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About these notes

These are the notes of a lecture given in Hamburg in the summer term 2026
for Masters students in Mathematics and Mathematical Physics. The format
was two lectures and one tutorial of 90 minutes a week each.

There are three design decisions which shape how the material is pre-
sented: the categorical background is developed as needed in the application
to topological field theory; TFTs are discussed dimension by dimension from
1 to 3; the underlying bordism categories include stratified bordisms from
the start to treat TFTs with defects.

There are advantages and disadvantages in this approach. On the one
hand, the mathematical contents is a bit scattered across chapters. For ex-
ample, braided categories are introduced in Section 2.3 (to say what “sym-
metric” means in the definition of a TFT), but ribbon categories only appear
in Section 5.1 (when discussing 3d TEFT). On the other hand, proceeding
by dimension makes the complexity of the constructions increase gradually,
which I think helps to get a feel for working with TFTs. And as different
aspects of TFTs are in the foreground in each section, this approach is not
repetitive.

Some topics covered in this course are less standard. For example, we
discuss invertible n-dimensional TFTs and stacking of TFTs. The trivial
n-dimensional TF'T with line defects labelled by a symmetric monoidal cat-
egory S is introduced and used as basic building block in the 2d state sum
construction, and also as a trivial example in the 3d section. The state sum
constructions in the 1d and 2d sections are presented as a special case of par-
tition functions of non-topological lattice models. As a by-product, this gives
a functorial description of lattice models in terms of defect TFT, though this
aspect is not treated in any depths.

TFTs have a general symmetric monoidal target, both in the state sum
constructions in the 1d and 2d case, and in the surgery and universal con-
struction in the 3d case. That last part generalises the Reshetikhin-Turaev
construction from modular fusion categories to twist-nondegenerate ribbon
fusion categories (with the TFT taking values in the symmetric centre), and
the approach via the universal construction used here is new to the best of
my knowledge.

Hopf algebras are only mentioned in side remarks in these notes. That
is mostly due to lack of time, but also opens some space to discuss braided
fusion categories in terms of F- and R-matrices. This is the general de-
scription of the algebraic input for the (semisimple) 3d surgery construction,
while Hopf algebras provide only special examples. The Fibonnacci and Ising
fusion categories are described in some detail - both are not representation



categories of Hopf algebras.

I should point out that “tensor categories” in the technical sense used
in [EGNO] actually also do not appear in these notes, other than in their
semisimple incarnation as fusion categories. In the title the term is meant
more colloquially as “monoidal cateogries, possibly with some extra struc-
ture”.

The notes end with a much-too-terse treatment of surface mapping class
groups. It would have been good to discuss this and other applications of
the surgery 3d TF'Ts developed with much effort, but at that point we had
reached the end of the term.

I would like to thank the participants of the course for taking part with
interest and for asking many pertinent questions. Many thanks for com-
ments on the script go to Max-Niklas Steffen, Julian Stolz, and Alexander
Tishchenko. I thank Yilong Wang for discussions on the WRT invariants, and
Nils Carqueville and Vincentas Mulevicius for helpful input on PL-bordisms
and defects.

This script was entirely conceived and written by a human (me), proof-
read for mathematical errors and typos by an Al (Claude, Sonnet 5), and
the suggested corrections were then checked and implemented by me.



1 Introduction

Here is the first main player of this course:!
Definition 1.1. An n-dimensional topological field theory (TFT) is a sym-
metric monoidal functor from n-dimensional bordisms to vector spaces.

The second main player, tensor categories, will be introduced when we
explain the words in the above definition in the next section.

In this course, we want to understand TF'Ts as a bridge between algebra
and topology,

(algebraic objects) — (topological/geometric objects) ,

and we will see that each side has interesting things to say about the other.
But the original motivation behind this definition comes from the (non-
rigorous) notion of path integrals in quantum field theory, which we briefly
recall next.

Motivation from path integrals

Very roughly, one describes the state ® of a quantum system as a complex
valued function on a space of “classical configurations”. The time evolution of
a state ® at time t = ty to a state &’ at time ¢ = ¢; is described by “averaging
over all paths in configuration space”, assigning a complex weight to each
path. This is the idea of the path integral.

Let us apply this to n-dimensional quantum field theory.? The space of
classical configurations is the space of functions Fun(N,T") from an n — 1
dimensional manifold N to some fixed space T'. For example T" = R for a
real-valued scalar field. The space of states H(N) on NN consists of complex
valued maps on Fun(N,T),

H(N) = Fun(Fun(N,T), C) .

This is a C-vector space. Since the path integral does not make mathematical
sense in this generality anyway, we will not need to be careful with what kind

!There is by now a large zoo of mathematical objects which are all called “topological
field theories”. We will focus on non-extended TFTs (and so will largely avoid higher cat-
egory theory), and oriented TFTs (and so avoid discussing various tangential structures).

