setting

Sy = éSiL )
=0

For p € Q and M € SQ, M = (\y,...,A\y) with m > 0 define

w<M 24 p<X, and p<()forall .

Lemma 4.4.5. There is a family (fn)mez., of linear maps f,, : L ® S, —
S(L) such that for all m >0 (set f_; =0, S_; = {0}):

1. Forallu € L® Sp_1: frn(u) = frn1(uw)

2. f(L®Sy) C Sntt -

3. For all zj; € S,, and A < M: f,(v\ ® zp) = 20201 -
4. For all zp; € Sppy A € Qi frn(va ® 2p1) — 2020 € S

5. For all zp € S,,,—1, A\, €

fn(Ux ® frnm1(v, @ 21) — fin (V) @ frne1 (VA ® 21) = frm1([or, vl @ 27)

Proof. We construct the f,, by induction.
m = 0: One checks that fo: L ® Sy — S(L), r® 1+ x € S*L satisfies 1.-5.

m—1~ m: For M € SQ, |[M| < m and XA € ), define f,,(v\ ® zp) as
follows.

o M| <m: f(vx® 2zpr) := frn_1(vA ® zpr) (and so f,, satisfies 1.)
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o (M| =m:If A< M, we set f,,(vx ® zy) := zxzm (and so f, satisfies
3.)

If it is not true that A < M, write M = (u, 7). Then A > p and
TeSO|TI=m-—1,u<T. Set

Yy = fm—l(v)\ X ZT) — 22 € Sp-1 ,
by property 4 of f,,_1 (induction hypothesis). Using this, define

fm(a ® 20r) = 232 + fru-1(0u @ Y) + frna(foa, v )L @ 27) (%)

J

~
€Sm by property 2 for f,,_1

It is easy to check that the so-defined f,, satisfies 1.-4. (Details?) Verifying
property 5 will take more effort.

Let \,p € Qand T € SQ, |T'| = m — 1 (the case |[T| < m — 1 is covered
by the induction assumption). We distinguish several cases.

m Case 1: A\ = p: Trivial.

mCase 2: A\ < T or p < T: We can exchange the role of A and p by
multiplying property 5 by —1. Hence w.l.o.g. (without loss of generality) we
may assume g < 7. Set M = (u,T) and y = fr—1(v\ ® 27) — 2x27 as in the
statement of the lemma. Since p < T we have z); = fr—1(v, ® 2r), and so
(%) can be rewritten as

fm(vA ® fm—l(vu ® zr)) — (A <> )

= fm—1([ox, vu)L ® 20) + 22220 — [ (v, ® 2027) .
(Why did some of the f,,_; have to be changed to f,, in this expression?)

e Suppose A > p: Then f,,(v, ® za2r) = 2,202 (Why? Hint: How does
p compare to the ordered list obtained from A and 7'7) and the above
equation simplifies to property 5.

e Suppose A < u: Then also A < T and we can apply the above proof of
case 2 for A > p with ¢ and A exchanged.

m Case 3: Neither A\ < T nor p < T: Write T' = (v, R) with v < R and
|R| = m — 2. By assumption, A\, u > v. By property 3 and the induction
assumption, we have

2p = 2)2R = fm—2(2 @ 2R)
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We need to show

fm(U)\ ® fmfl(vu @ fm*2(vv ® ZR))) - <)‘ « N)
= fo—1([vxn, V4L ® fin—a(vy ® 2R))) . (%)

To make the expressions more readable, we abbreviate, for a, 8,y € 2

(Oé) = fm—Q(voc ® ZR) )
(@) = fin-1(Va @ fn—2(v3 ® 2r)) ,
(0457) = fm(va ® fmfl(vﬁ ® fme('U'y ® ZR))) )

and we write [, ] for [va, vs], so that e.g. ([, B]) = fim—2([Va, V5] ® 2r). In
this notation, () becomes

(M) = (pAv) = ([A plv) -

Using property 5 for f,, 1, we can rewrite the left hand side as

Ihs = (Avp) + (Alp, v]) = (uvA) = (u[A, v]) -
Claim: Property 5 holds for (Avp).

(Exercise. Hint: Argue that f,,_2(v, ® 2r) = z,2r +w with w € S;,_». @
Make use of case 2 and the induction hypothesis.)

(Ex.21)

Exchanging A <+ p shows that property 5 also holds for (uvA). This gives

Ihs = (vAp) + ([, v]p) + (A, v]) = (vpd) = ([ vIA) = (p[A, V])
= (V[)\,p,]) + ([[)‘7 V]?/j’]) + ([)" [:uv V“)
= ([N pv) + (v, A ) + ([ 2], pl) + (A [ v]D)

J
-~

=0 by Jacobi identity

In each equality, we apply property 5 for f,,_1, which holds by induction
hypothesis. Altogether, this shows case 3 of property 5 for f,,. m

m Define the map L x S(L) — S(L), (z,v) = z.v := f(x @ v) for any m
such that v € S, (this is independent of the choice of m by property 1 in
Lemma 4.4.5).

Corollary 4.4.6. The above defines the structure of an L-module on S(L).

Corollary 4.4.7. There exists a unique structure of a U(L)-module on S(L)
such that x,.1 = 2.

(The proof of both corollaries is an exercise.) @

(Ex.21)
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Proof of Poincaré-Birkhoff-Witt Theorem

Proof of Theorem 4.4.1. By Lemma 4.4.4, the set {xy | M € SQ} spans
U(L). Linear independence follows from Corollary 4.4.7. Namely, suppose
Y mesq cury = 0 in U(L) for some ¢y € k (only finitely many non-zero).
Then the action on 1 € S(L) gives

0:< Z CMZL‘M>1: Z CMZL‘M.lz Z CMZM

MeSQ MeSQ MeSQ

But the z), are linearly independent (Proposition 4.3.3), and so ¢j; = 0 for
all M. [

Corollary 4.4.8 (to PBW Theorem). Let L be a Lie algebra over k. The
Lie algebra homomorphism ¢y, : L — U(L) is injective.

Proof. In terms of a basis {vy}rcq as above we have vf(vy) = x(y), and by
the PBW Theorem, all x;;, M € S are linearly independent. Thus ¢, maps
a basis to a linearly independent set and is hence injective. O

m Recall from Remark 4.2.5 (3) that a Lie algebra homomorphism f : L — L'
gives rise to an algebra homomorphism U(f) : U(L) — U(L').

Corollary 4.4.9 (to PBW Theorem). If f: L — L' is injective / surjective
/ bijective, then U(f) : U(L) — U(L') is injective / surjective / bijective.

Proof. Surjective: Follows from the spanning set given above Proposition 4.2.4
(How?).

Injective: Pick a basis {vy}req of L. Since f is injective, the v} := f(v,) are
linearly independent. Extend this to a basis {U;L}MGQ/ such that Q C €. Pick
a total order on 2. This induces a total order on 2. Then M € SQ implies
M € S€V, and we have

U(f)(zar) = 2y
(Details?). Thus a basis gets mapped to a linearly independent set. ]

4.5 Induced representations

m Let B be an algebra over k. Recall that “algebra” means “unital associative
algebra”. A left module of B is a k-vector space M together with a bilinear
map B x M — M, (b,m) — b.m, such that for all a,b € B, m € M we have

a.(bom) = (ab).m and 1.m=m .

o1
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A right module of B is a k-vector space M together with a bilinear map
M x B — M, (m,b) — m.b, such that for all a,b € B, m € M we have

(m.a).b =m.(ab) and m.1=m.

To indicate wether B acts from the left or from the right, we will sometimes
write gM or Mp, respectively.

Definition 4.5.1. Let B be a k-algebra, M a right B-module and N a left
B-module. The relative tensor product (or tensor product over B) of M and
N is defined to be

M®gN = M®N /span,{m.b@n—mbn|be B,me M,ne N},
where M ® N is the tensor product of the unterlying k-vector spaces.

m Write 71: M ® N — M ®pg N for the canonical projection and m ®pgn :=
w(m ® n). Then by definition, for allb € B, m € M, n € N,

(m.b) ®pn=m®pg (bn) .
We call a bilinear map 5 : M x N — V B-balanced if
Vbe Bome M,ne€ N : pB(m.b,n)=p(m,bn) .

Thus by the above equality, the map ®p : M x N — M ®p N, (m,n)
m ®p n is B-balanced.

Lemma 4.5.2. Let B, M, N be as in the above definition. Then for each
k-vector space V' and each B-balanced bilinear map : M X N — V, there
exists a unique linear map f: M ®g N — V such that § = o ®p:

Mx N 225 Mog N

V/Bl //////
1)
Lk
A

(The proof is an exercise.) @

m Let B be a k-algebra, A C B be a subalgebra, and M a left A-module. %
The induced representation of B on M is

Ind3 (M) :=B @4 M .

The B-action is given the next lemma:
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Lemma 4.5.3. The map c.(b ®4 m) = (cb) ®4m (by,c € B, m € M) is
well-defined and turns Ind% (M) into a B-module.

(The proof is an exercise.)

Definition 4.5.4. Let B be a k-algebra and M a right B-module. A family
{mx}ren, my € M is called a B-basis of M, if

1. for all n € M there are by € B (only finitely many non-zero) such that
n = eaMa-by, and
2. > yea ™Mby = 0 (finite sum) implies that all by = 0.
If M has a B-basis, it is called free.

m One can also formulate conditions 1 and 2 above as one condition by de-
manding that the by which satisfy the equality in 1 are unique. For a left
B-module, a B-basis and freeness are defined analogously.

Proposition 4.5.5. Let B be a k-algebra, M a right B-module and N a
left B-module. Suppose M is free. Let {m,}acsr be a B-basis of M, and let
{n;};es be a vector space basis of N. Then

{mq, ®p nj}(a,j)elxj
is a vector space basis of M ®p N.

Proof. Abbreviate S = {m, ®p 1, }(aj)crx.-

S spans M @p N: As M ® N is spanned by {r ® y|x € M,y € N} and
7: M®N — M®pg N is surjective, M ® N is spanned by {x ®p y|z €
M,y € N}. But every = ®p y already lies in the span of S:

1 2 3
!L’®By(_—)Zma-ba®By(:)Zma®Bba~y(:) Z Cj Mo @p Ny

acl acl acl,jeJ

where in step 1 we use that {m,} is a B-basis, in step 2 that ®p is B-
balanced, and in step 3 we expand b,.y in the vector space basis of N as

ba-y = D ics CiNy-
S is linearly independent in M ®p N: Fix a € I and define ¢, : M — B via

©Yo(m) = by for m = ng.bﬁ :

Bel

33
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This is well-defined by the uniqueness of the expansion in a B-basis. For the
same reason, @, is an intertwiner of right B-modules: for all b € B,

Pa(m.b) = %(Zrnﬁ.(bﬁb)) — bob .
pel

It follows that the map f, : M x N — N, f(m,n) = @.(m).n is bilinear
and B-balanced (Details?), amd so by Lemma 4.5.2 there is a (unique) linear
map fo: M ®g N — N with the property

fa(m®pn) = pa(m).n .
Let ;BEMGJ cgimp @p n; = 0, cg; € k be a decomposition of zero. Ap-
plying f, results in
0= fa( Y cgims®p ”j) = cayn
pel,jed jedJ

(Why does the second equality hold?). But the n; are linearly independent,
and so ¢, ; = 0 for all j. []

m Let L be a Lie algebra over k. Given a vector space V', the L-representations
R : L — gl(V) are in 1-1 correspondence to U(L)-representations via:
(Exercise.)

L —"%— U(L)
VRl L
k3R
End(V)
Let H C L be a Lie subalgebra. Then also U(H) < U(L) is a subalgebra
(Corollary 4.4.9). For an H-module M, we abbreviate

Indf; (M) := Indy(p) (M) = U(L) @y M .

Proposition 4.5.6. Let H C L be a Lie subalgebra. Then U(L) is a free
right U(H )-module.

Proof. Let {vy}aea be a basis of H. Extend this basis to a basis {v,},ecq of
L, i.e. we have A C Q. Pick a total order on {2 with the property

Ve Q\ANEA + <. (+)

(Why is that always possible?) As before, we write xp; = ¢ (vy,) - - - tr(vy,) € @

U(L) for M = (M1, ..., An). The next claim shows the proposition.
Claim: {xn}mes\a) is a U(H )-basis of U(L).
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[ Write A® := Q\ A. Because of (%) we have, for M € SA® and
N € SA, that zp - xny = zyn, where “MN” stands for the

sequence obtained by first taking the indices in M and then those
in N.

In particular, this establishes property 1 in Definition 4.5.4: every
u € U(L) can be written in the form u = Y, /- oxc Zas-har for some
har € U(H), only finitely many nonzero (Why?).

To show property 2, suppose that >, cxc ar-har = 0 for some
choice of hy € U(H). By the PBW-theorem, each hj; can be
written as a linear combination

hy = E N for some ¢}y € k .
NeSA

This gives the decomposition of zero

0= Z Z C%IMIN.

MeSAc NeSA

But the zpyzy = zpn form a linearly independent set by the
PBW-theorem, and hence all ¢}, must be zero. |

[]

Corollary 4.5.7. Let H C L and consider bases {vy}rea of H and {v,},ecq
as in the proof of Proposition 4.5.6. Let M be an H-module with vector
space basis {v;}ie;. Then a vector space basis of Ind% (M) is given by

{zpv; | M € SQ\A),iel}.

Proof. The proof of Proposition 4.5.6 provides us with a U(H )-basis of U(L).
We can hence apply Proposition 4.5.5. O

Example 4.5.8 (Verma modules for sl(2, k)). Consider the basis of sl(2, k)
introduced at the end of Section 2.1:

SO A B I

with ordering f < h < e. Let

b= { (3 )

95

a,b e k} C sl(2,k) .
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The b is a Lie subalgebra of si(2, k) which is solvable (Why?).
For A € k let By be the 1-dimensional representation of b given by By = k
as a vector space, and with action on 1 € k given by

el=0, hl=2M1.

(Why is this a b-module? Why are these in fact all irreducible finite-dimen-
sional b-modules, provided that k is algebraically closed and of characteristic
zero?)

The Verma module V) of sl(2, k) is defined to be

Vy = Ind;'®M(B)) .
By Corollary 4.5.7, V), has a vector space basis

{Um}mezzo ) where Um = fm ®U(b) 1 )

where f° = 1 and for m > 0, f™ = f--- f is the m-fold product of f with

@

itself in U(sl(2,k)) and 1 € k = By (Details?). Explicitly, the action on the @

first two basis elements is

fuo=(f-1)Quepy 1 =ur,
h.aug = (h . 1) QU (b) 1= (1 . h) QU (b) 1=1 QU (b) h.l=Aug ,
eug =eQup 1 =1Ryp el=0,
fur=ffQupl=us,
hauy, = hf QU (b) 1= [h, f] QU (b) 14+ fh QU (b) 1

= 2f Quwy 1 + f Qup) h-1 = (A= 2)u;
e.u; = A .

5 Semisimple Lie algebras

5.1 The Killing form and semisimplicity
Let k be a field.

Definition 5.1.1. Let U,V be k-vector spaces. A bilinear pairing bon U x V'
(i.e. a bilinear map b: U x V — k) is non-degenerate if

(VueU:b(u,v) =0) =v=0 and (VveV:bu,v)=0)=u=0.

56



m Let L be a finite-dimensional Lie algebra over k. Recall from Defini-
tion 3.3.3 and Remark 3.3.6 that the Killing form « = xp of L is given
by k(x,y) = trp(ad(x) ad(y)) and satisfies

rla,y) = wyx) 5 wz,y],2) = w(z, [y, 2]) -
For sl(2, k) we saw in Example 3.3.4 (2) that
k(h,h) =8 , k(e f)=k(f,e) =4,

and all other pairs of basis vectors giving zero. Thus x is non-degenerate iff
char(k) # 2.

Definition 5.1.2. Let L be a finite-dimensional Lie algebra over k, and
let B be a non-degenerate symmetric invariant bilinear pairing on L. Let
{z1,...,2,} be a basis of L, and {yi,...,y,} the dual basis with respect to
B (i.e. B(x;,y;) = 0;;). Then

CB = szyl € U(L)

i=1
is called the Casimir element for B.

(Check that Cp is independent of the choice of basis of L.) @

Proposition 5.1.3. Let L and B be as in the previous definition. Then
Cp € Z(U(L)).

Proof. For all a € L we have
Z B(a,z;)y; = a = ZB(&, yi)xT
(Why?) Using this, we compute for all @ € L @
la,Cs] = Z[a ziy) & Z a, .y + ij a,y;)
—ZB a, x|, y; :L‘]yl+2xjyz la, y;], )(2)0

To see (x*) note that

B(la,y;], @) "= Blas, [a,y;]) = B(wi, al,y;) = —B(la,xi], y;) -
(Why does (x) hold?) O @

o7



m If the Killing form « of L is non-degenerate, then C' = Cj is called the
Casimir element of L.

(28.11)

m Recall from Remark 3.3.6 the notation
t={ac L|rgla,v)=0forallveV}
for a subset V' C L. For example xy, is non-degenerate iff L+ = {0}.

Lemma 5.1.4. Let L be a finite-dimensional Lie algebra over k, and let
I C L be an ideal. Then:

1. It is an ideal of L.
2. If I is in addition abelian, then I C L*.
3. If K, is non-degenerate, then L = I ® I+ as Lie algebras.