250 n — 1 space dimensions and one time dimension, though we will later only work in
a purely euclidean setting with n space dimension and no time dimensions. In this sense
we are rather modelling statistical field theory, not quantum field theory, but let us gloss
over that.



of functions we mean here.®> However, in Sections 3.3 and 4.5 we will see a
finite and discrete variant of the path integral in the guise of statistical lattice
models, which makes perfect sense.

Now suppose two n — 1 manifolds Ny, N; are connected by an n-manifold
M in the sense that the boundary of M is given by the union of Ny and Nj:

~——
No
Given a state ® € H(Ny) we want to use M to determine its evolution to a
state ® € H(Ny). This is done via the (in this generality ill-defined) path
integral. Namely, to evaluate ®" at a function f; : Ny — T, we formally set

(f) = / DFO(f]n,) €50 .
FM—T flny =h

where the “integral” is over functions f : M — T which restrict to f; on
the boundary component N; of M, with a “measure Df”. The integrand
contains of a weight ¢**() where S(f) is the action functional evaluated on
f. (In the euclidean setting, this weight would be e PU) for E the energy.)
Denote the resulting linear map by

Z(M) : H(Ng) — H(Ny) ,

so that ® = Z(M)(®).

Let us extract some properties we would expect Z and H to have. The
main property is the following: Take m — 1 manifolds Ny, N1, Ny and n-
manifolds My with boundary Ny and Ny, and Ms; with boundary N; and
Ns. Let M be the result of gluing My, and My along Ny, so that M has
boundaries Ny and Ns:

3Tt is actually possible to mathematically define path integrals for certain euclidean
two-dimensional quantum field theories — specifically Liouville conformal field theory — via
probabilistic measures.



Then one formally would expect, for fo : Ny — C,

() = (Z00@) () = [ DF(lg) V)

[M—=T,fIny=1f2

~[ ] prety e
f1:N1—>T f:M_>T7f|N2:f27f|N1:f1

_ / / Dg S / DR ®(h|y,) €5
f1:N1—>T Q:M21_)T79‘N2:f2:g|N1 =f1 h:M10—>T,h‘N1 :f1

_ /ﬁ:NﬁT /g;Mng _f2§|?gfi(g)<Z(Mlo)(¢)>(f1)>
= (Z(M)Z(M)(®)) (1)

We can write this as

Z(M21 Oglue Ml()) - Z(MQI) Ocompose Z(Mlo) .

This motivates why we want to use categories and functors to define topo-
logical field theories.

Next, let us look at the state spaces Hy. Suppose N is a disjoint union
N = N;UN,; of two n—1 manifolds. Then giving a function on NV is the same
as giving a function f; on N; and a function fy on N, so that Fun(N,T) is
the cartesian product

Fun(N,T) = Fun(Ny,T) x Fun(No, T') .

What does this mean for the state spaces? If N were a finite set, we would
have

Fun(Fun(N, T), C) = Fun(Fun(Ny, T), C) ®@¢ Fun(Fun(N,, T),C) .

(Why? What is the bilinear map Fun(Fun(N,T), C) x Fun(Fun(N,, T), C)
— Fun(Fun(N 1), (C) underlying the map out of the tensor product?) For
infinite N this may still hold for some variant of the tensor product, e.g.
involving some completion, but ignoring such problems for this discussion,
we would expect

H(N; U Ny) = H(Ny) @¢c H(N,) .
This motivates why we use monoidal categories (categories with a product
operation) and functors to define topological field theories.

One can come back to this motivation from time to time to see what the
construction in the following would represent in the path integral setting.
We will now leave the motivational part behind and turn to mathematics.

7



Bibliographic notes for Section 1

The formulation of topological field theory as a functor is due to Atiyah [At]
and to Segal [Seg]. For the rigorous probabilistic formulation of the path
integral in two-dimensional Liouville conformal field theory, see [GKRV].
There are many text books and lecture notes on topological field theory
available. Some of the ones with a more mathematical focus and more closely
related to the approach taken here are [BK, CR2, FSW, GP, Ko, Te, Tu, TV,
Wal.



2 Categories, tensor products, braidings

In this section we collect the necessary ingredients from category theory to
state the definition of a topological field theory.

2.1 Categories, functors, natural transformations

Definition 2.1. A category C' consists of the following data:
e ob((): a class of objects,

e for all objects a,b € ob(C') (or just a,b € C for short) a set of morphisms
from a to b,

Home(a, b) (also write C(a,b) for short) ,

e for all a € C an identity morphism 1, € C(a,a),

e for all a,b,c € C' a map called composition

o:C(b,c) x C(a,b) — Cl(a,c) , (f,g)— fog.

These satisfy the condition (write a Lbor fra—bfor feCla,b)):
e (unit) for all a L b; lyof=f=fol,,
e (associativity) for all a ER b, b% ¢, L5 d we have

ho(gof)=(hog)of € C(a,d).

m Notation: We say two objects a,b € C' are isomorphic if there are mor-
phisms f :a — b and g : b — a such that fog= 1, and go f = 1,. In this
case we write a = b.

Example 2.2. 1. Set: objects are sets and morphisms are maps between
sets.

2. Vecy: vector spaces over a field k£ and k-linear maps.

3. R-mod: modules over a ring R and R-linear maps. If R = k is a field,
then k-mod is the same as Vecy.

4. Rep(G): k-linear representations of a group G and intertwiners of rep-
resentations, for a field k.



5. Vecq: G-graded k-vector spaces and grade preserving linear maps:

e objects are V =
grade g of V.

gec Vg, where Vi is called the component of

e morphisms f : U — V are linear maps such that f(U,) C V.

Note that at this point we did not use the group structure at all, and
G may as well just be a set. The group structure will enter when we
turn Vecg into an example of a monoidal category below.

6. SVec,: super-vector spaces over k and even linear maps, that is, Zo-
graded vector spaces and grade preserving linear maps. The reason to
give Zo-graded vector spaces a special name will be the braiding we
will put on it below.

m A category C is called k-linear (for a field k) if each Hom-space C/(a, b) is
a k-vector space, and if the composition of morphisms is bilinear.
Of the examples above, Vecy, Rep(G), Vecs, and SVecy, are k-linear.

Definition 2.3. Let C be a category. The opposite category C°PP of C'is the
category with

e objects: ob(C°PP) = ob(C),
e morphisms: for all a,b € C°P? = C, C°P(a,b) = C(b,a),
e the same units as C,
e composition
o%PP L CPP(h ) x C°PP(a,b) — C°P(a,c) , (f,g)—gof,

where the composition on the right hand side is that of g € C(b, a) and
f € C(e,b) in C. In other words

foPg =gof.

Definition 2.4. Let C, D be categories. The cartesian product C' x D is the
category with

e objects: pairs (¢,d) with ¢ € ob(C),d € ob(D); we will write ¢ X d €
ob(C' x D) = ob(C) x ob(D),

e morphisms: (C x D)(e xd,d xd') = C(c,d) x D(d,d);if f:¢c— ¢
and g :d — d we write f x g:ecxd— d xd,

10
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e (What are units and composition?)

Definition 2.5. Let C, D be categories. A covariant functor F from C to
D (or functor for short) consists of

e for all a € ob(C) an object F(a) € ob(D),
e for all a,b € ob(C') a map of sets
Cla,b) = D(Fa,Fb) , f—F(f),

such that
e for all @ € ob(C'), F(1,) = 1p@) € D(Fa, Fa),

o for all a s b, b % ¢ morphisms in C' we have

F(gof) = F(g9)o F(f) € D(Fa,Fc).

A contravariant functor F' from C' to D has the same data and conditions as
above, except that on morphisms F'(—) : C(a,b) — D(Fb, Fa) and F(gof) =
F(f)oF(g). Equivalently, it is a covariant functor C°?* — D (or C' — D°PP).

Example 2.6. 1. For any category C, one has the identity functor 1d :
C — C which is the identity function on objects and morphisms.

2. Forgetful functors U which forget some of the underlying structure.
For example Vec, — Set forgets the action of k£ but remembers the
underlying set; Rep(G) — Vec,, forgets the action of G but remembers
the underlying vector space.

3. Hom-functors: For any category C' and a € C, C(a,—) : C' — Set is a
covariant functor, and C'(—,a) a contravariant one.
If C is k-linear, the Hom-functor takes values in Vecy: C(a,—) : C' —
Vecy, etc. (Details?) @

4. Let (—)* : Vecy — Vecy be given by taking the dual vector space and
assigning the dual linear map. Then (—)* is a contravariant functor.
Note that (—)* = Homy(—, k).

m A functor F': C' — D between k-linear categories C, D is called k-linear if
F is k-linear on Hom-spaces, that is, if for all a,b € C, the map C(a,b) —
D(Fa, Fb) is k-linear. (Which of the above functors are k-linear?) @

m Notation: A functor F': C — D is called

11



e full if it is surjective on Hom-sets, i.e. if for all a,b € C the map
F(=):C(a,b) = D(Fa, Fb) is surjective,

e faithful if it is injective on Hom-sets, i.e. if the above map is injective
for all a,b € C.

e essentially surjective (on objects) if for every d € D there is a ¢ € C
such that F(c) = d.

(Which of the above functors are full/faithful/essentially surjective?)

Definition 2.7. Let C, D be categories and F,G : C'— D be functors from
C to D. A natural transformation o from F to G is an assignment, for each
a€C,

¢ F(a) = G(a) (i.e. po € D(Fa,Ga))

and such that, for all morphism a I bin C the following diagram — called
naturality square — commmutes:

We say the family (¢, : Fa — Ga).ec is natural in a, and we use the
following notations for natural transformations interchangeably:

v F—-G, p:F=G , A

Example 2.8. 1. Double duals: Let (—)** : Vecy — Vecy be the covariant
functor obtained by applying the dual functor twice. Then there is
natural transformation dy : V' — V**. The linear map dy is always
injective, and it is surjective iff V' is finite-dimensional.