Proof. Part 1: Follows from symmetry of k. (Details?) @

Part 2: We may assume that I # {0}. Let {z1,...,zams} be a basis of I.
Extend this to a basis {x1,...,Zgmr} of L. Write z} for the dual basis of
L*. For all y € L and ¢ € I we have:

dim I dim L
kp(y,1) = ([ ) xa ]—l— [y, [d xa]]) =0.
; a= dlZmI—‘ﬂ

=0as I abehan €Il as I ideal

Part 3: We will show NI+ = {0} and dim [ +dim I* = dim L. This implies
part 3.

m /NIt ={0}: Let A:=InNT+,

Claim: A is an abelian ideal of L.

[ Clearly A is an ideal. To see that it is abelian, let z € L and
a,b € A. Then

kr(z,[a,b]) = kp([x,a],b) =0,

since [z,a] € AC I and b € A C I*. As Ky, is non-degenerate, it
follows that [a, b] = 0. |

By part 2, A C Lt. But Lt = {0} as k1, is non-degenerate.

m dim / 4+ dim /* = dim L: Consider the composition of linear maps

f:L—L" —1I | x—kp(z,—)— kr(z,—)|r .
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The second map is restricting the arguments from L to I, and is surjective
(Why?). By definition, the kernel of f is I+. Thus we have

dim L = dim(im(f)) + dim(ker(f)) = dim(I*) + dim(I*) .
But dim(/*) = dim(7). O

Lemma 5.1.5. Let L be a Lie algebra over k. Suppose L = @4 L, as Lie
algebras, where all L, are simple Lie algebras. Let I C L be an ideal. Then
there is a subset B C A such that I = g p Lg-

®m The lemma also implies that the direct summands in the decompostion
L =&, La are unique up to permutation. (Why?)

Proof. Let i € I be arbitrary. We can write (uniquely) ¢ = >, o with
Ty € Lo. We will show

o #0 = L,C 1.
This implies the claim. (Why? What is B?)

Suppose thus that x, # 0. Define
Ma = [Laa Z] + [Lom [Lom ZH + [Laa [Lou [LomZ”] +

Since [Ly, | = [La, To] C La, etc., all of the above summands are contained
in L,. Since ¢ € I and [ is an ideal, all summands are also contained in I.
By construction M, satisfies [Lq, M,] C M, (Why?), i.e. it is an ideal of L,.

We have [L,, z,] # {0}, for else the 1-dimensional span of =, would be an
ideal in L,, but L, is simple, and so we would have L, = kx, (Why would
that be a problem?). Hence M, # {0}. Since M, is a non-zero ideal in L,,
we must have M, = L. Since M, C I, it follows that L, C I. O

m Let L be a finite-dimensional Lie algebra over k. Recall from Defini-
tion 3.2.6 that rad(L) is the maximal solvable ideal of L, and that L is
called semisimple if rad(L) = {0}.

Theorem 5.1.6. Let L be a finite-dimensional Lie algebra over an alge-
braically closed field k of characteristic zero. The following are equivalent:

1. L is semisimple.
2. K, is non-degenerate.

3. L=&,c4 Lo with L, simple.
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m We will show 2 = 3 = 1 = 2. Of these, 2 = 3 = 1 work over a general
field, and only 1 = 2 uses the assumptions char(k) = 0 and k = k. We will
make use of this in the next section when we prove the above theorem also
over R (cf. Theorem 5.2.8 below).

For info: In fact the above theorem holds for fields of characteristic zero,
algebraic closedness is not required, see the comment after Theorem 5.2.8
below.

Proof. For L = {0} the statement is trivial. Assume that L # {0}.

2 = 3 (this implication holds for a general field k): Let {0} C I C L be an
ideal. If such an ideal does not exist, then L is already simple (How can the @
case that L is abelian be excluded?). By Lemma 5.1.4 (3), L = I @ I+ as Lie
algebras.

Since k1, (i,7) = 0 for all i € I and j € I+, we have that x; and k. are
both non-degenerate. (Why? Hint: Use that xr is non-degenerate, together @
with Remark 3.3.6(2).) We can thus iterate the above process for I and
I+, decomposing into further direct summands until every summand simple.

This process terminates as L is finite-dimensional.

3 = 1 (this implication holds for a general field k): rad(L) = {0} if and only

if L has no non-zero abelian ideas (Exercise). Suppose thus that [ C L is an @
abelian ideal. By Lemma 5.1.5, [ = @563 L for some B C A. But none of . .,
the L, is abelian, so we must have B = ().

1= 2: Let I = L+. We need to show that I = {0}. Note that by definition
kr(i,z) =0for alli € I, x € L and so in particular

kp(i,j) =0 forall iel,jell,1].

By Remark 3.3.6 (2), K, = Ky, and we can apply Cartan’s criterion (in the
form of Corollary 3.3.5) to I. This shows that [ is solvable, and hence
I C rad(L). But rad(L) = {0} by assumption. O

Remark 5.1.7. 1. Recall from Example 2.2.3 (2) that ad : L — Der(L) C
gl(L) is a Lie algebra homomorphism. Derivations in the image of ad
are called inner derivations.

2. For a semisimple Lie algebra L we have Z(L) C Rad(L) = {0}, and so
ad : L — Der(L) is injective.

Proposition 5.1.8. For a finite-dimensional semisimple Lie algebra over an
algebraically closed field, every derivation is inner.
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Proof. Define a bilinear form b on Der(L) by setting b(D, D’) := trp(Do D’).
Note that for z,y € L we have k(x,y) = b(ad(x),ad(y)), and in this sense b
extends the Killing form to include derivations. As for x one checks that b
is invariant:

b([D,D'],D") = b(D,[D',D"]) forall D,D', D" € Der(L) .
Define
I = ad(L)* = {D € Der(L) |b(D,ad(z)) =0 for all 2 € L} .

We have I + ad(L) = Der(L) (Why? Hint: Pick a dual basis pair of L
with respect to k, i.e. k(z;,y;) = 6;;. For D € Der(L) consider D' =
D —3%".b(D,ad(x;)) ad(y;) and show that D’ € I.) Since b is invariant, [ is
an ideal in the Lie algebra Der(L). Since b is non-degenerate on ad(L) (by
non-degeneracy of the Killing form, see Theorem 5.1.6), I Nad(L) = {0}.

So far we have shown Der(L) = I & ad(L). To complete the proof we
need to show I = {0}. Let thus D € I. We compute, for any x € L,

ad(D(x)) 2 [D,ad(x)] 2 0,

~

Step 1 follows as D is a derivation (Details?). In step 2 we use that I is an
ideal, so that [D,ad(z)] € I, while the initial expression is clearly in ad(L).
But I Nad(L) = {0}.

Finally, by Remark 5.1.7(2), ad is injective, and hence D(z) = 0 for all
x € L. [

Remark 5.1.9. 1. The proof of the above proposition relied on non-
degeneracy of kr. This also holds over R (cf. Theorem 5.2.8 below),
and so also for a finite-dimensional semisimple Lie algebra over R, all
derivations are inner.

2. For info: Let G be a Lie group, and let ¢ € Aut(G) a Lie group
automorphism of G. Since ¢(e) = e, the differential d¢ is a linear
isomorphism 7.G — T.G. Recall that we can define the Lie algebra of
G to be g =T.G. One finds that d¢ is a Lie algebra automorphism of
g. We obtain a group homomorphism

D : Aut(G) — Aut(g) .
Let ¢ € Aut(G), t € (—e,e) C R be a family of automorphisms with

¢o = id, such that t — Do ¢; is differentiable. Then %D 0 ¢y |¢—o defines
a derivation on g.
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An automorphism ¢ € Aut(Q) is called inner of ¢(z) = axa™* for some
a € G. If a family ¢; as above consists of inner automorphisms, the
corresponding derivation is also inner.

Consider the homomorphism of Lie groups
Ad:G — Aut(g) , aw D(a(=)a™").

If the Lie algebra g of G is semisimple, then all derivations are in-
ner, and one can show that Aut(g)/Ad(G) is discrete. See e.g. Knapp,
Lie groups beyond an introduction, Section 1.14, and Kirillov, Propo-
sition 6.8 for more.

5.2 Complexification of real Lie algebras

From here on we will only work with Lie algebras over R or over C.

Definition 5.2.1. Let g be a Lie algebra over R. The complexification g¢
of gis gc = C®g g.

Remark 5.2.2. The following two descriptions of the Lie bracket on g¢ are
equivalent (Why?):

1. We can write gc = g @ ig, where we identify a in the first copy of g
with 1®g a € gc, and b in the second copy with i(1 ®gb) = i Qrb € gc.
Thus each x € g¢ can be uniquely written as x = a + ib. Let further
y = c+1id. Then

[CL‘, y]gc = [CL, C]g - [b’ d]g + i([aa d]g + [bv C]Q) :
2. For \,u € C and a,b € g we define
[)\ Rr a, 4 SR b]gc = ()\,u) Qr [a, b]g .

Definition 5.2.3. A Lie algebra g over R is called a real form of a Lie algebra
L over Cif L = gc.

Remark 5.2.4. 1. Let {z,}aca be a basis of a Lie algebra L over a field
k. We can expand the Lie bracket of two basis vectors as

[Ta, 1) = Zfaﬂv z, forsome f J€k.
YEA

The numbers f,, 57 are called structure constants of L. They depend on
L and on a choice of basis for L, and they determine the Lie bracket
uniquely. (Since the structure constants determine the Lie bracket, one
can express the defining conditions of a Lie algebra in terms of structure
constants. Can you write out these conditions?)
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2. Let {x4}aca be a basis of g over R. By Proposition 4.5.5 (for B = R,
M = C, which is free over R, and N = g), the set {1 ®r x4, i Qr T faca
is an R-basis of g¢, and so just {1 ®g 4 }aca is a C-basis of gc (Why?). @

Claim: Let g be a real Lie algebra and L a complex Lie algebra. The
following are equivalent:

(a) L = gc as Lie algebras over C.

(b) There exists a basis {Z4}aca of g over R and a basis {Z,}aca of
L over C (with the same indexing set A), such that

[T, 28] = Zfaﬂ ry and [T, Tg) = Zfaﬁ Z

YEA YEA

with the same set of structure constants for both ¢ and L.

[ For (a) = (b), let ¢ : gc — L be the C-linear Lie al-
gebra homomorphism. Pick an R-basis {z,}aca and set
Zo = o(1 ®g x4). One checks that the structure constants

agree (Details?). @
For (b) = (a), define the C-linear isomorphism ¢ : gc — L
on a C-basis via ¢(1 ®g z,) = Z. One checks that this is a
Lie algebra homomorphism (Details?). ] @

(1.12.)

Example 5.2.5. 1. su(2)c = si(2,C): Recall:

su(2) = {M € Mat(2,C) | tr(M) =0, M" + M =0} (Lie algebra over R)
sl(2,C) = {M € Mat(2,C) | tr(M) = 0} (Lie algebra over C)

We will show in two ways that su(2) is a real form of si(2,C), i.e. that
su(2)c = sl(2,C) as complex Lie algebras:

e Via a basis: We check the condition in Remark 5.2.4 (2b). Re-
call the R-basis of su(2) in terms of Pauli matrices at the end of
Section 1.6,

. 0 1 . 0 1 . v 0

Note that x; := 1, Ty := 9, T3 := z; is a C-basis of sl(2,C). As
the matrices are the same, so are the structure constants.
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e Without basis: By definition su(2) C sl(2,C). The map
0 :su(2)c —sl(2,C) , 1®r A+i®rB— A+iB,

where A, B € su(2), is C-linear and a Lie algebra isomorphism.
(Why? Hint: If A+ iB =0, then also (A +iB) + (A+iB)! =0, (7)
and if tr M = 0, then M — MT and i(M + MT) are in su(2).)

Y

2. sl(2,R)c = sl(2,C): The same expression for ¢ as above gives an
isomorphism sl(2,R)¢c — sl(2,C) of complex Lie algebras. (Details?) @

3. Parts 1 and 2 show that sl(2,R)c = su(2)c as complex Lie alge-
bras. But sl(2,R) and su(2) are not isomorphic as real Lie algebras

(Exercise). @

4. sl(2,C)¢ = sl(2,C) @ sl(2,C): Consider the map o
¢ :sl(2,C)c — sl(2,C)@sl(2,C), 1@rA+i®rB — (A+iB, A+iB) ,

where A, B € sl(2,C) and A stands for the matrix obtained by complex
conjugating all entries in A, i.e. A = (A")T. The map ¢ is C-linear,
bijective, and a Lie algebra homomorphism. (Why? What would go @
wrong if we would take A —4B in the second summand in the definition

of ©?)

Note the notational pitfall that e.g.

. 1 0 0 :
i ®r (0 _1) # 1®gr (é —i) in sl(2,C)¢,

and so one should not abbreviate 1 @r M as iM.

5. Further isomorphisms of complex Lie algebras are ( Exercise): @

(Ex. 28,32)

su(n)c = sl(n,C) , u(n)c = gl(n,C) , so(p,q)c = so(p+q,C) ,

For info: The Lie algebra of the 4-dimensional Lorentz group (recall
Section 1.2 and Example 1.5.7) satisfies so(1, 3) & sl(2, C) as real Lie al-
gebras, and thus so(1,3)c = sl(2,C) @ si(2,C) as complex Lie algebras.

In 4d QFT one can label particles by pairs of si(2, C) representations,
see e.g. Weinberg, Quantum theory of fields vol. 1, Section 5.6.

Lemma 5.2.6. Let g be a Lie algebra over R. Then g is nilpotent (resp.
solvable) iff g¢ is nilpotent (resp. solvable).
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Proof. Nilpotent: In terms of elements, the statement that a Lie algebra L
over a field k is nilpotent reads (cf. Definition 3.1.1): There exists an N such
that for all xq,...,2xy € L we have

(21, [T2, - -+ [TN—2, [*N—1,2N]] -+ ]] = 0 .

Writing an element z; € gc as z; = 1 ®r a; +1¢ -1 Qg b; for a;,b; € g shows
that the above statement specialised to ¢ is equivalent to that for gc.

Solvable: Analogous. (Details?) O

Remark 5.2.7. Let g be a finite-dimensinoal Lie algebra over R. The Killing
forms of g and g¢ are related as follows: For all x,y € g, A, u € C,

KegeAQr T, 0 @rY) = M- Kg(z,y) .

In particular kg is non-degenerate iff x, is non-degenerate. (Why does the
formular for x4 hold and why does this give the claimed equivalence?)

We get the following variant of Theorem 5.1.6 for R, which holds even
though R is not algebraically closed:

Theorem 5.2.8. Let L be a finite-dimensional Lie algebra over R. The
following are equivalent:

1. L is semisimple.
2. Kr, is non-degenerate.
3. L=@&,c4 Lo with L, simple.

For info: More generally, the above results holds for L a finite-dimensional
Lie algebra over a field k of characteristic zero. In the proof one needs to
substitute the algebraic closure k of £ whenever C is used in place of R.

Proof. As noted in the proof of Theorem 5.1.6, it only remains to show 1 = 2.
And as we did there, we set I = L+ and observe that

kr(i,j) =0 forall iel jel[lI].

Consider now the complexification I¢ of the ideal I, seen as a Lie algebra of
its own. Together with Remark 5.2.7, the above identity implies that also
(Why?)

kie(a,0) =0 forall a€ Ic,be [Ic,Ic] .

Cartan’s criterion (in the form of Corollary 3.3.5) applied to I¢ shows that I¢
is solvable. By Lemma 5.2.6, also I is solvable. Hence I C rad(L) = {0}. [
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Combining Remark 5.2.7 and condition 2 of Theorems 5.1.6 and 5.2.8, we
obtain:

Corollary 5.2.9. Let L be a finite-dimensional Lie algebra over R. Then L
is semisimple iff L¢ is semisimple.

Remark 5.2.10. Note that L simple does not imply L¢ simple, see Exam-
ple 5.2.5(4). However, if L¢ is simple, then so is L. (Why? Hint: Suppose
I C L is a non-trivial ideal . ..)

Example 5.2.11. 1. su(n) is semisimple: By Example 5.2.5 (5) we have
su(n)c = sl(n,C), and the latter is simple (Exercise) and in particular
semisimple (by condition 3 in Theorem 5.1.6), and so by Corollary 5.2.9,
su(n) is semisimple. In fact, by Remark 5.2.10, su(n) is even simple.

Y

2. u(n) is not semisimple: By Example 2.3.7, u(n) = u(1) & su(n), but
u(1) is an abelian ideal, and so rad(u(n)) # {0} (Exercise).

m For info: Let g be the Lie algebra (over R) of a compact Lie group G
(i.e. the manifold G is compact as a topological space). Then g = gss D Gap,
where g, is semisimple and g, is abelian. See Knapp, Lie groups beyond an
introduction (Birkh&user 2002), Corollary 4.25. In the above example, both
SU(n) and U(n) are compact Lie groups.

5.3 Complete reducibility

Definition 5.3.1. A representation V' of a Lie algebra L over a field k is
completely reducible (or semisimple) if

V=V,
acA

where each V,, C V is an irreducible subrepresentation of V.

Theorem 5.3.2 (Weyl’s Theorem). A finite-dimensional representation of a
finite-dimensional semisimple complex Lie algebra is completely reducible.