2. Write End(Id) for the natural endomorphisms of the identity functor
on R-mod. Then End(Id) is itself a ring and is isomorphic, as a ring,
to the centre Z(R) of R.

3. Let A be an algebra over a field k, and let A-mod be the category of

(7.4.26)

A-modules. It is k-linear. (Why)? Let U : A-mod — Vecy be the (?)

forgetful functor. Then End(U) = A as a k-algebra.

12



Exercise 2.9. Provide the details for the above example. That is:

1. The map oy sends v € V to the linear functional V* — k, which takes
¢ € V* to p(v). Show that it is a natural transformation. Show the
injectivity /surjectivity claim in the example.

2. Proceed in steps to verify the claim in the second part of the example
above:

(a) Let f, g be natural endomorphisms of the identity functor of R-mod,
so that for each R-module M we get an R-linear map fy, : M —
M, etc. Show that fi; + gar and fir o gy are also a natural endo-
morphisms of Id. (This turns End(Id) into an associative, unital
ring.)

(b) Let z € Z(R) and define ¢(z) € End(Id) via ¢(2)y : M — M,
m — z.m. Show that this is indeed a natural endomorphism.
Show that ¢ is a ring homomorphism.

(c) Provide an inverse to ¢. Hint: Evaluate a given natural endomor-
phism 7 on the ring R, seen as a left module over itself, and set
z =ng(1), where 1 € R is the unit of R. Why is z € Z(R)? For a
general R-module M, and m € M, consider the map f: R — M,
r — r.m. Why is this R-linear? Evaluate the naturality square
for f.

3. Now show the third part of the example. Hint: This works along the
same lines as the previous part of this exercise. Why is it now possible
to pick a general algebra element when defining ¢ as in (2b), rather
than an element of the centre?

Lemma 2.10. Let C| D be categories and S C C' a subcategory such that
the embedding S — (' is full and essentially surjective. Then:

1. For every functor F : S — D there is a functor £ : ¢ — D which
extends F'.

2. For two functors G, H : C'— D denote by G|s and H|g the restriction
to S. Every natural transformation ¢ : G|s = H|s extends uniquely
to a natural transformation ¢ : G = H.

Note that part 2 shows that the functor F in part 1 is unique up to
unique natural isomorphism. Indeed, if there is G : C' — D such that
G|s = F, then the identity natural transformation extends uniquely to a
natural isomorphism G = F.

13
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Exercise 2.11. Prove the above lemma. Hint: Part 1: For each object @
c € C pick an object s(¢) € S and an isomorphism f. : ¢ — s(c¢). Set
F(c) := F(s(c)). What should F' do on morphisms? Part 2: Consider the
naturality squares for the isomorphism f. : ¢ — s(c¢) to show existence and
uniqueness.

Definition 2.12. A functor F': C' — D is an equivalence (of categories) if
there is a functor G : D — C' together with natural isomorphism

n:ldp=FolG , 0:GoF=1Ido .

Proposition 2.13. A functor is an equivalence if and only if it is essentially
surjective and fully faithful.

Proof. Let F': C'— D be a functor.

= essentially surjective: Let d € D be given. Let G and 6 be as in Def-
inition 2.12. Choose ¢ = G(d). Then n;' : F(G(d)) = F(c) — d is an
isomorphism.

faithful: follows from the naturality square for 6. (How?) @

full: Let h : F(a) — F(b) be given. We need to find f : a — b so that
F(f) = h. Take

f=la % ara) £ are) Ly b] -

Note that

F(o;!

), p(a) 200, pGE(a) M F(a)]

1o = [F(a) ey, pGF(a) 20

Now substitute these expressions into F(f) o 1p, and use naturality and
functoriality to show that this is equal to h. (Details? Hint: Start by writing @
the above expression for 1, along the top of a commuting diagram and F'(f)
along the right downwards vertical. Fill in the next columns using naturality

of ! and 671.)

«: Let S C D be the full subcategory consisting of all objects of the form
F(c) for some ¢ € C. As F is essentially surjective, the embedding S — D
is full and essentially surjective. For each s € S pick a H(s) € C such that
FH(s) =s.

Let f : s — t be amorphism in S. As F'is fully faithful, F' : C(Hs, Ht) —
S(FHs,FHt) = S(s,t) is an isomorphism. Define H(f) = F~'(f). This
turns H into a functor S — C. (Why is H compatible with units and @
composition?)

14



By construction, F'H = Idg. Next we construct a natural isomorphism
6 : HF — Idc. Let ¢ € C be given and set s = F(c) € S, ¢ = HF(c) =
H(s). Then also F(¢) = FHF(c) = F(c). Define 0. : HF(c) = ¢ — ¢
as 0, = F~1(1,), with F: C(d,c) — S(Fd,Fc) = S(s,s). (Why is this a @
natural isomorphism? Hint: The inverse to 6. is given by the preimage of
15 for F': C(c,d) — S(s,s). For naturality of 0, apply F' to the naturality
square and use that F' is faithful.)

Finally, by Lemma 2.10, H : S — C extends to a functor G : D — C'. We
have GF = HF = Id¢ via 0. Conversely, FG : D — D is an extension of the
embedding S < D. But so is Idp, and by Lemma 2.10, the two extensions
are isomorphic. O

2.2 Monoidal categories and duals

Definition 2.14. A monoidal category is a tuple (C,®, 1, a, A, p) where C
is a category, and:

e (tensor product) ® : C' x C'— C'is a functor.
e (tensor unit) 1 € C' is an object.

e (associator) a is a natural isomorphism ® o (Id x®) = ® o (® x Id),
both of which are functors C' x C'x C'— C. In other words, « consists
of a family of isomorphisms

Qape: 0Q (b®c) > (a®b)@c,
natural in a,b,c € C.

o (unitors) A : 1 ® (=) = Ide and p : (=) ® 1 = Id¢ are natural
isomorphism. In other words, A and p are a family of isomorphisms

M:1l®a—a , p:a®@l —a,
natural in a € C.
This data is subject to the conditions:
e (pentagon azxiom)

la®ayp,c,q Qa b®ec,d

a® (b®(cxd)) a®((brc)®d) — (a® (b®c))®d

aa,b,c@dl laa,b,c®1d

(a®b)® (c®d) > ((a®b)®c)®d

QAa®b,c,d

15



e (triangle axiom)

Qg 1,b

a®(1®h) —————— (a®1)®b

1‘1@% %&@Jlb

a®b

We will abbreviate C' = (C,®, 1, a, A, p).

m The a, A\, p in the definition of a monoidal category are called coherence
isomorphism. A monoidal category is called strict if its coherence isomor-
phism are all identities. In this case (a ®b) ® ¢ = a ® (b ® ¢), and we can
omit brackets around tensor products.

Exercise 2.15. 1. The reason that we only consider the triangle axiom @
with 1 in the middle is that then the other two hold automatically,
that is, the triangles

1®(a®b) — 4 (1®a)®b a@(bo1) — 5 (a®b)®1
A(% A@lb 7 Lﬂ% ;A?b
a®b a®b

commute. Show one of these. Hint: For the left triangle, write out
the pentagon axiom for a,1,c,d and apply the triangle axiom where
possible. Then set a = 1.

2. A1 and py are both isomorphism 1 ® 1 — 1. Show that they coincide.
Hint: Combine the following identities: a) 13 ® Ay = Age : 1 @ (1 ®
a) — 1 ® a (compose with the isomorphism A, and use naturality
for the resulting identity); b) (A1 ® 15) 0o 314 = Aiga (part 1) c)
(pr®11)oagry =1; ® Ay (Triangle axiom). Conclude first py ® 1; =
A1 ® 1; and then py = Ag.

m A category is called essentially small if the isomorphism classes of objects
form a set. For example, Vecy, is not essentially small (as each set can be the
basis of a vector space), but the category Veczd of finite-dimensional vector
spaces is essentially small, with isomorphism classes of finite dimensional
vector spaces being in bijection with natural numbers via the dimension.

Remark 2.16. A monoidal category is an example of a categorification of
an algebraic structure: A monoid is a set M together with an associative
product - : M x M — M, and a unit 1 € M for that product. Thus for

16



a,b,c € M, we have a-(b-c¢) = (a-b)-cand 1-a=a=a-1. In the (non-
unique) process of categorification, such identities get replaced by new data
— the coherence isomorphism — which in turn have to satisfy their own, new,
identities. Conversely, decategorification amounts to passing to isomorphism
classes of objects (in this example — other notions of decategorification exist).
The decategorification of an essentially small monoidal category is a monoid.
(Details?)

Example 2.17. (In the examples below, we mostly only specify the tensor
product functor. What is the other data? In particular, what is the tensor
unit in each case?)

1. Set: One can take ® = LI (disjoint union) or ® = X (cartesian product).

2. Veci: One can take ® = @ (direct sum of vector spaces) or ® = ®y,
(tensor product of vector spaces).

3. R-mod: Suppose R is commutative and take ® = ®g. (What fails if R
is not commutative?)

4. Rep(G): For two representation R,S of G, we can take the tensor
product R®y S of the underlying vector spaces, with action, for g € G,

g.(r @y s) == (g.r) @ (g.5)-

5. Vecg: For U,V € Vecq with graded components Uy, V;, we set U @ V/
to be the vector space U ®; V' with graded components

UeV)y=EDUp @i Vi -
heG

The tensor unit is 1 = k., i.e. the one-dimensional vector space k,
concentrated in degree e € (.

6. SVec;: still the same as Zs-graded vector spaces.

®m A monoidal category is k-linear if C' is k-linear and if the functor ® is
k-linear in each entry. That is, for each ¢ € C, the functors (—) ®¢,c® (—) :
C — C are k-linear. (Why is Vec;, with tensor product ®y a k-linear monoidal
category, while with @ it is not?)