Definition 5.3.3. Let L be a Lie algebra over a field k. A short exact
sequence

0ALBS S0
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of L-modules and L-module intertwiners splits if there is an L-module iso-
morphism ¢ : B — A @ C such that

commutes. Here, t1(a) =a® 0 and m(a®c) = c.

m The sequence 0 — A Iy B4 ¢ = 0 of L-modules is called exact if f,qg are
L-module intertwiners such that f is injective, g is surjective, and im(f) =
ker(g) holds in B. One can have exact seqences of arbitrary length. The
ones we will use have three terms and are also called short exact sequences,

often abbreivated as A i> B % .

Lemma 5.3.4. With the notation of Definition 5.3.3: The following are
equivalent:

1. The exact sequence 0 — A B%c o splits.

2. There is an L-module intertwiner A <~ B such that [A < B L Al =
idA (1e ro f = ldA)

3. There is an L-module intertwiner B < C such that [C & B & (] =
ide (i.e. gos =ido).

Proof. First note that 1 = 2 and 1 = 3 are immediate. For example,
with m : A@® C — A the projection onto the first component, we can set
r=mo¢: B — A (Why does that satisfy r o f = id4? What does one @
choose for s7)

For 2 = 1, we make the ansatz

¢p:B—AaC |, b (r(b),g())
and check its properties:

e ¢ makes the diagram commute: By definition, m(¢(b)) = ¢(b). Fur-
thermore, ¢(f(a)) = (r(f(a)),9(f(a)) = (a,0) = n(a).
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* ¢ is surjective: Let (a,c) € A® C. Since g is surjective, there is b such
that g(b) = c¢. Define

= b (B + f(a)
) r(f(r(®) + r(f(a) = () = r(b)) + a = a and
g(b) = g(b) — g(f(r())) + g(f(a)) = ¢+ 0+ 0, so that altogether

)

¢(b) = (a; ).

e ¢ is injective: Suppose ¢(b) = 0 for some b € B. Then g(b) = 0

and by exactness, there is an a € A such that f(a) = b. But then
0=¢(b) = ¢(f(a)) = (a,0) and so a = 0 and hence b = 0.

The arguments for 3 = 1 are analogous. (Details?) O

m Below we often use the abbreviation “fssc Lie algebra” for finite dimensional
semisimple complex Lie algebra.

Lemma 5.3.5. Let L be a fssc Lie algebra and (V, R) a finite dimensional
faithful (i.e. R: L — gl(V) is injective) representation of L. For x,y € L
set B(z,y) = try(R(z)R(y)). Then

1. B is non-degenerate, invariant, symmetric.

2. try R(Cp) = dim(L), with Cg as in Definition 5.1.2.

Proof. Part 1: Invariance and symmetry are check in the same way as for
rr in Remark 3.3.6 (1) (Details?). For non-degeneracy we will use Cartan’s
criterion. Let K = {z € L|B(z,2) = 0 for all z € L}. Then K is an ideal
in L (Why?). Set K = R(K) C gl(V). Then

try(zy) =0 forall ze K, yelK, K]

(this would be true by definition even for y € R(L)). By Cartan’s criterion
(Theorem 3.3.1), K is solvable. As R is injective, and hence R|x — K is
a Lie algebra isomorphism, also K is solvable. Altogether, K is a solvable
ideal in L, and hence K C rad(L) = {0} (as L is semisimple).

Part 2: We use bases {z;} and {y;} of L such that B(x;,y;) = J;; as in
Definition 5.1.2. Then

dim L dim L
try R(Cp) = Z try R(xy;) = Z B(z;,y;) = dim(L) ,
=l _R@oRw) TP =1

where by abuse of notation we also wrote R : U(L) — End(V) for the
representation of the algebra U(L) corresponding to the representation R :

L — gl(V) of the Lie algebra L. O
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Lemma 5.3.6. Let L be a fssc Lie algebra and (V, R) a finite dimensional
representation of L. Then im(R) C si(V), i.e. try(R(z)) =0 for all z € L.

Proof. Since L is semisimple, we have [L, L] = L (Why? Hint: For simple
Lie algebras you can look at the hint below Definition 3.2.6). In other words,
L is spanned by elements of the form [z, y] with z,y € L. But

try (R([z,y])) = trv ([R(z), R(y)]) =0 .
[l

Corollary 5.3.7. A fssc Lie algebra acts as zero on a 1-dimensional repre-
sentation.

(Why?)

Proof of Weyl’s Theorem (Theorem 5.3.2). We will show that every short
exact sequence
0-W=SV5HQ—0

of L-modules splits (Why does that prove the theorem?). We will identify
W with its image (W) in V.

Step 1. Assume dim(Q) = 1 and W irreducible:

Claim: For all x € L, v € V, we have z.v € W.

[ Since 7 : V — @ is an L-module intertwiner, we have 7(z.v) =
z.m(v). As @ is 1-dimensional, Corollary 5.3.7 gives z.7(v) = 0.
Thus z.v € ker(m) = im(:) = W. |

Let R : L — gl(V') denote the action of L on V. If R = 0, there is nothing
to do: any linear map r : V' — W such that 7|y = idy gives a splitting as
the condition of being an L-module intertwiner is empty in this case.

Suppose therefore R # 0: Define L = R(L) C gl(V), and denote the
embedding L < gl(V)) by R. For z,y € L set B(z,y) = try(R(z)R(y)) and
define Cy € Z(U(L)) as in Lemma 5.3.5, applied to L and (V, R). The above
claim implies (How?)

R(CplveW forall veV . (%)

Since W C V is irreducible as an L-module, it is also irreducible as an
L-module, and so by Schur’s Lemma (Theorem 2.2.8),

R(Cp)|w = Nidy  for some A€ C . (%)
Claim: X # 0.
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[ Pick a basis of W and extend to a basis of V. By (x), the matrix
representing R(Cp) is of the form

and so the trace over V' is given by A dim(W). By Lemma 5.3.5,
try R(Cp) = dim L > 0, and so we must have A # 0. |

Because of (%) and the above claim, we can define r : V. — W, r(v) =
%E(CB). Since C € Z(U(L)), this is an L-intertwiner (Details?), and by
(xx), r(w) = w for all w € W.

Altogether, by Lemma 5.3.4 the sequence 0 - W — V — @ — 0 splits.

Step 2. Assume dim(Q)) = 1, but W arbitrary finite-dimensional: We proceed
by induction on dim(V'). Let thus

An):=“0—=W 5V 5 Q — 0 with dim(Q) = 1 and dim(V) < n splits”

A(1): trivial as then W = {0}.

An — 1) = A(n): We may assume W # {0} and dim(V) = n. If W is
irreducible, A(n) follows from step 1. If W is not irreducible, there is a
submodule {0} € S C W. Then

0—->W/S—>V/S—-Q—0

is a short exact sequence of L-modules (Why?). This allows one to apply
A(n — 1) and to conclude that A(n) holds (Exercise.)

Step 3. Q,W arbitrary finite-dimensional: We want to construct an L-
module intertwiner r : V' — W which splits 0 = W — V — @Q — 0.
Recall that the space of all linear maps Hom(V, W) is an L-module as in

Remark 2.2.6 (1). Define

B ={f € Hom(V,W) | flw = Aidy for some A € C} ,
A={f eHom(V,W)|flw=0}CB.

Claim: A and B are L-submodules of Hom(V, W).

( Exercise.)

@

®
©

(Ex.27)

®

Pick any vector space projection P : V. — W, ie. Ply = idy. Then =7

B =A@ CP. Indeed, for f € B there is a A € C such that f|ly = Aidy,
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and so f = (f — AP) + AP is a decomposition of f in A@® CP. Thus B/A is
one-dimensional and we can apply step 2 to the short exact sequence

0—+A>5B5S A/B—0.

This shows B = A& C' as L-modules, with C' 1-dimensional. Let f € C be
non-zero. Then f|y = Aidy (by definition as C' C B), and A # 0 (or else
f € A, contradiction).

But C' is a 1-dimensional L-module, and so the L-action on C'is trivial
(Corollary 5.3.7). This implies that f € C'is an intertwiner (Remark 2.2.6 (2)).
By construction, r = % f:V — W is asplitting map for the original sequence
0O—-W—=V—=>0Q—0. O

m Let K, L be Lie algebras over a field k£ and let M be a K-module and
U an L-module. Then M ®; U (tensor product of k-vector spaces) is a
K & L-module via

(kal).meu)=(km)@u+m® (l.u)

(Why is this a K @ L-module?).

m [f K and L are fssc Lie algebras, then so is K & L (by Theorem 5.1.6 (3)).
We get the following corollary to Weyl’s Theorem:

Corollary 5.3.8. Let W be a simple K & L-module. Then W = M ® U as
K & L-modules, where M is a simple K-module and U a simple L-module.

Proof. By Weyl’s Theorem, W is fully reducible as a K-module, and we can

write
®ng
W= M
acA

where the M, are irreducible pairwise non-isomorphic K-modules, and n, €
Z~q denotes their multiplicity in the direct sum decomposition. Since L acts
by K-intertwiners only, and there are no non-zero K-intertwiners between M,
and M, for a # b, each M®" is a K @ L-invariant subspace. By irreducibility
of W, there can only be one: W = M%" = M ®c C", with M a simple K-
module.

Since each [ € L acts as a K-intertwiner on M ®@¢ C", by Schur’s Lemma
it is of the form idy; ®cF(l) for some linear map F(l) : C* — C™ (That is
not quite Schur’s Lemma - what are the missing details?). F(—) turns C"
into an L-module, call it U, which again has to be irreducible. Else, again
by Weyl’s Theorem, there is a non-trivial decomposition U = U; & U, of U,
and hence also W = M @c U = M ®c Uy & M ®c Uy). O
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Remark 5.3.9. The above corollary implies that the simple K & L-modules
are precisely the modules isomorphic to M ®¢ U, where M is a simple K-
module and U is a simple L-module. Together with Weyl’s theorem, this
shows that finite-dimensional representations of a fssc Lie algebra L can be
understood in terms of the finite-dimensional irreducible representations of
the simple summands of L.

m For info: Let K, L be Lie algebras over a field k. Let M, N be finite-
dimensional K-modules, U,V finite-dimensional L-modules. The map
® : Homg (M, N) ®, Homp (U, V) — Hompggr (M @ U, N Q4 V)
fog — (m@u— f(m)® g(u))
is an isomorphism. To see this, first observe that for just linear maps
Hom(M, N), etc, the above map is an isomorphism. Then check that it
is an intertwiner for the K @& L action on the hom spaces on both sides.

Hence the subspaces on which K & L acts trivially get mapped to each other,
too.

5.4 Cartan subalgebras

In this subsection L denotes a fssc Lie algebra, and we write k = k, for its
Killing form.

Definition 5.4.1. 1. 1) A Lie subalgebra H C L is called a toral subal-
gebra if

e H is abelian

e cvery h € H is ad-diagonalisable on L (i.e. ad(h) : L — L is
diagonalisable)

2. A toral subalgebra is maximal, if it is not properly contained in a larger
toral subalgebra (i.e. H C H' and H’ toral in L implies H = H').

3. A maximal toral subalgebra of a fssc Lie algebra is called a Cartan
subalgebra (or CSA for short).

m For a general finite dimensional Lie algebra, the definition of a Cartan
subalgebra is different (but specialises to the above), see —EOM.

Remark 5.4.2 (For Info). The reason for the name “toral” is as follows.
Let K be R or C and G C GL(n,K) a matrix Lie group, g C gl(n,K) its Lie
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algebra, and exp : ¢ — G the matrix exponential. If A C g is abelian, then
for all a,b € h we have exp(a) exp(b) = exp(a + b), i.e.

exp : (g, +) — (G, )

is a group homomorphism. If 7" := exp(h) C G is compact, then it is a
torus, i.e. "= h/ker(exp|,) as Lie groups. If G is compact and he C g¢
is maximal toral, then 7' is automatically compact (and so a torus). See
Knapp, Lie groups beyond an introduction (Birkh&user 2002), Section IV.5.

m Recall from Theorem 3.3.8 the Jordan-Chevallay decomposition x = zs+x,
of a linear map = : V — V for a finite-dimensional C-vector space V. The
next proposition generalises this to fssc Lie algebras.

Theorem 5.4.3. For each y € L there are unique y,,y, € L such that
Y = Ys + Yn with [ys, y,] = 0, and ad(ys) € End(L) is semisimple, and ad(y,)
is nilpotent.

Proof. Existence: Let y € L be given and abbreviate © = ad(y) : L — L.
Let x = x5 + x,, be the decomposition into a semisimple and a nilpotent
endomorphism of L as in Theorem 3.3.8. Existence follows if we can show
that x4 lies in the image of ad (then there is ys € L with 2, = ad(ys) and
hence also =, = r — x5 = ad(y — ys)). By Proposition 5.1.8, every derivation
on L is inner. Existence hence therefore follows from:

Claim: x4 € Der(L).
[ Write L, for the generalised eigenspace of x of eigenvalue o € C:
Ly, = {ve L|(x—cid)*v =0 for some k > 0} .

Equivalently, L, = ker(z, — oid), i.e. 4|y, = oidy,. Let now
a € Ly, b€ L,. Then [a,b] € L,.,. To see this, first use that
x = ad(y) € Der(L) to show, for n > 0,

n - n
r—(oc+7)id) [a,b] = r—oid)fa, (z —7id)"*b] .
(o4t = 3 () [ —eidfa, (e —ridy =)
(Why does this hold? Hint: Check that (z — (o + 7)id )[a, b] =
[za,b] + [a, xb] — [0a,b] — |a, 7b] and use induction.) For n large
enough, for each k£ one of the two terms in the Lie bracket on the
right hand side is zero, showing that indeed [a,b] € L, ..
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To show that z, is a derivation, we need to check that for all
a,b € L we have

5([a,b]) = [ws(a), b] + [a, 25(b)] -

Since L is a direct sum of the generalised eigenspaces L, it is
enough to check the above identity for all a € L,, b € L, (0,7 €
C). But in that case it is an immediate from [a, b] € Ly, |

Uniqueness: This follows from uniqueness of x = x, + x,, in Theorem 3.3.8,
together with Lemma 3.3.10 and Remark 5.1.7. (Details?) O

Lemma 5.4.4. A non-zero L has a non-zero CSA.

Proof. Given a toral subalgebra of L, we can always extend it to a maximal
one (Why?). It remains to show that a non-zero toral subalgebra exists. For
this, it is enough to show that there is a y € L such that in the decomposition
Yy = Ys + Yo from Theorem 5.4.3 we have y, # 0 (for then Cy, is a toral
subalgebra).

Suppose that for each y € L we have y, = 0, i.e. y = y,. By defi-
nition, this means that each y € L is ad-nilpotent. Then Engel’s Theorem
(Theorem 3.1.3) implies that L is nilpotent, and so in particular solvable (Re-
mark 3.2.2). But then Rad(L) = L # {0}, in contradiction to semi-simplicity
of L (Definition 3.2.6). O

m Let H C L be a CSA. Define, for « € H*,
Ly :={z € L|ad(h)x = a(h)z},
i.e. L, is the common eigenspace for the eigenvalue functional a.

Definition 5.4.5. A root of L relative to H is an « € H* such that a # 0
and L, # {0}. The set of roots is called the root system (of L relative to H)
and is denoted by

¢ =&(L,H)={a € H |ais aroot} .
Remark 5.4.6. By definition
Ly={z e L|ad(h)xr =0} .

This subspace is also called the centraliser Cp(H) of the abelian Lie algebra
H in L. We have the direct sum decomposition (as a vector space, not as a
Lie algebra)

L:Lg@@La.

74



This is called the root space decomposition of L (relative to H ).

(Why does one obtain all of L, and why does x4+ .o To = 0 with 29 € @
Ly, x, € L, imply that xy and all z, are zero? Hint: Recall the argument
for the corresponding property of eigenspaces for different eigenvalues and
generalise to the present situation with eigenvalue functionals.)

Proposition 5.4.7. Let H C L be a CSA. Then

1. K|gxpm is non-degenerate,

2. H=CL(H),

3. spanc®(L, H) = H*.

The proof of this proposition relies on the next lemma.
Lemma 5.4.8. Let H C L be a CSA. Then:

1. For all o, 8 € H*: [Lo, Lg] C Lo+

2. Let x € Lo,y € Lg. If a+ 5 #0, then k(z,y) = 0.

3. K|LyxL, 1s non-degenerate.

4. Let n,z € L with n is ad-nilpotent and [n,z] = 0. Then x(n,z) = 0.
Proof. Part 1: For all x € L,, y € Lg, h € H we have

ad(h)[e,y] < [ad(h)z,y] + [ ad(h)y) = [a(h),y) + [, B(h)y]
= (a+P)(h) [z,y]

where (*) is the statement that ad(h) is a deriviation on L (Example 2.2.3 (2)).
The above computation shows [z,y] € Lats, and 0 [La, Lg] C Lats.

Part 2: Let x € L,, y € Lg, h € H. Then on the one hand
k(ad(h)z,y) = k(a(h)z,y) = a(h) k(z,y) ,
and on the other hand
rlad(h)z,y) = k(=[z, h],y) = —r(z, [h,y]) = =B(h) Kz, y) .

It follows that for all h € H, (a+ B)(h) k(z,y) = 0. If a+ 5 # 0, there is an
h € H such that (a + 8)(h) # 0, and hence we must have x(z,y) = 0.

Part 3: Let x € Ly, z # 0. As k is non-degenerate on all of L, there is a
y € L such that k(z,y) # 0. Write y in terms of its components in the root
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space decomposition (Remark 5.4.6), y = yo + > ,ce Ya, Where 3o € Ly and
Yo € Lo. Then

04 iz, y) = Kz, 90) + D £l y0) 2 K(z,30) |

acd

where in (%) we used that by part 2 x(x,y,) =0 (as z € Ly, but a # 0 as «
is a root). Thus we can find yg € Ly such that x(x,y) # 0, and so k remains
non-degenerate when restricted to L.