Definition 2.18. Let C' be a monoidal category and a € C. A left dual of
a is an object a* € C together with morphisms

evg:a"®a—1 |, coevy:1l—=>a®a",
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called evaluation and coevaluation, which satisfy the zig-zag identities, which
states that the compositions
a%l@a%(a@a")@a%a@(a*@a) LBy 191 S a, and

1,x®coevg eva®1,x

" Sa*®l ®@®ad) > (¢ ®a)@ad —1®a > a*
are equal to 1, and 1.+, respectively. The arrows stand for the corresponding
coherence isomorphism of C.
Analogously one defines a right dual of a to be an object *a together with
morphisms

evera®*a—1 , coevg:l—="a®a,

satisfying zig-zag identities. (Write out the two zig-zag identities in this
case. )
A monoidal category in which each object has a left and a right dual is called
rigid.

Example 2.19. 1. In Set with L, only the empty set has a left and a right
dual (both being again the empty set). (Why? Hint: For a non-empty
set X there is a unique map () — X, but there is no map X — 0.)

2. In Vecy, a vector space V' has a left (resp. a right) dual if and only if
it is finite-dimensional. In that case, both dual are given by the dual
vector space V* = Homyg(V, k). (Why? What are the (co)evaluation
maps?). In particular, the category of finite-dimensional vector space
Vec! is rigid.

The next lemma shows that having a left or right dual is a property,
and not structure. Namely if duals exist, any two choices are canonically
isomorphic.

Lemma 2.20. Let C' be a monoidal category, a € C, and let (a*, ev,, coevy,)
and (a’,ev!, coev’) be left duals for a. Then there is a unique isomorphism
f :a* — da such that

evio(f®1,) =ev, .

This isomorphism automatically satisfies
(1, ® f) o coev, = coev’, .

Equivalently, one can exchange the two equalities in the statement of the
lemma.

18
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Exercise 2.21. Prove the above lemma. Hint: Use zig-zag identities to
extract f from the above condition, write the only possible morphism that
could be the inverse, and again use the zig-zag identity to see that it indeed
is an inverse.

Exercise 2.22. Let C' be a monoidal category, a,b,c € C, and suppose b
has a left dual. Show that C'(a ® b, ¢) = C(a, c ® b*).

For info: The above exercise can be used in a more interesting example of dual-
isability: In R-mod the objects which have a left (or right) dual are precisely the
finitely generated projective R-modules.

To see this, first suppose that M is finitely generated projective, or, equivalently,
that M a direct summand of R" for some n. Set M* = Homp(M,R). The
embedding and projection maps realising M have components e; : & — M and
pi:M — R,i=1,...,nsuchthat ), e;op; = idps. The evaluation M*@rM — R
is just composition, and the coevaluation R — M ®@p M* is r — >, e;(r) ®p p;.
Note that for R = k a field, this reproduces the corresponding maps for finite-
dimensional k-vector spaces.

Now let M be an R-module which has a left dual M’. Then Hompg(M,—) =
Hompg(R, (—) ®g M'), and since R is projective and ®p is right exact, so is
Hompg(R, (—) ®r M’). Therefore Homp(M, —) is right exact, and so M is projec-
tive. The coevaluation map coevy, : R — M ®r M’, evaluated on 1 € R, is of
the form coevys(1) = Z;’Zl mj ®r m;. for some n, m; € M, m;- € M’. Hence the
snake identity can only hold if the m; generate M and the m’7 generate M’, and
so M must be finitely generated.

Definition 2.23. Let C, D be monoidal categories. A monoidal functor
C — D is a tuple F = (F, F?, F°) where

e ': C'— D is a functor,
e [?is a natural isomorphism F'(—) ®” F(=) = F(— ®% —) of functors
C x C — D. In other words, F? consists of a family of isomorphisms
F2,: F(a) ®” F(b) » F(a®b) ,
natural in a,b € C,
e [ is an isomorphism 17 — F(19),
such that the following diagram commutes for all a,b,c € C,

1®F,iC

F(a) @7 (F(b) ®” F(c)) —

2
a,b®c

F
F(a) @ F(b®% ¢) —= F(a®% (b®" ¢))
ag(a),F(b),F(c) JF(af,b,c)

(F(a) @ F(b)) ®@P F(c) =t F(a®°b) ®P F(c) = F((a ®°b) @° ¢)

19
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and such for all a € C:

FOQ1p, FZ, c
My = [ILD @ Fla) — 9 p(19) @ F(a) =2 F(1€ @ a) T2 F(a)}

1p(a)®@F0 F?
—_—

C
PPy = [F(@ ®P 17 F(a) ®P F(1€) 224 F(a®C 1¢) 282, F(a)]

(What is the decategorification of a monoidal functor?)

Proposition 2.24. Let C, D be monoidal categories and F': C' — D be a
monoidal functor. If ¢ € C has a left (resp. right) dual in C, then F(c) has
a left (resp. right) dual in D.