Part 4: The composition ad(n) o ad(y) : L — L is nilpotent (Why?). A
nilpotent endomorphism has trace zero. O

Proof of Proposition 5.4.7. Part 1:

Claim 1: Let y € Ly and write y = ys + y, as in Theorem 5.4.3. Then
ySGHCLOandynELO.

[ We first show that ys,y, € H. That is, we need to show that
for all h € H we have [h,ys] = 0 = [h,y,], or, equivalently, that
ad(ys)h = 0 = ad(y,)h. By Theorem 3.3.8 (and Lemma 3.3.10)
there is a polynomial p with p(0) = 0 such that ad(y;s) = p(ad(y)).
Since y € Ly we have ad(y)h = 0, and hence also ad(ys)h = 0.
That ad(y,)h = 0 follows analogously.

Finally, y, is ad-diagonalisable by definition, and [y, H] = {0}
since y, € Lg. Hence H + Cy, is again a toral subalgebra. Maxi-
mality of H implies y, € H. |

Let h € H, h # 0 be given. By Lemma 5.4.8 (3), the Killing form is non-
degenerate on Ly, and so there is a y € Ly such that x(h,y) # 0. Writing
Yy = ys + yn we get k(h,ys) + £(h,y,) # 0. By Claim 1, y, € Lo, and so
[, yn] = 0. By Lemma 5.4.8 (4) we see k(h,y,) = 0. Thus x(h,ys) # 0, and
since by Claim 1 also y; € H, we conclude that x is non-degenerate when
restricted to H.

Part 2: By Lemma 5.4.8 (1), Ly is a Lie-subalgebra of L. We want to show
that LO =H.

Claim 2: Every y € Lg is ad-nilpotent on L.
[ Decompose y = ys + vy, in L. By Claim 1, y; € H, and so by

definition of Ly we have ad(ys)r = 0 for all z € Ly. In other

words, ys|r, = 0. But then y|., = yn|L,, and so y is ad-nilpotent
on Lo. J
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Claim 3: Ly is abelian.

[ Claim 2 and Engel’s Theorem (Theorem 3.1.3) show that Ly
is a nilpotent Lie algebra, and so in particular solvable. Let
y € [Lo, Lo] be given. Then for each x € Ly we have, by Corol-
lary 3.3.5 applied to the Lie algebra Ly, that x(x,y) = 0. But

is non-degenerate on Ly (Lemma 5.4.8 (3)), and so we must have
y = 0. This shows that [Lg, L] = {0}. |

Let y € Ly be given, and decompose it as y = ys + y,. Since by Claim 1,
ys € H, it remains to show that y, = 0. For any = € Ly we have [z,y,] =0
as Lo is abelian, and so k(z,y,) = 0 by Lemma 5.4.8 (4). Using once more
non-degeneracy of kK on Ly, we conclude that y, = 0.

Part 3: Write F' = spanc®(L, H). Suppose F' C H*. Then there is a non-
zero h € H such that p(h) = 0 for all ¢ € F' (Why?). We will now show that
then ad(h) : L — L is zero, in contradiction to non-degeneracy of k. (What
does ad(h) = 0 have to do with non-degeneracy?)

Recall the root space decomposition L = Ly®ED,, .4 Lo from Remark 5.4.6.

For x € Ly we have ad(h)x =0 as h € H = Ly (by part 2) and H is abelian.
For x € L, (o € @), we get ad(h)x = a(h)r = 0 as well. Hence ad(h) =0
on all of L. ]

Corollary 5.4.9. Let H C L be a toral subalgebra. Then H is a CSA iff
CL(H)=H.

Proof. =: Proposition 5.4.7(2). <: Suppose H' is a toral subalgebra such
that H C H'. Let x € H'. As H' is abelian, we in particular have ad(h)z = 0
for all h € H. Thus = € C(H). Altogether H C H' C C(H). O

Example 5.4.10. L = sl(n,C):
Set
H ={D € sl(n,C)| D is a diagonal matrix } .
Thus H consists of traceless diagonal n x n matrices and hence dim(H) =

n— 1.

e H is a toral subalgebra: H is clearly abelian. It remains to show that
each h € H is ad-diagonalisable. In fact, we can diagonalise it explicitly
on gl(n,C). Recall the unit matrices E;; € Mat(n,C) from Section 1.6.
Write h = >, Mg Eg. Since h is trace-less we have Y, A\, = 0. We
have, for all 7,5 =1,...,n,

ad(h)Ej; = Z Me(EwrEij — EijEr) = Z A Ok i Erj — 61 Eir)

k=1 k=1
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In particular, ad(h) acts diagonally on the basis { Exx—Enn|k = 1,...,n—
1} U{E;;li # j} of sl(n,C).

e H is a CSA: By Corollary 5.4.9 it is enough to show that C(H) = H.
We need to find those M = szzl wi; Eij € sl(n,C) such that for all
h =3 MEw, € H we have [h, M] = 0. We compute

(b M) = piglh Byl = Y g\ = A\ Eyj -

Since the \; can be chosen arbitrarily (subject to Y, A, = 0), and the
E;j are linearly independent, this can only be zero for all choices of
h if pi; = 0 for ¢ # j, i.e. for diagonal M. This shows the inclusion
Cp(H) C H. And since anyway H C Cp(H) we get equality.

e Root system ®: From the explicit diagonalisation of ad(h) above, we
read off the roots (i.e. the eigenvalue functions o € H* which are not
zero and for which L, is not zero. Namely, we set «;;(h) = \; — A; for

h=>%_ MEg. Then
¢ ={a;li,j=1,...,nand i # j},
i.e. sl(n,C) has n? — n roots. The corresponding eigenspaces are
Ly =H =spanc{Ey, — Ennlk=1,...,n — 1},
L., = CEj; fori #£j .

As a consistency check, let us compute the dimension of sl(n,C) via its root
space decompostion,

sl(n,C) = Lo ® @ L, -
i#]
Here, dim Ly = n — 1 and dim L,,, = 1 with a total of n*> —n roots, giving
dim(sl(n,C)) = n—1+4n?—n = n?—1, which is of course the correct answer.

5.5 Root space decomposition

In this subsection we fix a fssc Lie algebra L and a CSA H C L. We write
k for the Killing form of L and ® for its root system relative to H. By
Proposition 5.4.7, the root space decomposition of L is

L=Hao@L..
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m For ¢ € H* we define H? € H to be the unique element such that
¢ = K(H? —).

Alternatively, define & : H — H*, a — r(a,—). Since K|gxy is non-
degenerate (Proposition 5.4.7), this is an isomorphism. Then

Define a bilinear pairing on H* via
(= —):H*'XH" = C , (p,¢):=r(H? H").
This pairing is non-degenerate (Why?) and by definition we have @
(¢, ) = @(H") = (H?) .

Lemma 5.5.1. Let o € .
1. —a € ®.

2. Forz € Ly, y € L_, we have [z,y] = k(z,y)H".

3. (a,a) #0.

Proof. Part 1: By Lemma 5.4.8(2) and non-degeneracy of x, if L, # {0}
also L_, must be non-zero.

Part 2: By Lemma 5.4.8 (1) and Proposition 5.4.7(2), [z,y] € Ly = H.
Since also H* € H and k|g«pg is non-degenerate (Proposition 5.4.7 (1)), it
is enough to check that for all k € H we have k(k, [z,y]) = k(k, k(x,y)H®.
Indeed,

Rk, [z, 9]) = K[k, 2], y) = wla(k)z,y) = Kz, y) alk) ,
Rk, Kz, y)HY) = r(z,y)w(H k) = w2, y) a(k)

where in the first line we used = € L, and in the second line that o =

K(H®, —).

Part 3: Suppose (a,a) = 0. Choose x € L,, © # 0, and y € L_,, such that
k(x,y) # 0 (possible by Lemma 5.4.8 (2) and non-degeneracy of x). Define

A = spanc{x,y, H*} C L .
The non-trivial Lie brackets are:

[, y] = k(z,y)H" (by part 2) ,
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[HY z] = a(H")z = (a,a)x =0 (as z € L) ,
[H,y] = (—a)(H")y = —(,a)y =0 (asy€Lq).

In particular, A is a Lie subalgebra with [A, A] C CH®, and [A4, [A, A]] = {0},
so that A is solvable. Set A := ad(A) C gl(L). By Proposition 3.2.4 (1) also
A is solvable. By Lie’s Theorem (Theorem 3.2.3), A stabilises a flag in L. In
terms of a basis adapted to that flag, this means that for each f € g, the
representing matrix of f is upper triangular (sec:nilpotent-and-Engel). Since
the commutator of two upper triangular matrices is strictly upper triangular
(see the main example in Section 3.1), we have that
1

ad(H®) = e [ad(z),ad(y)]

is represented by a strictly upper triangular matrix. In particular ad(H®) :

L — L is nilpotent. (Why is it not enough to know that [A,[A, A]] = @
{0}? Does this not mean that every element of A is ad-nilpotent?) On the
other had, buy definition ad(H?) is diagonalisable, and an linear map that is
diagonalisable (i.e. semisimple) and nilpotent is zero (cf. the comment below
Defintion 3.3.7): ad(H®) = 0. But then x(H®, —) = 0, in contradiction to
non-degeneracy of the Killing form.

Thus (o, «) # 0. O

m For a € ® define 5
hy == H> .
(o, )

Proposition 5.5.2. Let a € ®, and let e, € Ly, fo € L_, satisty k(eq, fo) =
2/(a, ). Then the linear map

0o 8l(2,C) =L , e—~ey, h—>hy, [+ fa
is a Lie algebra homomorphism.
Proof. This follows from computing the following Lie brackets (Why?): @

[eas fo] = K(€a, fo) HY = hq (by Lemma 5.5.1(2)) ,
2
(a, @)

[ fo] = (=)(ha) = =2fa -

[hay €] = a(hy) €q = a(HY) ey = 2e, ,

]

m Let o € . Write sl, C L for the Lie subalgebra given by the image of
sl(2,C) under ¢,. By definition, sl, is isomorphic to sl(2, C) as a Lie algebra.
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Remark 5.5.3. Let M be a finite-dimensional si(2, C)-module. We will need
the following properties of such modules:

1. Claim: The action of h on M is diagonalisable, and its eigenvalues are
integers.

(Why? Hint: Use Weyl’s Theorem to reduce the question to irreducible @
representations, and Exercise 25 to read off the possible h-eigenvalues

for finite-dimensional irreducible s/(2, C)-modules. And: Can you give

a counter-example to the claim if one drops the condition that M should

be finite-dimensional?)

2. For A € C write
M[N :={ue M|hu=Mu}.

Claim: The number n of irreducible summands in M is given by n =
dim M0] + dim M [1].

(Exercise). @

In other words, M = @} _; Ni, where each Ny, is an irreducible si(2, C)-
module.

3. Claim: If M[A] # 0, then also M[u] # 0 for p € {—|\,—|\ +
2., [N =2, A} (steps of 2).

(Why? Hint: Use the same hint as in point 1.) @

Lemma 5.5.4. Let o« € ®. Then

CH*® P L
kEZ,k#0
is an irreducible sl,-module.
Proof. Write M for the direct sum in the statement.

M is an sl,-module: 1t is enough to check that for any x € CH® or in Ly,
we have

[ear 2], [fas 2], [hasa] € M. (*)

Recall from Lemma 5.4.8 (1) that for any A\, € H* we have [Ly),L,] C
Lyi,. Since e, € Ly, ho € Lo, fo € L_,, this implies (x) unless k € {£1}
(Details?). For k € {1} it only remains to compute (Why is this enough?) @
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k=1: [favx] = _[xvfa] = ’%(‘rafoz)Ha )
k=—-1: |eq,x]=rK(eq,x)H*

both of which lie in M, and where in both cases we used Lemma 5.5.1 (2).

M is irreducible: By Remark 5.5.3(2) we need to check that dim M[0] +
dim M[1] = 1. The direct sum decomposition of M in the statement of the
lemma is already the decomposition into ad(h*)-eigenspaces. For x € Ly,
for any k € Z, we compute

(B 2] = (ko) (h) 2 = ﬁm(m) v = %z
Thus M[0] = CH®, M[1] = {0}, and so dim M[0] = 1, dim M[1] = 0. O
Theorem 5.5.5. Let o, 8 € ®. Then:
1. If A € @ for some A € C, then A € {£1}.
2. dim L, = 1.

3. 2B 7.

(a,@)

4. If B # £a, then @,y Lsira is an irreducible sl,-module.
5. If a4+ B € ®, then [Lqo, L] = Lo+

Proof. We will first show part 1 under the additional assumption that A\ € Z,
then we show parts 2,3, then the general case of part 1 (i.e. A € C), and then
parts 4,5.

Part la and part 2: Consider the irreducible sl,-module M = CH®" &
@kez’k#o L., from Lemma 5.5.4. By its definition below Proposition 5.5.2,

slp, = Cf, ® CH @ Ce, , where f, € L_,,eq € L, .

In particular, sl, C M. But at the same time, sl, is an sl,-submodule of L
(Why?), and as M is irreducible, we must have M = sl,.

It follows that Ly, = {0} for |k| > 2, showing part 1 of the theorem for
A € Z. It also follows that L, = Ce, and L_, = Cf,, so that both are
one-dimensional, showing part 2.

Part 3: By Remark 5.5.3 (1), the eigenvalues of the linear map ad(h,) : L —
L are integers. Let o € Lg be non-zero. Then

(15.12.)
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Thus z is an eigenvector of h,, of eigenvalue 2(«v, 8)/(c, «), which hence must
be an integer.

Part 1b: Suppose Aa € ¢ for some A € C. By part 3,

2(a, A\a)

=2\ 7.
(o, ) ©

Thus A = m/2 for some m € Z. Write 7 := Aa Then v € ® and also

A~y € ® and the above reasoning gives 2\~ = % € Z. The remaining

possibilities are m € {£1,+£2,+4}. It remains to exclude the cases m = +1
and m = +4.

e Suppose m = £4: Then A = +2 € Z and this case was already excluded
in part la.

e Suppose m = £1: Then \™! = £2 € Z and this is also excluded by
applying part la to the root ~.

Part 4: As in the proof of Lemma 5.5.4 one checks that M := @kez Lgika
is an sl,-module (Details?). By parts la and 1b, § + ka # 0 for all k € Z
(else 8 = —ka, which would require k = +1, but § # +a by assumption in
the statement of part 4.

As Lg C M, we have M # {0} and so it has to contain at least one
irreducible summand, and so by Remark 5.5.3 (2) we have

dim M[0] + dim M[1] > 1.
The hy-action on x € Lgyp, is

2(a, B)

2k .
(o)

hatt = [ha, 2] = ((, B) + k(e ) =

(o, q)

Thus the differences of eigenvalues are even and hence at most one of M|0]

and M 1] can be non-zero. As the eigenspaces Lg,k, are at most 1-dimensional
by part 2, we get the estimate dim M[0] + dim M[1] < 1. Thus the sum of
dimensions is equal to 1 and by Remark 5.5.3(2), M is irreducible.

Part 5: If a+( € @, then 8 # +a (part 1). By part 4 the module M as above
is irreducible. By the explicit form of irreducible si(2)-modules, if Lz # {0}
and L,yp # {0}, then for x € Lg, x # 0 also e,.x # 0. Hence [L,, Lg] # {0}.
But [La, Lg] C Laip and by part 2 the latter space is 1-dimensional, we have
Lo La] = Lass. =
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m Let E(L,H) C H* (or E for short) be the real vector space given by the
real span of all roots,

E=FE(L H) := spang® .

Part 1 of the next theorem shows that E is a euclidean space (i.e. a real
vector space with an inner product).

Theorem 5.5.6. 1. The bilinear form (—,—) on H*, restricted to E, is
real valued and positive definite.

2. H* = F &1F, and in particular dimg £ = dim¢ H.

Proof. Part 1: We have, for all A\, u € H* that

(A ) =R (HAN Y Z ST (BN HY) S () () - ()

yed yeD
Setting A = u = a € ® and multiplying both sides by 4/(c, a)? gives

RS (i(j;ﬁ))

ved

The right hand side is an integer as by Theorem 5.5.5 (3) each summand is an
integer. But then (o, «) is rational and so in particular real. Furthermore,
since for all o, 8 € @, 2(a, f)/(a, ) is an integer, also («, ) is rational
and hence real. By definition, ® spans F over R, and so («, 3) € R for all
a,f € ® implies that (A, pu) € R for all A\, u € E.

To see that (—, —) is positive definite, we compute

ORI CIIE

Aed

As (v,A) € R, the right hand side is > 0. Thus (A, A) > 0 for all A € E.
Suppose now that (A, A) = 0. Then necessarily (v, A) = 0 for all v € ®. Since
® spans H* over C and (—, —) is non-degenerate on H* (see the beginning
of Section 5.5), this implies A = 0.