Exercise 2.25. Show the above proposition for either left duals or right
duals. Hint: If ¢* is a left dual of ¢ in C, the evaluation needed to establish
F(c*) as a left dual of F(c) can be obtained as

F(c")®@ Flc) > F(c®c)— F(1)— 1.

Definition 2.26. Let C, D be monoidal categories, and F,.G : C — D
monoidal functors. A monoidal natural transformation is a natural trans-

formation 1 : F' = G such that the following diagrams commute for all
a,be C:

F(a) @P F(b) RN F(a®°b) 12 2 p(1°)
7la®7]bl lﬂa@b 5 % lnn
G(a) @ G(b) = G(a®C b) G(19)

m Let C' be a monoidal category. We can use C' to build a new monoidal
category C®, the strictification of C, which is strict monoidal. C®" has:

e objects: finite lists a = (aq,as, ..., a,) of objects a; € C. The empty
list () is allowed. For each a € C5* we can define an object T'(a) € C
as

T(g):a1®(&2®(a3®-~-®an))---) s

and we declare T'(()) = 1.

e morphisms: We define C*(a,b) = C(T(a),T(b)). Composition and
units are inherited from C' in this way.

Note that by construction T : C" — C' is a fully faithful and essentially
surjective functor, and hence gives an equivalence of categories by Proposi-
tion 2.13. Next we turn C** into a monoidal category:

20
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e The tensor product * is defined on objects as the concatenation of lists,

axb=(a1,...,am,b1,...,b,) .

e To define the tensor product of morphisms, we first define an isomor-
phism
T2y :T(a) @ T(b) = T(axb) .
in C. If one of the lists a, b has length zero, we set
2 O)
T3, = |T(O) @ T() = 1 TE) =% T()] |

PT(a)

Top = [T(Q) ®T(()=T@)®1 — T(g)] .

This is unambiguous for ¢ = () = b by Exercise 2.15(2). If both lists
a, b have positive length, 77, is the isomorphism

(a1®(a2®...®am)...))®(b1®<52®...®bm)...))
=0 R @ (A (b (b ® - ®by)--+)),

obtained by repeated application of associators. The first step is
{1 @ (@ - ®@an) )} @T(b)
a-1
o @{(2® Qan) ) T(D)} .

(What are the three objects indexing the associator a~! above? Draw
a bracketing as a tree and visualise the above rebracketing in that way.
Given an inductive definition of T2.)

e The tensor product of morphisms f:a — a and g: b — b is
2

(T;’é)71 f®g ’ ’ T Y ;o
f*xg = [T(Q*Q) —— T(a)RT(b) — T(a)QT (V') —= T(a'xb")| .

e The tensor unit is the empty list, 1T = ().
e The associator and unitors of C*% are identity natural transformations.

Theorem 2.27. There is a monoidal equivalence C*" — C whose underlying
functor is T'.
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Proof (sketch). We already saw that T' gives an equivalence of categories.
We now claim that 72 as above and T° = 1; equip 7" with the structure of
a monoidal functor.

We need to check the two coherence diagrams in Definition 2.23 for 7T
Compatibility with the unitors holds by construction. For example,

2
L T(1,)

P 1) @ Tla) 25 7(() + @) 7 T(a)

M) = |1 ®T(a)

is just the definition of T(Z) .- Compatibility with the associator amounts to
the identity, for all a, b, c,
TGLQ,Q*

c© (lg X T;,Q) = TaQ*Q,g o (T;b (29 lg) O Qp(a),T(b),T(c) -

This follows from the coherence conditions of C' by induction. We skip the
details and refer to [Ka, Lem. XI.5.2]. O

m The above theorem implies MacLane’s Coherence Theorem for monoidal
categories which states that any two ways to achieve a rebracketing or adding/
removing tensor units in a product of objects via the coherence isomorphisms
of C result in the same isomorphism. (Why?) @

m [t is often useful to carry out proofs of identities in a strict monoidal
category as expressions with coherence isomorphisms get quite long. One
then concludes that the corresponding identity with coherence isomorphisms

added holds as well by mapping it to an equivalent strict category. .

Lemma 2.28. Let C' be a monoidal category. Then End(1) is a commutative
monoid, that is, for f,g : 1 — 1, we have fog = go f. If C is in addition
k-linear, then End(1) is a commutative k-algebra.

Proof. 1t only remains to show that End(1) is commutative. We will show
this from the identity A\; = py, and naturality of A and p,

fogod=forho(li®yg)=fopio(li®g)=pio(f®yg)
=Mo(f®g)=goho(f®l)=gopio(fOL)
=gofopi=gofok

Since \; is an isomorphism, we have fog=go f. O]

2.3 Braidings

m For categories C, D, write swap : C'x D — D x C for the functor that swaps
objects and morphisms between the left and right argument: forc € C,d € D
we set swap(c,d) = (d, ¢) and analogously for morphisms.
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Definition 2.29. Let C' be a monoidal category. A braiding on C'is a natural
isomorphism
g ® = ®oswap ,

that is, a family of isomorphism
Bap 1 aR@b—>b®a,
natural in a and b, such that § satisfies the two hexagon identities

/Ba,®b, c

(a®b)®@c ———— c®(a®Db)

a®(c®b) ——— (a®c)Rb

Qg c,b
and

ﬁa, c

a® (b®c) b® bRc®a

(a®b)®c b® (c®a)
Bﬂm 1b®,8a,c

b®ae)@c ——— bR (a®c)

ab,a,c

A braiding [ is called symmetric if it squares to the identity in the sense
that for all a,b € C,

Bb.a © Bap = lawp
A braided monoidal category is a monoidal category equipped with a braid-

ing. A symmetric monoidal category is a braided monoidal category whose
braiding is symmetric.