Part 2: Clearly spancFE = spans® = H*, and so F + iE = H*. It remains
to show that £ NiE = {0}. As (—, —) is positive definite on F, it must be
negative definite on ¢E. Thus, A € ENiFE satisfies (A, A) > 0 and (A, \) < 0.
Hence (A, A\) = 0 and by positive definiteness on E (part 1) it follows that
A=0. O
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Example 5.5.7. The space E for sl(n,C):
For L = sl(n,C) we may choose H = {diagonal matrices of trace 0}, see
Example 5.4.10. Define ¢; € H*, i =1,...,n via

5z(h) = hz for h= Z hjEjj .

j=1

Since for h € H we have ) ;d;j =0, the ¢; are not linearly independent but
satisfy > ", &; = 0. Still, A € H* can be uniquely written as (Why?) @

)\:ZAJE]- , where \; € C such that Z)\j:().

j=1 j=1
Claim: For A\, € H*, expanded as above, we have H* = 5- > AjEj; and

n

1
(A p) = %Z)\juj :

Jj=1

[ For H* we have to check that for all h € H we have \(h) =
k(H*, h). The Killing form of sl(n, C) restricted to H is given by

(Exercise) @

(Ex. 26)

K(h,k) =2nY hjk;  for hk€ H .
Write h = Z?:l h,]E]j Then

h) = Nei(h) =Y Ajhy
P =1

K(H h) = %FL(Z NEij, h) =D Ash; .

Jj=1

n

Using this, we get

(A p) = Zuﬁa (H*) = Z”J J -
]

In the present notation, the roots of sl(n,C) from Example 5.4.10 can be
written as

(I):{Oéij Z:€i—€j’i,j:1,...,n, 27&]}
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Then

E:spanR(I):{Zsjej|sjER} : dimg F=n—1.

i=1

(Why can one use the ¢; directly, rather than the «;;7) Some inner products @
are

1 1
iy i) = —(1+1)=—,
(@5.05) = o (1+1) = &
(cvij, agy) = 0 for 4, j, k, [ pairwise distinct
1
(ai,i+17 ai+1,i+2) = —% .

A d-dimensional euclidean space can be isometrically mapped to R?. Thus
there is a linear isometry f : E = R"!. We can always arrange f(aqs) =
Lo,

For example, for sl(3,C) one obtains, with an appropriate choice of f,

A
\

where each arrow has length 1/4/3 and the angle between the arrows is 60°.
(Why is that the result? Can you check the various inner products?) @

(19.12.)

Lemma 5.5.8. If a, 8 € ® and («, 5) > 0, then also f—a € ® and a—f € .

Proof. We will show § —a € . That a — f € & then follows from
Lemma 5.5.1(1).
We saw in the proof of part 4 of Theorem 5.5.5 that h, acts on Lgii, by

multiplication with 2&:‘5) + 2k. By assumption Lz # {0} and so 208) - 0 is

(o)

an eigenvalue of h,. By Remark 5.5.3(3), also 2((5&’8)) — 2 is an eigenvalue of
he. This amounts to k£ = —1, i.e. the space Lg_, has to be non-zero. O

5.6 Bases, Weyl chambers, and the Weyl group

m We fix: L — a fssc Lie algebra, H C L — a choice of CSA, and we denote:
® = ®(L, H) — the root system of L, and £ = E(L, H) — the real span of
the roots of L.

86



Definition 5.6.1. The rank of L is rk(L) := dim¢ H (= dimg E(L, H)).

m For info: One can show that the rank is independent of the choice of CSA,
that is, any two CSAs H, H' C L have the same dimension. What is more,
there is a Lie algebra automorphism of L which maps H to H'. In this sense,
all choices of CSA are equivalent. (Humphreys, Introduction to Lie algebras
and representation theory, Section 16.4.)

Definition 5.6.2. 1. A subset A C ® is a base of ® if it satisfies

B1) A is a basis of F (over R), and

B2) each € ® can be written as § =)
either all £k, > 0, or all k&, < 0.

aen ko, where k, € Z, and

2. The elements in A are called simple roots.

3. An element 8 € ® is called a positive root if all k, in B2 are positive,
and a negative root if all k, are negative. We write

Ot = {3 € ®| B is positive} , @ = {3 € |} is negative} .

(By construction, ® = ®*Ud~, where U indicates that this is a union
of disjoint sets.)

m Note that by Theorem 5.5.6 (2), A is also a C-basis of H*.

Example 5.6.3. A base of the root system of sl(n,C):
Recall from Example 5.5.7: the CSA we chose consists of trace-less diagonal
matrices, so that rk(sl(n,C)) = n—1, and the root system can be written as

O ={o;:=¢;—¢jlt,j=1,...,n, i #j}.
Claim: The set A = {a;11]i=1,...,n— 1} is a base of .
[ Bl is clear. For B2 note that for all i # j,
Qi = {Ei% 1o pq1 72 < ]
Do (F1) arpsr 50>

Thus the k, from B2 are 0 or 1 in the first case, and 0 or —1 in
the second case.

Lemma 5.6.4. Let A be a base and «, § € A with a # 5. Then (a, 8) < 0.
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Proof. Suppose that («, 5) > 0. By Lemma 5.5.8 it follows that a — § € ®.
But this has coefficients +1 and —1, in contradiction to B2. O

m For a € ® denote the hyperplane orthogonal to « by
P, :={r e F|(x,a) =0} .

The elements of E \ |4 Pa are called regular elements of E. We have

aced

v regular < VYa € d:(y,a)#0.

The connected components of £\ |J,.s Pa are called (open) Weyl chambers.

m For a regular element v we set

C(y):={r € E|Vae ®:if (y,a) > 0 (resp. < 0)
then (x, ) > 0 (resp. < 0)},
o5(y) :={a € ®| £(v,a) > 0},
A(y):={a € ®(y)|a# pi + B, for all By, 5, € 7(7)} .

Note that C(v) is precisely the Weyl chamber containing . Furthermore,
Ot (y) and @ () are disjoint sets, and each o € ® is contained either in
Ot (y) or in ® () (as (v, «) = 0 is excluded by regularity of ),

©=2"(y)UP (7).

Theorem 5.6.5. 1. For ~ regular, A(y) is a base of ®, and ®*(v) are
the corresponding sets of positive and negative roots.

2. For each base A of ®, there is a regular  such that A = A(~y).
Proof. Part 1:

Claim 1: Each oo € T () is a Z>¢-linear combination of elements in A(7).

[ Suppose there is an « € T () that is not a Zso-linear combina-
tion. Then in particular o ¢ A(7) (or a = 1 - ). Amongst all
such «a, choose one for which (v, «) is minimal. By assumption,
a = Bi + f2 with 81, B € & ().

Since (v, @) = (v, 61) + (7, f2) with both summands on the right
hand side positive, by minimality of (v, «) it follows that 1, 52
are Zso-linear combinations of ®*(y). Then also «v is a Zx¢-linear
combination of ®* (), contradiction. |

Claim 2: Any two distinct elements «, 5 € A(y) satisfy («, 5) < 0.
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[ Suppose («,5) > 0. By Lemma 5.5.8, also « — f € ®. But
a—pf ¢ &t(y) (as then a = f+ (o — ), in contradiction to
a € A(y)) and a« — 8 ¢ & () (as then § — a € PT(y) and
f = a+ (6 — a), in contradiction to 5 € A(v)). This is a
contradiction to ® = ®T(y) U P~ (7). |

For the next claim we need the following fact from linear algebra (Exercise): @
“Let F' be a euclidean space, and let vy,...,v, be vectors in F' such that . .
(vi,v;) < 0 for all @ # j. Suppose that all v; lie on the same side of some
hyperplane (i.e. there is an # € F such that (v;,z) > 0 for all ¢). Then
vy, ..., Uy, are linearly independent.”

Claim 3: A(7) is a base.
[ By definition, A(y) C ®* (). Then the above fact (with z = )

together with claim 2 shows that A(v) is linearly independent.
Furthermore

E = spang® = spang @ (7) " " spang A(7) |

so that A(7y) is in fact a basis of E, establishing property B1 of a
base. Property B2 follows as ® = ®*(y)U® (v), and elements
of ®*(y) are Zso-linear combinations of A(y) by claim 1, and

P (y) = =¥ (v). ]

Claim 1 shows that all elements in ®*(y) are positive roots for A(7y). As
by construction @~ () = —®* (), it follows that all elements in &~ () are
the negative roots. But ® = ®T(v) U~ (v), which shows that ®*(v) is the
complete set of positive/negative roots.

Part 2:
Claim: The set D :={z € F|(z,a) > 0 for all « € A} is not empty.

[ Let d, € E (o € A) be the basis dual to A in the sense that for
all o, 8 € A(7y) we have (a,dg) = 04,5. Define

S = {Zaeasada“a >O} )

Clearly, S # (). Furthermore, S C D since for any x € S and
a € A, we have

(x,a) = Zsﬁ(dﬁ,a) =5,>0.

BeA
]
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By the above claim, we can choose v € D. Then:

e 7 is regular: We need to check that (v,3) # 0 for all § € @, not
just for B € A (which holds by construction). Suppose § € ®*. Then

B = nen kaa for some kq € Zo. We get (7, 8) = > cn kaly, @) >0,
as (v,a) > 0 by construction and not all k, can be zero.

For 8 € &~ we analogously find (v, 5) < 0.

o &* C ®*(): Clear, as in the previous point we checked that +(v, a) >
0 for a € O*.

e &+ = ®=(): Follows from the previous point as ® = &+ Ud~ and
®=0F(y)Ud(y).

e A C A(y): Suppose a € A but a ¢ A(y). Then there exist fy, 32 €
Ot (y) = ®F such that a = f; + 5. Each of (i, 5y are Zsq-linear
combinations of elements in A where not all coefficients are zero. This
is a contradiction to linear independence of A.

e A = A(y): Follows as both A and A(+) form a basis of F and hence

both have rk(L) many elements. -

Definition 5.6.6. Given a base A of ®, the fundamental Weyl chamber is
C(A) :=C(v) where 7 is regular s.t. A = A(y) .

Remark 5.6.7. 1. We have C(A) = {z € F|(z,a) > 0 for all « € A}.
(Why? Hint: Check that C'(y) = {x € E|Va € &1 (y) : (x,a) > 0}.) @

2. There is a one-to-one correspondence
(1)

{Weyl chambers C'} {bases A of &}
(2)

Y

where for the map (1) one picks any v € C' and takes the base A(y),
and for the map (2) one sends A to C(A).

(22.12.)

m For each o € ® define the reflection along the root a to be the linear map

S E—E |, A\ — 208,

(a,@)

We use the same notation and defining formula for s, : H* — H*. Some
properties of s, are:
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e su(0) = —a.
o if (A, ) =0, then s,(\) = A,
® 5,05, =Iid,
® S, = S_g,.
Geometrically, s, is a reflection at the hyperplane P, orthogonal to o (Why?). @

Definition 5.6.8. The Weyl group W of L is the subgroup of GL(FE) gen-
erated by the s,, a € ®. Explicitly,

W ={sq, 0084, |m=>0, a; € P} .
(There is no need to explicitly include inverses of the generators as s;' = s,.)

Remark 5.6.9. The Weyl group acts on E by isometries: For all A\, u € E
and w € W we have (w(\),w(p)) = (A, 1) (Why?). In other words,

W cCO(E) .
Theorem 5.6.10. For all w € W and g € ® also w(f) € ®.

Proof. Tt is enough to show that for all «, 5 € ® we have s,(8) € ®.
The direct sum M = @, Lgska is a (not necessarily irreducible) sl,-
module (because of Lemma 5.4.8 (1)). Recall from the proof of Theorem 5.5.5

that h, acts on Lgir, by multiplication with % + 2k. Since § € ® by
assumption, we have Lz # {0}, and so A := 2((55)) is an eigenvalue of h,,.

In Remark 5.5.3(3) we saw that if A\ is an eigenvalue of h in a finite-
dimensional sl(2, C)-representation, then so is —A. Thus also

L 2eB) e
A= (@ o) (o) + 2k th k (o)

is an h,-eigenvalue, and so for this value of & we have Lg o 7# {0}. Now

B—l—k&:ﬁ—Z%&:sa(ﬁ).

Altogether we see that L, (g # {0} and so s.(3) € ®. O

Corollary 5.6.11. The Weyl group of L is finite.
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Proof. An element w € W C O(FE) is completely determined by its values on
a spanning set of . In particular, we w is determined by the values it takes
on ®. By Theorem 5.6.10, w restricts to a bijection & — & (both w and
w™! restrict to maps ® — ®). But ® is a finite set, and the number of bijec-
tions & — @ is given by |®|! (the number of elements in the corresponding
permutation group). Thus also |[W| < |®|!. O

Example 5.6.12. The Weyl group of sl(n,C):
We start by recalling some notation from Example 5.5.7. The root space is

(I):{Oé” 261—8]’2,]:1,,71, Z?é‘]},

where the ¢; satisfy ). e; = 0. We can still write A € H* uniquely in terms
of g;as A = > 7| A\je; provided we demand > 7, A; = 0. In this convention,
the bilinear form (—, —) on H* is given by

n

1
Ap) =5 > iy

J=1

We can now compute the reflection along the root a;:

. LN =\
S (A) = A — QMC% — QM(& —¢))
! (v, cvij) 3 2
= Z )\kéfk + )\jgi +/\i€j .

ki,

Thus, s,,; acts on the coefficients of A by a transposition which exchanges
the coefficients of ¢; and ¢; (note that this does not affect the condition
> x A = 0). Since all values 7 # j are allowed, these transpositions generate
the permutation group S,, of n elements, and we have a group isomorphism
S, = W, o0 — w,, where

U)g()\) = Z )\U—l(k) €k -
k=1

(Why does one need o~ for this to be a group homomorphism?) @

m For the rest of this subsection we fix a base A of ®. For a simple root « (i.e.
for a € A), the corresponding reflection s, is also called a simple reflection.

Lemma 5.6.13. Let o € A. Then s, permutes the set &\ {a}.
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Proof. Let 8 € ®T such that 8 # «. Note that then also 5 ¢ Ca (the only
roots proportional to a are +«, and as &« € A C &t we have —a € $7).
As € ®*, we have

B=> kyy= Y ky+kea with k €Zs.
yEA yeA\{a}

As B ¢ Ca, there must be at least one v € A\ {a} such that k, > 0. Acting
with s, on § changes [ by a multiple of a:

Sa(B) = Z ky~y + (const) o .
veA\{a}

But since at least one of the k., in the first sum is strictly positive, by property
(B2) of a base (Defintion 5.6.2) we have s,(8) € ®*. Furthermore, for the
same reason, S,(f) ¢ Ca, so that in fact s,(5) € &1\ {a}.

Altogether, s, restricts to a map ®* \ {a} — &1\ {a}, and since it
squares to the identity, it is a bijection. O]

Corollary 5.6.14. Set § = %ZB@Jr B. Then for a simple root a € A we
have s,(0) = 4§ — a.

Proof. We compute
()
5a(0) = 3sa(0) + 3 sa(B) = —ja+3) B =d-a,
pedt\{a} preet\{a}

where in step () we used s,(a) = —« and that by Lemma 5.6.13, s, merely
permutes the summands of 25€®+\{a} and can hence be absorbed into a
redefinition of the summation variable. O

Theorem 5.6.15. 1. Forally € F thereisaw € W such that (w(y), «) >
0 for all @ € A. If v is in addition regular, then w(y) € C(A).

2. If A’ is another base for ®, then there is w € W such that w(A’) = A.
3. For each a € ® there is w € W such that w(a) € A.
4. W is generated by simple reflections, i.e. by {s, |a € A}.
Proof. Let W' be the subgroup of W generated by simple reflections,
W':={sq,0--05,, |m>0, , e A} CW CO(E) .

We will first show parts 1-3 of the theorem for the subgroup W’ and then in
part 4 we will show that actually W/ = W.
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Part 1 for W’: Recall the definition of ¢ from Corollary 5.6.14 and note that
{(w(v),0)|w € W'} is a finite subset of R. We can hence pick a w € W’
such that (w(v),d) is maximal.

For all & € A also s, ow € W’. By definition of w we get the inequality

—~
~—

(0(7),6) > (s00w(+),0) 2 (500 50 0w(1),5a(0)) 2 (w(7),6—0) .

where step 1 follows as s, is an isometry, and step 2 uses s? = id and
Corollary 5.6.14. Tt follows that

(w(v),a) >0 foral aeA.

Furthermore, for regular v we have (w(v),«) > 0 for all « € A (Why? Hint:
Theorem 5.6.10), i.e. w(y) € C(A).

Part 2 for W': By Theorem 5.6.5 (2) there exists a regular 7' € E such that
A" = A(v). By part 1 we can choose w € W’ such that w(vy’) € C(A). But
for any v € C(A) we have A = A(7), and so A = A(w(y')). Using this, we
compute

w(A) = wARX) 2 AwH)) = A

(Why does (*) hold? Hint: First show that for all regular ¢y € E we have @

w(®* (1)) = 2T (w(¥)).)

Part 3 for W': By part 2 it is enough to show that o € A(«y) for some regular
7. To construct such a -, we start by choosing 4 € P, such that v ¢ Ps for
all 5 € @\ {£a}. This is possible as each P3 for 8 ¢ Ra intersects P, in a
proper subspace and the union of a finite number of proper subspaces cannot
give all of P,. Thus ¥ satisfies

(¥,a)=0 and (7,8)#0 for all 8 # +a .

By continuity, there exists ¢, > 0 such that for v := 7 + ta we have
(v,a) <e and |[(v,0)| >¢forall §# +a . (%)

(Details?) By construction, v is regular, and as (y,«) > 0 we have a €
Ot (). It remains to show that also a € A(7), i.e. that there are no 1, 5, €
Ot (y) with @ = 1 + B2. Suppose there were such S, 2. Then, firstly,
b1, B2 # ta (Why?), and, secondly,

(77 OZ) - \(77 ﬂl) + (7) 52) .
<e >e >

(9.1.)



Here we used (x) and the fact that f§i,8; € ®*(v) so that (v,8;) > 0.
Altogether we obtain a contradiction, so that indeed o € A(7).

Part 4: We will show that for all § € ® we have sg € W’ (and not just for
B € A). This then implies W/ = W.
Let 8 € ® be given. By part 3, there w € W’ such that w() € A. Thus
swp) € W'. But
Sw(g) = WOSEO wt .
(Why? Hint: Just write out both sides and use that w is an isometry.)
Rewriting this as s3 = w™! 05,3 0w, we see that all maps on the right hand

side are in W', and so also sz € W'. O]

Remark 5.6.16. 1. Parts 1 and 2 of the above theorem say that the Weyl
group W acts transitively on the set of Weyl chambers, and on the set
{A]A is a base for ®}.

For Info: In fact, W acts simply transitively on the set of Weyl cham-
bers and the set of bases. (Humphreys, Introduction to Lie algebras
and representation theory, Section 10.3 Theorem e.)

2. By part 3 of the theorem, the W-orbit of the elements in any given
base A is all of @, i.e. {w(a)|a € Aywe W} = .

5.7 Classification via Dynkin diagrams

m [n this subsection we fix a fssc Lie algebra L and a CSA H C L. Note that
the dimension of L is given by (Why?)

dimc L = rk(L) +|P| .

Example 5.7.1. Classification of root systems of rank 1 Lie algebras:

In this case, there has to be at least one root a € ® (to get a non-zero span
E), and as E is 1-dimensional, any two roots are proportional. As with «
also —a is a root (Lemma 5.5.1 (1)), and by Theorem 5.5.5 (1) only the roots
+a are allowed, ¢ = {a, —a}:

< T
—Q

ey

By the above formula, dim¢ L = 1 4+ 2 = 3 On the other hand, by Propo-
sition 5.5.2, for each root o we get an injective Lie algebra homomorphism
sl(2,C) — L, and by dimensional reasons, this has to be an isomorphism.

We conclude that up to isomorphism, there is precisely one fssc Lie algebra
of rank 1, namely s/(2,C). This Lie algebra is also called A;.
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Lemma 5.7.2. Let o, 8 € ® such that § # +a and (a, ) > 0. Suppose
(B,5) > (a, ). Set

e, B)
~ wa) ©

Then p € {1,2,3} and ¢ = 1.

9a,5)
Lo 0 1= 55

Proof. By the Cauchy-Schwartz inequality, for all u,v € E we have
(u,0)* < (u,u)(v,v)

and (u,v)? = (u,u)(v,v) iff v and v are colinear. By assumption, 3 # +a,
and hence «, § are not colinear (Theorem 5.5.5(1)). Thus

(o, 8)* < (e, @) (B, )

and hence pg < 4. Furthermore, we have p,q € Z-(, and by assumption
p > q. The only possible values for the pair (p,q) are therefore (1,1), (2,1),
(3,1). O

Remark 5.7.3. The angle ¢ € [0, 5] between the lines Ra and R/ is

2 (o, B)? Pq
cosY) = ———— = — .
o)’ = GG ~ 2
If (o, B) # 0, the ratio of the squared length of the roots is (3, 8)/(a, ) =
p/q. From Lemma 5.7.2, we obtain the following table of possible angles and
length ratios between roots § # +a:

plaqgl| ¢ %

1 1 | 60° 1

2 1 | 45° 2

3 1 1| 30° 3

0 0 | 90° | no cond.

The last line is the case («a, 5) = 0.

Example 5.7.4. Classification of root systems of rank 2 Lie algebras:
Since F is 2-dimensional, ® contains two roots which are non-colinear. non-
colinear roots. Let 6,, be the smallest angle between any pair of non-colinear
roots in ®. Since with « also —a is a root, we have 6,, € (0, 5]. According
to Remark 5.7.3, there are only four possible values for 6,,:
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e 0, = 90°: The root system is

These are two orthogonal copies of the root system for s/(2,C), and in

this case it follows together with Example 5.7.1 that L = si(2,C) @
sl(2,C) (Exercise).

0,, = 60°: Let ay, az be two roots with this angle. By the table in
Remark 5.7.3, a; and a3 have the same length. By Theorem 5.6.10,

also
(a1, a3)

(a3, a3)

Sas(@1) =g — 2 o3 = — Qig =: Qly

is a root. The root system thus contains at least six roots, & D
{£aq, tas, taz}. If there were an additional root S, it cannot be
proportional to «;, i = 1,2,3. But then it would form an angle of less
than 60° with one of the «;, contradicting the assumption on #,,. We
arrive at the following root system:

a3

A
y

This is the root system of L = si(3,C) (Example 5.5.7), which is also
called Ay. We will later state (but not prove) that the root system
determines a fssc Lie algebra up to isomorphism.

0,, = 45°: Let «, [ be two roots with this angle. Then by the above
table, (8,5) = 2(a,«). Completing with respect to Weyl reflections
gives: (Details?)
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This is the root system of L = sp(4,C) (Exercise), also called Cs. @

e 0, = 30°: If o, § are two roots with this angle, the above table gives

(8,8) = 3(a, ). Completing with respect to Weyl reflections gives

A

\/

(Details?) This Lie algebra is called Gy. (See Fulton, Harris, Repre- @
sentation theory — A first course, Chapter 22 for more on G.)

Definition 5.7.5. Given a base A of ® and an ordering A = {ay, g, ..., .}
of the simple roots, the Cartan matrix is the r x r matrix A with entries

2(, o)
(aj, a5)

Remark 5.7.6. The Cartan matrix satisfies

Aij =
o A;; € Z (Theorem 5.5.5(3)),

o A; =2and A;; <0if i # j (Lemma 5.6.4),
o Ai;A; €{0,1,2,3}if i # j (Lemma 5.7.2).

It is also clear from the definition that A;; = 0 & Aj; = 0. Using the prop-
erties above, we also see that, if A;; # 0 for ¢ # j, then A4;; € {—1,—-2, -3},
and if A;; € {—2,—3} then A;; = —1.

m A Dynkin diagram is a pictorial representation of a Cartan matrix obtained
as follows:
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1. Draw dots (called vertices) labelled 1, ..., 7.
2. For i # j draw A;;A;; lines between the vertices ¢ and j.

3. If |A;;| > |Aji| draw an arrowhead ‘>’ on the lines between i and j
pointing from 7 to j.
Remark 5.7.7. 1. If there is an arrow from node i to node j o0==0
then Y

i Qi Ay
G o1,
(aj,a5) | Ayl

i.e. the root o is longer than the root «;.

2. The labeling of the vertices by 1,...,r is not part of the Dynkin dia-
gram. Instead it encodes the ordering of the simple roots, which is an
additional choice.

Example 5.7.8. Cartan matrix and Dynkin diagram for sl(n,C):
Recall the root system ® = {a;; :=¢;, —¢;|i,j=1,...,n, i # j}, and from
Example 5.6.3 that a base of ® is given by

A:{Oéi ::ozi’i+1|i:1,...,n—1} .
Using the explicit inner product from Example 5.5.7, we find

(v, ) = % . (o, u01) = —% . (o, i4) =0for j > 2.
This gives
2 =
Ay = -1 sli—jl=1
0 ; else

The corresponding Dynkin diagram is o

1 2 3 n—1

Example 5.7.9. Cartan matrix and Dynkin diagram for rank 2:
Below we list the choice of base A = {ay, ap} together with the corresponding
Cartan matrix and Dynkin diagram.

1. Ay = sl(3,C): Already treated in the previous example,

A
[y
o
I
7N
| o
—
o |
—
~_
HI
[\]
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(a ,041)
q= E 5.4 )) 1. Using the symmetries in the root system gives
2 2
Ay = M =—1 , Ay = (a2, 1) -2
(g, o) (a1, 1)

Thus:

Remark 5.7.10. 1. A root system is called irreducible, if one cannot
write ® = ®; U Py with non-empty ®;, @5 such that (y1,72) = 0 for all
7 € 1, 2 € Do

In Example 5.7.4, the first root system is not irreducible, and the re-
maining three are irreducible.

2. The following statements on the fssc Lie algebra L are equivalent:

(a) L is simple.
(b) @ is irreducible.
(c) The Dynkin diagram is connected.

(Exercise.) @

® The remaining theorems in this section we will just state but not prove. e
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Theorem 5.7.11. Let L, L’ be fssc Lie algebras. The following are equiva-
lent:

1. L =2 L/ as Lie algebras.

2. For any choice of CSA H C L and H' C L', there exists an s € Ry
and an isometry ¢ : E(L, H) — FE(L', H') such that

W(R(L, H)) = s-p(S(L, H'))

(For a proof see Humphreys, Section 14.2.)

Remark 5.7.12. 1. In words, the theorem says that two fssc Lie algebras
are isomorphic if and only if their root systems are isometric, up to a
possible rescaling. Of course, the scale factor then has to be s =1 (as
by part 1 L = L'), but the current formulation is useful because of the
next point.

2. If L is in addition simple, so that the Dynkin diagram is connected,
the corresponding Cartan matrix determines ® up to an overall rescal-
ing. Thus: Two finite-dimensional simple complex Lie algebras are
isomorphic if and only if their (unlabelled) Dynkin diagrams agree.

Theorem 5.7.13 (Killing-Cartan-Dynkin). Let L be a simple finite-dimensional
complex Lie algebra. Choose a CSA H C L and a base A of ®(L, H). The
Dynkin diagram of L with respect to H, A is one of the following (the la-
belling of the vertices is not part of the diagram):

A, = 0—O0—0—-—0 forr >1
1 2 3 r

B, = 0—0—0—-—0—F0 for r > 2
1 2 3 r—1 T

C, = 0—0—0—-—0=%0 for r > 3
1 2 3 r—1 r

I8

D, = o0—0—0—--- for r > 4

1 2 3 r—2 1

o—o—r—o—o—o
E;, =



Gy = =0
Furthermore, each of the above diagrams occurs for some choice of L.
(For a proof see Humphreys, Sections 11.4 and 18.4.)

Remark 5.7.14. 1. The names of the Dynkin diagrams above are also
used to denote the corresponding Lie algebras. The index gives the
rank of that Lie algebra, which is the same as the number of vertices
in the Dynkin diagram. E.g. A, has rank r.

2. We have already met the four infinite series under different names (but
we only proved that fact for A,):

o A, =sl(r+1,C)

e B, —so(2r+1 C)
o C, = sp(2r,0)
. DT = so(2r,C)

These are called classical Lie algebras. The remaining 5 cases Eg, Fr,
Es, Fy, Gy are called exceptional Lie algebras.

The restrictions placed on 7 in the classification theorem ensure that each
Dynkin diagram appears exactly once. For small values of r some Dynkin
diagrams coincide and give isomorphisms of Lie algebras:

By =50(5,C) =2 sp(4,C) =Cy , D3=s0(6,C)=sl(4,C)= A;

6 Representations of semisimple Lie algebras
In this section we fix

e [: fssc Lie algebra,

e H C L: a choice of CSA,

e AC®=9(L,H): a choice of base,
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e A ={aj,...,a,}: achoice of ordering of the simple roots.

This results into a decomposition ® = & U &~ into positive and negative
roots, and defines the euclidean space £ = E(L,H) C H*.

6.1 The weight lattice

m A subset I' C V of a finite-dimensional vector space V is called a lattice if
there is a basis {v1,...,v,} of V such that I' is the Z-linear span of the basis
vectors,

F:{mlvl+~~+mnvn|mi EZ} .

The following notions depend just on the choice of H, but not on the choice
of base A:

e Integral weight: An element A € H* is called a weight. A weight A is
integral if 2(\, ) /(«v, @) € Z for all & € ®. The motivates the definition
of the coroot a:

2
forac®: o= a€ H" .
(o, )

Then A\ € H* is integral iff (\,a") € Z for all a € ®.

o Weight lattice: The set of all integral weights is called the weight lattice
A:

A:={\ € H"|\is integral } .

We will see in Remark 6.1.1 below that this is indeed a lattice. For
now note that a Z-linear combination of elements in A is again in A.

e Root lattice: The Z-linear span of all roots is called the root lattice A,.:
A= coMa|ma €Z} .

Again it is not clear that this is actually a lattice, but we will check
this in Remark 6.1.1. Every root is an integral weight, ® C A (Why?),
and hence also

A CA.
The next notions in addition depend on the choice of base A = {ay, ..., a,.}:

e Dominant weight: An integral weight is called dominant if (\, o)) €
Zso for i =1,...,r. We denote the set of dominant weights by

A ={NeH|(\a))€lspfori=1,...,1}.
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Clearly, At C A, but AT is not a lattice (e.g. x € AT, x # 0 implies
—x ¢ AT). Equivalently, A is dominant iff it is integral and satisfies
(M aj)>0fori=1,...,7.

e Fundamental dominant weight: Let {wi,...,w,} be the R-basis of E
dual to A in the sense that

(wi,a)) =0;; for 4,5e€{l,...,r}.

Note that the w; also form a C-basis of H*. By definition, (w;, o) €
Z>o, so that w; € A*. The w; are called fundamental dominant weights.

Remark 6.1.1. Parts 2 and 3 of this remark show that A and A, are indeed
lattices in F (and also in H*).

1. A € H* is integral iff (A, o)) € Z for i = 1,...,r. (Why does < hold?
L.e. why is it enough to test integrality against simple roots only?)

2. Claim: A = {Z;Zl m;w; ’ m; € Z}

[ Let A =", Mw; with \; € C be a general element of H*.
Then

reA & (Nof)eZforj=1,...,r

& Z)‘i (wiof )€ Zfor j=1,...,r

i=1
=8;,

& NjeZforj=1,...,r

3. Claim: A, = {>"_, mio; | m; € Z}.
(Why does this hold? Hint: Recall property (B2) of a base.) @

4. The dominant weights can be written in terms of the fundamental
dominant weights as (Why?)

AT = {30 mawi | mi € Lo}
Analogously, we define the subset At C A, as
A = {30 miai | my € Zso}
There is a notational pitfall here as in general
AP # A NAT.

(Can you given an example?) @
(16.1.)
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5. The basis change between simple roots and fundamental dominant
weights can be expressed via the Cartan matrix:

r

a; = ZAij Wi o, W= Z(A_l)ijaj .
j=1

j=1
(Why? Hint: To check the first equality it is enough to check the inner @

product with all simple coroots.)

Example 6.1.2. For sl(n,C), the simple roots have inner products (Exam-
ple 5.7.8)

(v, i) = % (o i40) = —% , (ag, i) =0for j>2.

Thus, the coroots are given by

2
\%
«; (Ozi,ai) Q; no;

Let us consider n = 1 and n = 2 in more detail.

1. sl(2,C): The condition (w,aY) =1 is solved by w; = 1. The weight
and root lattice are

A= Zw1 s Ar = QZw1 .
2. sl(3,C): The condition (w;, o) = d;; is solved by
Wy, = %(2041 +as) , we= %(al + 2a) .

As already seen in Remark 6.1.1(4), conversely we have

ap = Apwi + Appws = 2w1 —wy , g = Agjwi + Apwr = —wy + 2w; .
Let u; = \/Lgei, 1 = 1,2, be a rescaled version of the standard basis of

R2. There is an isometry £ — R? which maps

1 V3
ap — up Oégl—>—§’d1+—2 Uz ,
and so also
1 1 1
w1 — 5161 + —2\/§U2 , Wy _\/qu .

The weight and root lattices are

A = {mywi + mows | My, my € Z} |

A ={(2my — ma)wi + (2mg — my)wa | My, mo € Z} .

(How does one arrive at the expression for the root lattice?) @
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Lemma 6.1.3. 1. The Weyl group maps integral weights to integral weights.
2. For all A € A there is w € W such that w(\) is dominant.

3. For each A € A", the number of dominant weights in A — A" is finite.

Proof. Part 1: By Theorem 5.6.10, for all w € W and o € ® also wa € .
(How does that imply the statement?) @

Part 2: By Theorem 5.6.15, there is a w € W such that (w()), ;) > 0 for
1=1,...,7.

Part 3: Let u € A — A be dominant. By definition, this means that
o (u,a))>0fori=1,...,r, and
o \— =Y, mq; for some m; € Zsg.

Using this, we compute

A+ p, A —p) = Zmi(()‘»ai> + (p, ) 20
=[A2—|ul?

The right hand side is > 0 as m; > 0 by construction, and as A\, u are
dominant. Thus || < |A|. But the intersection of the ball B<)y C E of
radius |A| around the origin with A (and hence with A™) is finite. O

6.2 Highest weight representations

m The next definition generalises the eigenspaces M[A] of h we defined for
sl(2,C)-modules in Remark 5.5.3 to L-modules for all fssc L.

Definition 6.2.1. Let M be an L-module.

1. A v e M is a vector of weight A € H* if h.v = A(h)v for all h € H.
The weight space for X is the corresponding eigenspace,

M\ :={ve M|Yhe H : hv=Ah)v}.
If M[A] # {0}, then A is called a weight of M.
2. The set of weights of M is denoted by
P(M) :={Ae H"| M\ # {0} } .
We say that M admits a weight decomposition if

M= @ M\

AEP(M)

as a C-vector space (but not in general as an L-module).
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Remark 6.2.2. 1. Let M be an L-module. If v € M|\ and = € L, then
z.w € M[A\+ o] as, for all h € H,

h.(xw) = [h,z]v+z.(hv) = a(h)zv+ A(h)zv = A+ a)(h)z.v .

2. The universal enveloping algebra U(L) of L # {0} is an example of an
L-module, with U(L) acting by multiplication (Why does this define
a module?). However, M does not admit a weight decomposition. In
fact, we have U(L)[A] = {0} for all A\ € H*, so that P(U(L)) = 0.
(Why? Hint: For a given h € H consider a PBW-basis build from an
ordered basis of L containing h as its smallest element. What can you
say about h-eigenvectors?)

Example 6.2.3. si(2,C): Recall our standard basis e, h, f for sl(2,C) from
used above Proposition 2.1.9. There is one simple root ay (as si(2, C has rank
1), and by the choice of base in Example 5.6.3 it is given by oy = €1 — 5. In
Example 6.1.2 we found the corresponding fundamental dominant weight to
be w; = %al. Thus

O[l(h) = hll — hgg =2 and wl(h) = lOél(h) =1.

1. Recall the Verma module V), (A € C) from Exercise 25. This has a
basis {Vm fmez., on which h € sl(2,C) acts as h.v, = (A — 2m)v, =
(A =2m)w; (h)v,,. Thus V) admits a weight decomposition, and the set

of weights is
P(V)) = {()\ — 2m)w1 |m S ZZO} .

2. Also in Exercise 25 we classified the irreducible finite-dimensional s/(2, C)
modules M) in terms of an integer A € Z>y. The corresponding set of
weights is finite,

P(M,\) = {/\wl, ()\ — 2)&)1, ey <—>\ + 2)w1, —)\wl} .

Note that there is a 1-to-1 correspondence between dominant weights,
i.e. elements of AT = Z>qwy, and irreducible finite-dimensional sl(2, C)-
modules. This observation will generalise to all fssc L (Theorem 6.4.1
below).

m Set Ny := @, cp+ La C L, so that
L=NGH®N, .

We define
B:=H®&N, .
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Ny, H, and B are Lie subalgebras (but not ideals) of L (Why?). B is called @

a Borel subalgebra.

m Define the height of A € A, (with respect to A) to be

ht(\) = imi for a= imi o,
i=1 i=1

Note that the m; are integers, and so also ht(«a) € Z.
Lemma 6.2.4. 1. N4 are nilpotent and B is solvable.

2. If M is a 1-dimensional B-module, then M = M[)] for some A € H*
and N, C B acts as zero on M.

Proof. Part 1: Recall from Definitions 3.1.1 and 3.2.1:

e Descending central series: C°L = L, C**' [, = [L, C"L]; a Lie algebra is
nilpotent if C"L = {0} for some n.

e Derived series: DL = L, D'™ . = [D'L, D'L]; a Lie algebra is solvable
if C"L = {0} for some n.

It follows from [Lq, Lg] C Lyyp, that

C”N+ C @ L51+--~+6n (*)

Let R = max{ht(«)|a € ®} the maximal height among all roots. For g € &+
we have ht(5) > 1 (Why?). Hence for fy,...,5, € ®" we get ht(8; + -+ +
Br) = n. If we are summing more than R positive roots, the resulting height
is strictly greater than R and hence cannot be a root. Combining this with

(%) shows
CR+1N+ = {0} .

The argument for N_ is analogous. For B note that [B, B] C N*, and so
nilpotency of N, implies that B is solvable.

Part 2: Let v € M be non-zero. Since M is one-dimensional, for each h € H,
h.v is proportional to v. Hence there is a A € H* such that h.v = A\(h)v for
all h € H. It follows that M = MIA].

Let 2, € L, for some a € ®T. Recall from Remark 6.2.2 (1) that x,.v €
MIX + a]. But since M = M)\, we must have M|\ + a] = {0}. Thus
Zq.v = 0. As the z, span N, it follows that N,.v = {0}. O
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m Let X be an arbitrary Lie algebra over some field k£, and let M be an
X-module. We say that M is generated by a v € M it

U(X)w =M .

In other words, M is spanned by the vectors obtained from v by repeated
action with elements from X.

Definition 6.2.5. A highest weight module of weight \ (of L with respect
to A) is a non-zero L-module M such that

1. M is generated by some v € M[)], and
2. N+.U = {0}

m Note that whether an L-module is a highest weight representation or not
depends on the choice of base A. (Can you given an example? Hint: Think
of choices of base for sl(2,C) and of the Verma module in Exercise 25.)

Remark 6.2.6. Every highest weight representation admits a weight decom-
position (Exercise).

Proposition 6.2.7. Every irreducible finite-dimensional L-module is a high-
est weight representation.

Proof. Let M be an irreducible finite-dimensional L-module. Then M is in
particular a B-module. Since B is solvable (Lemma 6.2.4), by Lie’s theorem
(Theorem 3.2.3) and Proposition 3.2.4 (1), it stabilises a flag (M;) in M. In
particular, M; is a 1-dimensional B-module. By Lemma 6.2.4, M; = M;[)]
for some A € H*. In particular, My C M[\].

Pick v € My, v # 0. Again by Lemma 6.2.4. we have N,.v = {0}. Set
M’ =U(L).v C M. Then M'is a non-zero L-submodule of M (Why?). But
M is irreducible by assumption, and so we must have M’ = M. O

6.3 Verma modules

m For A € H* let C be the 1-dimensional B-module with underlying vector
space C and action

hil=Xh) , 1 =0 (x € Ny).
Definition 6.3.1. The Verma module of weight A (of L with respect to H
and A) is

def.

Vy = Indé((j)\) = U(L) Qu(B) C, .
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Remark 6.3.2. Claim: V) is a highest weight representation of weight A.

[ We verify Definition 6.2.5 for the choice v = 1 ®y(p) 1. By
definition of the relative tensor product (Definition 4.5.1) we have,
for h € H and = € Ny,

hwv=h ®U(B) 1=1 ®U(B) h.l= )\(h) 1 ®U(B) h.l = )\(h)v s
rv=rQup l=1Qumr.1=0.

In particular, by Remark 6.2.6, V) admits a weight decomposition.
Lemma 6.3.3. For A € H* we have:

1. PV =X—Af,

2. dimVy[\] =1,

3. dim V) [u] < oo for all p € H*.

Proof. We will use Corollary 4.5.7 to obtain a basis of V), = Indj(C,). To
this end, pick a total order on ®~ and choose a non-zero vector x,, € L, for
each a € ®~. Then a basis of B can be extended to a basis of L by adding
{zo|a € &~ }. Recall (from below Remark 4.3.2) that S(®~) stands for the
set of finite increasing sequences in ®~. A basis of V), is given by

{vm | M € S(®7)} where vy =g, -+ 25, Quepy 1 for M = (Br,...,0,) .
For each h € H and M = (54, ..., [3,) we have
hoy = (Br+ -+ Ba+ A)(h) v - (%)

(Details? Hint: Check that h.vy = A(h)vy and iterate the computation
in Remark 6.2.2(1).) Thus the basis {vy | M € S(®7)} already consists of
common H-eigenvectors.

Part 1: By (%), the set of weights of V) is given by
PWVy) ={A+p1+ -+ Buln€Zso,pr,....0, €D} .

But every such sum of 5;’s can be written as » ;_, m;q; for m; € Z<q (this
follows from property (B2) of a base). Conversely, as —a; € &, every
such sum of simple roots occurs as a sum of 3;’s. Using =~ = —®T gives
P(Vy)=XA—AFf.

Part 2: X+ p1+---+ B, = Arequires S +---+ 5, = 0. As ht(5;) < —1 this
in turn requires n = 0. Thus the only basis element in (x) of weight A is v().
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Part 3: Vy[u] is non-zero only for € P(Vy) = A — Af. Write u = A + 7,
—v € A}, The basis vector vg, .. 5, lies in Vi[u] iff 8y + -+ + B, = 7. This
in turn implies ht(y) = ht(f1) + --- + ht(8,). Since ht(8) < —1 for each
b € &7, there are only finitely many ways to satisfy this condition. O

Lemma 6.3.4. Let M be a highest weight representation of weight A\. Then
1. M = V,/W as L-modules for some L-submodule W C V).
2. dim M[A] =1 and dim M [u] < oo for all p € H*.
3. P(M)c P(Vy)

Proof. Part 1: We will use the universal property for induced modules from
Exercise 23: Let j : Cy — Vi = Ind%(C,) be the B-module homomorphism
which sends 1 to v(). Then for all B-module homomorphisms f : Cy — M,

there exists a unique L-module homomorphism f:Indk(C A) — M such that
f=1r°J

Cy —1 Ind%(Cy)
v f
M

Let v # 0 be a vector which exhibits M as a highest weight module of
weight A as in Definition 6.2.5. We choose f to map 1 € Cy to v (Why is
this a B-module homomorphism?). By construction, v is in the image of f,

and as M is generated by v, f is automatically surjective (Details?). Thus
M = Ind%(Cy)/W for S := ker(f).

Parts 2 and 3: By Exercise 16, W is a direct sum of H-eigenspaces. Thus
for all p € H*, W{u| C V\[p]. We can compute the quotient V,/W for each
eigenspace separately,

M= @ Myl . Ml =VAlul/Wly] -

reP(M)

In particular, P(M) C P(V)). Since M is generated by a non-zero v € M[\],
we have dim M[A] > 1. On the other hand dim M[\] < dimV)[A] = 1.
Finally, dim M [p] < dim V)\[p] < oo by Lemma 6.3.3. O

Proposition 6.3.5. For each A\ € H*, the Verma module V) has a unique
maximal proper submodule.

m [n other words, there exists a unique submodule Sy, © V) with the prop-
erty that for all S C V) we have S C Shax.
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Proof of Proposition 6.3.5. Uniqueness is clear (Details?). For existence, de- @

fine

Then:

Smax = spang{ W |W C Vj submodule with W[X] = {0} } .

max C Vi is a submodule. (Why?)

For each submodule S C V) we have S C Shax:

By Exercise 16, S has a weight decomposition with S{u] C Vylu]. In
particular, S[A] C VA[A] = Cv(y. Thus S[A] = {0} or else vy € S[A] and
as v generates V) we would have S = V. Altogether, S[A\] = {0} and
S0 S C Spmax by construction.

Smax & Vi: As in the previous point, W which makes up the spanning
set Of Smax has a weight decomposition W = @, pyy Wn]. By defi-
nition, W[A] = {0}, so that A ¢ P(W). It follows that each W in the
spanning set of Sy, is contained in the subspace

wec @ Wi
neP\{A}

Hence also the linear span of such W is contained in that subspace.
Altogether, Spax[A] = {0}. u

Remark 6.3.6. As in the above proof, write S, € V) for the maximal
proper submodule and denote the quotient by

=

M)x = V)\/Smax .

By construction,

M, is irreducible,

M, is a highest weight module,

dim M,[A] = 1 and dim M, [u] < oo for all u € H*,
P(M,) Cc P(V)) =X —Af.

@

(The last two points also follow from Lemma 6.3.4, but why do the first two @
points hold?)

Lemma 6.3.7. Let A\, u € H*. The following are equivalent:

1.
2.
3.

A=l
Vi =V, as L-modules

My = M, as L-modules

(The proof is an exercise.)
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6.4 Finite dimensional irreducible representations

The next theorem makes precise the statement that finite-dimensional irre-
ducible L-modules are in 1-to-1 correspondence with weights in A™,

Theorem 6.4.1. 1. Let A € H*. M, is finite-dimensional iff A € A™.

2. For every finite-dimensional irreducible L-module M there exists a
unique A € H* such that M = M, as L-modules.

We will prove this theorem in two stages: First part 2 and the direction
= in part 1, and then after some preparation we show the more involved
direction < in part 1.

Proof of Theorem 6.4.1. Part 2: By Proposition 6.2.7, M is a highest weight
representation of weight A for some A € H*. By Lemma 6.3.4, M = M,, and
by Lemma 6.3.7, the value of X is unique.

Part 1, direction =: Suppose that M) is finite-dimensional. We need to
show that then (A, o)) € Zso for i = 1,...,7. Let v € My[A], v # 0 (this
exists and is in fact a basis of M,[A] by Remark 6.3.6).

Recall from Proposition 5.5.2 the Lie subalgebra sl,, with basis e,, € Lq,,
fo, € L_q, and h,, = H*'. We have

e M, is a finite-dimensional sl,,-module.
® ¢, € N4, so that e,,.v = 0 by construction of M.

The first point implies that h,,.v = mv for some m € Z (Remark 5.5.3 (1)).
Decomposing into irreducible sl,,-modules and comparing to the explicit
action of e,, in Exercise 25 shows that the second point above implies m > 0.
Altogether we have, for some m € Z,,

mu = ha,.v = Ahg,) = M(HY) = (N, a)) .
O

Lemma 6.4.2. Let N be a finite-dimensional s/(2, C)-module and = € N,
x # 0 such that h.x = mx. Then m € Z and we have:

e if m >0, then f™.z # 0, and
o if m <0, then e™™.x # 0.

(Why does this hold? Hint: Decomposing N into irreducible si(2,C)-
modules and then verify that statement from the explicit e and f action in
the classification of such modules in Exercise 25.)
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Lemma 6.4.3. In U(L) we have for m >0 and i, =1,...,7:

[e m+1] _ (m+]‘)fa7?(haj_m]]‘) 1=
e 0 i ]

where 1 € U(L) denotes the unit.

Proof. Abbreviate e = e,, and f = f,,. As the Lie bracket is a derivation,
we have

e, ™Y = e, f"1f + f™"e, f] -
Both cases in the statement now follow inductively.

e i = j: [e, f] = h gives the base case m = 0 (by convention anything in
U(L) to the power 0 is 1), as well as the inductive step. (Details?)

e i # j: [e, f] =0 as a; — a;j is not a root (Property (B2) of a base). The

above relation then immediately gives [e, ] = 0 for all m. -

Proof of Theorem 6.4.1. Part 1, direction <: Fix A € AT. We want to show
that M, is finite-dimensional.

Claim 1: For each ¢ = 1,...,r, M, contains a non-zero finite-dimensional
slq,-submodule.

[ Let v # 0 be in M)[A] and m; = (A, ). Since A\ € At, we have
m; € Zzo. Set

W =spanc{fFfv|k=01,....,m} .

We will check that W is an sl,,-submodule. To this end, it is
enough to check that

;v =0 and frto=0.

(Why is that enough?) The first identity is clear as a; € & and
N, .v = {0}. For the second identity we first show that

o, falitto =0 forall j=1,...,r. (%)
Indeed, using Lemma 6.4.3 and e,,.v = 0 for all j we get,

eO‘j oan;i+l'v = [eaj7 aTiJrl]‘v =0 (Z 7é ])
U=

mit1 r e = —(m + 1) £ (Ml = hay) 0 =0,

eai o; U= [eai’ a7 j
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where the last step follows from h,,.v = (A, @) v = m;v. This
establishes the identity (k).

Abbreviate w := f**!.v. It remains to show that w = 0.

Suppose w # 0. Then the weight of w is g := A — (m; + 1)y
(Why?), in particular g # X. But (%) implies that Ny.w =
{0}, and the universal property of the induced module V,, implies
that there is a non-zero L-module homomorphism ¢ : V,, — M),
(Details? Why is this not directly implied by Lemma 6.3.47). As
M, is irreducible, ¢ descends to a non-zero homomorphism A, —
M), which by Schur’s Lemma (Theorem 2.2.8) is an equivalence.
This is a contradiction as Lemma 6.3.7 now implies A = p. Thus
w = 0. |

Claim 2: For each ¢« = 1,...,r, M, is the union of its finite-dimensional
5lq;-submodules.

[ Let N C M) be the sum of all finite dimensional sl,,-submodules
of W. We will show N = M,.

This shows the claim, as N is also equal to the union of all finite
dimensional sl,,-submodules. (Why? Hint: Write z € N as x =
wy + - -+ + w,, where each w; is contained in a finite-dimensional
sla,~submodule. What can you say about finite (not necessarily
direct) sums of finite-dimensional sl,,-submodules?)

Let () C M, be a finite-dimensional sl,,-submodule. Consider
the sub-vector space

Q/:Q+LQ C M,y .

Then @)’ is again a finite-dimensional sl,,-submodule. For exam-
ple, to see that @’ is closed under the action of e,,, one computes,
forqe @, x € L,

o4 = [€n;, ] .q+Ten,.q € Q.
—— —~—
€L €Q
Since ' is finite-dimensional, it follows that € N. Thus N

is not just closed under the action of sl,, but in fact under the
action of all of L, i.e. it is an L-submodule of M,.

By Claim 1, N is non-zero. As M, is irreducible, we must have
N = M,,. ]
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Claim 3: For each w € W and p € P(M,) also w(u) € P(M,).
[ By Theorem 5.6.15, it is enough to check the claim for simple
reflections w = s,,, 1 =1,...,7.

Let i € 1,...,r be given. Pick v € My[ul], u # 0. We will use u
to construct a non-zero element @ € M) [sq, (1))

By Claim 2, v € @ for some finite-dimensional sl,,-submodule
Q C M,. We have hy,.u = pu(ha,)u = (u, ) u. Setting m :=
(u, @), from Lemma 6.4.2 we get m € Z and

o if m >0, then u := f".u # 0, and
o if m <0, then u:= e, ™.u # 0.

In both cases, 4 € My[u — ma;]. Finally,

p—ma; = p— (o) = sa, (1) -

|

(Claim 3 does not hold for Verma modules. Can you give an example?) @
Claim 4: P(M,) is finite.

[ Recall that by assumption A € A*. Define D := (A — A7) N AT,
By Lemma 6.1.3, D is a finite set.

Let p € P(M,) be arbitrary. By Remark 6.3.6, P(M)) C A\ —
A C A (the second inclusion uses A € AT and A} C A). By
Lemma 6.1.3, there is w € W such that w(p) is dominant. By
Claim 3, w(u) € P(M,), so that altogether w(u) € D. We
conclude that, conversely,

P(M,) C {w(v)|v e D,weW}.

As both D and W are finite (recall Corollary 5.6.11), also P(M,)
is finite. ]

As dim(M,[p]) < oo for all p € P(M,) (Remark 6.3.6), Claim 4 implies that
M, is finite dimensional. O

The next lemma improves on Claim 3 in the above proof.

Corollary 6.4.4. For A € AT and w € W we have

dim My [p] = dim M) [w(p)] forall pe H* .
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(Why does this hold? Hint: From Theorem 6.4.1 we know M), is finite- @
dimensional, so in particular it is a finite dimensional s/, ,-module. Taking
the proof of Claim 3 as a guide, reduce the statement to the fact that for a
finite-dimensional s/(2, C)-module (irreducible or not), the h-eigenspaces of
eigenvalue m and —m have the same dimension.)

Proposition 6.4.5. Let A € A*. Then
P(M,) = {w(p) |lweW,pe (A=AHNAT}.

Proof. As in the proof of Claim 4 above, we use that for each u € X there is a
w € W such that w(u) € AT. Together with Corollary 6.4.4, the proposition
follows if we can show:

(A= AN NAT C P(M,).

Let u € (A — AF) N AT be given. We consider elements of the form
v =+ 22:1 ko with k; € Z>o. For an appropriate choice of the k; we
have v = A € P(M,). The next claim shows that we can iteratively reduce
the coefficients k; by 1 without leaving the set P(M,) until all k; are zero.
Hence the claim implies that u € P(M,).

Claim: Suppose that v := p+ >, k;a; € P(M),) such that not all k; are
zero. Then there is an iy € {1,...,r} such that k;, > 0 and v —a«y;, € P(M,).

[ Since v # u we have (v — pu,v — p) > 0. Thus there must be at
least one iy such that k;, > 0 and (v — p, a;,) > 0. From this we
see that

(I/aaz\'g> > (,U,CKZ)) € Z207 (*)

where the last inequality follows as p € AT,

By assumption, v € P(M,). Pick a non-zero u € M,[v]. We
compute
Moy, = V(ha, ) u = (v,05)u .

Since M, is a finite dimensional (Theorem 6.4.1), we can use
the explicit description of finite-dimensional si(2, C)-modules to
conclude that (x) implies

Jag,-u # 0.
The weight of fa, .uis v — ;. Thus v —a;, € P(M,y). |
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Example 6.4.6. Let us use Proposition 6.4.5 to compute the set of weights
for some irreducible representations of s/(2,C) and sl(3,C):

m 5/(2,C): Recall from Example 6.1.2 (1) that a3 = 2w;. Let A = AT. Then
A = muw, for some m € Z>( and
A=A NAT = {mw; —kay |k € Zso} NAT
= {(m — 2k)wy | k € Z>o and 2k < m} .
The Weyl group is generated by simple reflections (Theorem 5.6.15), of which
in this case there is only one. Thus W = Z, with non-trivial element s,
acting by s, (1) = —p. Thus
WAA=A)NAT) = {£(m — 2k)w; | k € Zsp and 2k < m}
= P(M,) .

m 5/(3,C): The weight lattice A (green) and the root lattice A, (blue), to-
gether with the cones giving AT and —A:

a(l » .
. 6, .
3
¥,

1

The Weyl group orbits of (A — AJF) N AT for different choices of A, giving
P(M,) for the corresponding irreducible si(3, C) representation M.

)\:wl: )\:CUQ:
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m Note that Proposition 6.4.5 just allows us to determine which M,[u] are
non-zero, and not their actual dimension. But in the three sl(3,C) exam-
ples above, we can identify the representations explicitly. Combining Exam-
ples 5.6.3 and 6.1.2 we get

w1 = %(20&1 +CY2) = %(281 — &9 —83) =¢&1, Wy = %(51 +€2 —283) = —¢€3,

where we used €1 + €9 + €3 = 0. Recall that the CSA consists of traceless
diagonal matrices, which we write as

h = hlEH + h2E22 + h3E33 with hl + h2 + h3 =0.
Then:

e Fundamental representation: Let F' be the representation of si(3,C)
with underlying vector space C3 and action by matrix multiplication.
F is irreducible (Why?). The weight spaces of F' are just Ce;, i = 1,2, 3, @
and we have

h.61 = h161 = wl(h) €1,
h.eg = h2€2 = (—hl - h3)€2 - <_w1 + W2>(h) €s ,

h.eg = h3€3 = —(JJQ(h) €3 .

We conclude F' = M,,,. (Why is e; a highest weight vector? I.e. why @
does e; satisfy N .e; = {0}7)

e Anti-fundamental representation: Let F have again C?® as underlying
vector space, but now M € si(3,C) acts by matrix multiplication with
—M?*. One can check that F = F*  see Definition 2.2.4 (4) (Details?), @
in particular F is irreducible. For F we find

h.€1 = —wl(h)el 3 h.eg = (w1 — u)z)(h)eg 5 h.€3 = w2(h) €3 ,

and so F' = M,,. (Why is ez a highest weight vector?) @
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e Adjoint representation: The adjoint representation of sl(3,C) is irre-
ducible (Why?) is also irreducible, and the weight decomposition is

sl(3,C) = He P La ,

acd

and one finds (sl(3,C),ad) = M, 1, (Why? And what is the explicit @
matrix that is the corresponding highest weight vector?)

Note that for the fundamental and anti-fundamental representation, all weight
spaces are 1-dimensional, while dim M, ;,,[0] = 2 for the adjoint represen-
tation.

Remark 6.4.7. 1. Combining Weyl’s Theorem (Theorem 5.3.2) and The-
orem 6.4.1, it follows that every finite-dimensional L-module M has a
weight decomposition. One also finds that Corollary 6.4.4 holds for
finite-dimensional modules, irrespective of irreducibility: for all w € W

and p € H* we have (Why?) @
dim M [u] = dim M[w(p)] .

2. Theorem 6.4.1 can be stated as follows. For a rank r fssc Lie alge-
bra L, one can specify an irreducible finite-dimensional representation
uniquely by elements (A, ..., \.) € (Z>o)", where such an r-tuple cor-
responds to A = >, A\jw; € AT. The ); are sometimes called Dynkin
labels of an irreducible representation. For the sl(3, C)-representations
discussed above we have:

representation ‘ fundamental ‘ anti-fund. ‘ adjoint

Dynkin labels | (1,0) | (0,1) | (L1

6.5 Characters

m Let C[A] be the group algebra of the weight lattice A, thought of as an
abelian group under addition. C[A] has:

e basis: {e*| A € A}, where e* at this point is just a symbol, and

e multiplication: elet = e MH,
o unit: 1 :=¢°.

We define the algebra automorphism (—) of C[A] on a basis as

—):C[A] = C[A] , etrse™.

—~
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Remark 6.5.1. We can think of e} as a (non-linear) function H — C via
e*(h) := X where the exponential on the right hand side is that of complex
numbers. This defines a linear map

¢ :C[A] » Fun(H,C) , e+ (h+ e’\(h)) :

This map is injective (Why? Hint: It is enough to show that the func-
tions h — e " are linearly independent. Write A = > ;miw; and t =
> t;af. Then A(h) =Y m;t;, and so it is enough to show that the functions
(t1, ..., t,) > embttmrie gre linearly independent for different m € Z7).
Furthermore, ¢ is an algebra homomorphism, where Fun(H, C) is an algebra
via pointwise addition and multiplication (Details?).

Definition 6.5.2. The character of a finite-dimensional L-module M is

Z dim(M[u]) e* € C[A].

neP(M

@

Remark 6.5.3. 1. The character is well-defined as both P(M) and dim M []

are finite for a finite-dimensional L-module M.

2. Applying ¢ from Remark 6.5.1 to ch(M) results in a function H —
C. This function can be described by a trace as follows. Let R :
L — End(M) be the Lie algebra homomorphism describing M as a
representation. Then R(h) is a linear map M — M. As M is finite-
dimensional, we can consider its matrix exponential ™ : M — M,
which is again a linear map (Section 1.5).

Claim: We have, for h € H,

¢(ch(M))(h) = trp (™M) .

[ By Remark 6.4.7, M has a weight decomposition M =
D,cpiar) M. The weight spaces are eigenspaces for the
action of h: for x € M|u| we have R(h)x = A(h)x. Hence
the matrix exponential on M) is just Mz = Mz, Using
this, we compute

() = () = Y tragg(0id )

peP(M) HEP(M)
_ Z A dim M{u] = ¢(ch(M))(h)
nEP(M J
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Example 6.5.4. 1. sl(2,C): For A = mw; we have P(M,) = {(m —
2k)wy |k =0,1,...,m}. Thus

ch(My) = ™" 4 elm=21 .. g gmmer

If we abbreviate x := e“*, we have ™' = 2™ and we can rewrite the

character as
merl - xfmfl

1

ch(M,) =

r—a
2. sl(3,C): Abbreviate z = ¢** and y = ¢*2. Using the explicit realisa-
tions in Example 6.4.6 we find (Details?)

ch(M,,) =z +aly+y ',
ch(Mo,) = y+ay™ +a7",
ch(My, 4o,) = 2y + a2 + 2%y +2+ay 2+ a2y +aty ™t

Theorem 6.5.5. Let M, N be finite-dimensional L-modules. Then M = N
as L-modules iff ch(M) = ch(N).

The proof uses the next two lemmas.

Lemma 6.5.6. The set {ch(M,) |\ € AT} is a linearly independent subset
of C[A].

Proof. Define a partial order on A via
p<A & N—peAr.

(Why is this a partial order? Hint: One needs to check A < A; p < X\ and
A < pimplies A = pu; v < pand g < A implies v < X.) Let S C AT be a
finite subset and suppose we have

ZC)\ ch(My,) = 0 for some ¢, € C.
AesS

We need to show that all ¢, are zero.

Pick a Ay € S which is maximal with respect to the partial order “<”,
ie. A\g < = Ao = p (as S is finite, this is always possible, thought Ag is
typically not unique). Then

e ¢V is a summand of ch(M),) as dim My, [X\] = 1, and
e ¢V is not a summand of ch(M,,) for any p € S\ {\o}.
(Why? Hint: P(M,) C p— A})
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As the e are linearly independent by definition, it follows that cy, = 0.
[terating this procedure shows that all ¢, are zero. O]

m Recall from Corollary 5.3.7 that L has a unique (up to isomorphism) 1-

dimensional representation, which we will denote simply by C. Recall also

the notation e* = e,

Lemma 6.5.7. Let M, N be finite-dimensional L-modules. Then:
1. If M = N, then ch(M) = ch(N).
2. ch
3. ch
4

5. ch(M*) = ch(M).
Proof. 1. Clear. (Details?) @
2. Clear.

3. We use the representation as a trace in Remark 6.5.3 (2) and the fact
that ¢ : C[A] — Fun(H, C) from Remark 6.5.1 is injective. For m@®n €
M @& N we have Rygn(h)(m @ n) = (Ry(h)m) & (Ry(h)n), and so
also

For the trace, this implies

trven (eRM@N(h)) = try (eRM(h)) +try (eRN(h)) .

4. The action of L on the tensor product M ® N is defined as (Defini-
tion 2.3.2)

Ryen(h)(m®@n) = (Ry(h)m) @ n+m ® (Ry(h)n)
= (Ru(h) ® idy +idy @Ry (h)) (m @n) .

The two linear endomorphisms Rj/(h) ® idy and idy @ Ry (h) of M @
N commute, and hence the matrix exponential can be expanded as
(Remark 1.5.1)

v (h) (m ® n) — Ru(h)@idy Sida @Ry (h) (m ® n)

= (W & eBin(h)y

Taking the trace shows the claim.
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5. Analogously. (Details? Hint: Let f : V' — V be a linear endomorphism @

of a finite-dimensional vector space V', and let f*: V* — V* be its dual.
Check that try (f) = try-(f*) and that exp(f)* = exp(f*) : V* = V*.
The action of L on M* is given in Definition 2.2.4). 0

Proof of Theorem 6.5.5. The direction “=" was shown in Lemma 6.5.7 (1).
For the converse direction, suppose that ch(A) = ch(N). By Weyl’s Theorem
(Theorem 5.3.2), M, N are direct sums of irreducible L-modules,

M = @(MA)@”“ , N @(MA)@"* ,

AEAT AeAt

where my, ny € Z>o and only finitely many are nonzero. By parts 1 and 3 of
Lemma 6.5.7, this implies

ch(M) =Y mych(My) , ch(N)= > nych(M,) .

AeAt AeAt

By assumption we have ch(M) = ch(N), and so linear independence of the
ch(M,) (Lemma 6.5.6) implies my = n, for all A\, and hence M = N. O

Example 6.5.8. 1. Tensor products of sl(2,C)-modules: In Exercise 9
we showed that M, ® M,,, = My ® Ma,, by explicitly constructing an
isomorphism of si(2, C)-modules. Using Theorem 6.5.5, Lemma 6.5.7
and Example 6.5.4, we obtain a much shorter proof:

ch(M,, ® M,,) = ch(M,,)ch(M,,) = (v +z~1)?
= 22 +2+ 272 = ch(My) + ch(Ma,,) .

In fact, we can compute the decomposition of a general tensor product
M, @ My, into irreducibles via

+1 —m—1 n+1 —n—1
"t — T —x
ch(M,,.,.)ch(M,., ) = .
(M) (M) = e
+1 —m—1
Tt — _ _ _
— — (Zﬁn—l-ﬂin 2+"'+$n+2+$ n)
r—x
m+n

= Z Ch(Mkw1>

k=|m—n|, step 2

(30.1.)

(Details? Hint: The expansion in the second step is most useful if we @

assume without loss of generality that m > n.)
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2. Tensor products of sl(3, C)-modules: Using the characters from Exam-
ple 6.5.4, let us decompose M, ® M,,, into irreducibles:

ch(M,,)ch(M,,) = (x+a2 'y+y Ny +ay ' +27h)
xy+l,—1y2 +x2y—1 +3+xy_2+x_2y+l'_ly_l
- Ch<M0) + Ch(Mw1+w2) :

Thus M, ® M., = My @ M, ..,

m Recall the notation 6 = %Zaeqﬁ a from Corollary 5.6.14. For an element
w € W define the length ¢(w) of w to be the minimal number of simple
reflections needed to obtain w. The determinant of w : H* — H™ is related
to the length of w via (Why?)

(—1)"™) = det(w) .

The next theorem we will state without proof. (See Humphreys, Theo-
rem 24.3 or Kirillov, Theorem 8.34 for a proof.)

Theorem 6.5.9 (Weyl’s Character Formula). For A € At we have

n(hgy = DD
Y Taeas (92 —eme2)

Example 6.5.10. 1. sl(2,C): We have ®" = {a} and s0 § = a1 = w;
and

H (ea/Q _ e—a/?) _ €a1/2 _ e—a1/2 ) R [E_l )

acdt

The Weyl group acts as W = {id, —id} on E, so that, for A = mwy,

Z (_1)Z(w)ew()\+5) _ e)\+5 . e—)\—é — gt mmel

weWw

Combining this, the Weyl character formula gives

l’erl _ l.fmfl

ch(M,) =

x—ax !
as in Example 6.5.4.

2. sl(3,C): This example illustrates that the Weyl character formula
quickly becomes unwieldy. Recall that oy = 2w; — wo and ay =
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—wy + 2wy (cf. Example 6.1.2) We have &+ = {ay, az,a; + as} and
SO

0 = 3(a1++ (0 +a) = w +ws .
The denominator of the Weyl character formula is given by

D = H (e"‘/2 — e_a/2)

aedt
— (ay =) (ot — by ) (bt —a by )
To compute the numerator, we need a more explicit handle on the Weyl
group. The simple reflections act on the fundamental weights as
Sa; (W) = wj — (wy, @ )i = wj — b i
and so

Say (awr + bws) = aw; — aqy + bwy = —aw; + (a + b)ws ,
Sap (AW + bwse) = aw; + bwy — bas = (a + b)w; — bws .
Abbreviating aw; +bws as (a, b) and using that W is generated by simple

reflections (Theorem 5.6.15), it is now easy to compute the action of
we W on (a,b):

w id Say SasSay
w.(a,b) | (a,b) (—a,a+0b) (b,—a—0)
det(w) 1 -1 1

w Sa San Sas SasSa Sas
w.(a,b) | (a+b,—b) (—a—10b,a) (—b,—a)
det(w) -1 1 -1

As an example, we compute ch(M,,). Then w; + 4§ = (2,1) and the
W-orbit of (2,1) is

w.(21) = {(2,1), (-2,3), (1,-3), (3,-1), (-3,2), (-1,-2)} .

The gives the numerator as

N := Z (—1)4w) gu(wi+9)

weWw
— 2y — P ay Py ey — R
One can now check that indeed as in Example 6.5.4 we have
N
ch(M,,) = D= r+aly+y .

(Check! Can you repeat the computation for ch(M,,) and ch(My, +4,,)7) @
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