Exercise 2.30. It follows from the axioms of a braided monoidal category @
that the braiding of any object with the tensor unit is determined by unitors:

—1 —1
Br,a = 1®a a5 a1 o Ba1 = a®]1£“—>ai‘i—>ﬂ®a}.

Show one of these identities. Hint: In the hexagon identities, set b = 1, and
fill in the diagram with commuting squares and triangles by applying unitors
a®(1®c) = a®ec, ete.
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Example 2.31. e Set, Ll with exchange of arguments of the disjoint union:
Bxy : XUY — Y UX. This braiding is symmetric. (How would you
write this in terms of elements? Can you think of something less con-
fusing than fxy(z) = 27?)

o Vecy, ®; with flip 7 of tensor factors, Syy =7y : U,V =V, U,
T(u ® v) = v @ u. This braiding is symmetric: vy o Ty = idygy.
Because [ is natural, and because every object is a direct sum of copies
of the tensor unit, the braiding on Vecy is unique. (Details? Hint: For
vector spaces U,V and elements v € U, v € V, consider the maps
f:k—=>U, 2z~ zu, and g : k — V, x — xv. Use naturality to
conclude Sy y(u ®kv) = v Qf u.)

e Rep,: The flip 7y of tensor factors of the underlying vector spaces
provides a braiding.

e Vecy: This category can be equipped with a braiding if and only if G
is abelian (Why?). If G is abelian, a possible choice of braiding is the
tensor flip 771 of the underlying vector spaces. We will see in the next
section that more choices are possible.

e SVecy: Finally we can see the difference to Vecy,. For U = Uy @ U; and
V = Vy @ Vi super-vector spaces, let u € U, v € V be homogeneous
elements. This means that u € U or u € Uy, etc. We write |u| € Zs
for the degree, or parity, of a homogeneous element. Then

Buv : UV -=VerU , uuve (—)"yeqy.

Thus, if both « and v have degree 1 (are “parity-odd”), then braiding
them past each other produces a minus sign (“parity sign”). Note that
this braiding is still symmetric, Sy o Syv = idygy, as the parity signs
cancel.
In these examples, all braidings are symmetric. In the next section, we meet
some non-symmetric braidings.

Definition 2.32. Let C, D be braided monoidal category. A braided monoidal
functor from C to D is a monoidal functor F' : C' — D which satisfies, for
all a,b € C:

Fla) &P F(b) —2y F(b) @P F(a)

le,b lF
o F(5G,) o
Fla®Cb) — =, F(b&C a)
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m A braided monoidal natural transformation between two braided monoidal
functors is simply a monoidal natural transformation. That is, there is no
additional compatibility condition for a monoidal natural transformation to
preserve the braiding. (Write down all the plausible diagrams you can think
of and check that they hold automatically.)

m Let C be a braided monoidal category. Let C5 be its strictification as a
monoidal category as in Theorem 2.27. We use the diagram in the above
definition to define a braiding on C5. Recall that

C*(axbbxa) = C(T(axb), T(bxa)) .
We define

T2 )—1
a,

(T7,) )
= [Tlar ) =2 @) 0 TER) T

T() © T(a) 2% T(bx )]

In this way, the monoidal functor T': C**" — (' is by construction braided.
The hexagon identities for 85 hold by construction, too. Indeed, a braided
monoidal functor turns the hexagon identity of the source category into the
hexagon identity of the target category. (Check this.) If the functor is
faithful, the source hexagons hold if and only if the target hexagons hold.

In a strict category, the hexagons simplify as we can omit the associators.
For example the first hexagon becomes:

str
axb, ¢

axbx*c >cxaxb

1a®ﬁ§f;\ //BZE(:;@lb
a*xckb

m Let B be a braided monoidal category. If a € B has a left dual a*, then

a* is also a right dual, and vice versa. (Details? Hint: If ev, : a* @ a — 1 @
is the evaluation map, take ev, = ev, 0 B4+ : @ ® a* — 1. What does one
have to choose for coev,? Why do the zig-zag identities hold (pass to the
strictification to avoid long diagrams).)

10

m Let S be a symmetric monoidal category, and let a € S be an object with
a left dual a*. Define the dimension dim(a) € End(1) as follows:

dim(a) = [ Ve 4@ a —>ﬁa’a* o @ a =2 Il] .
One can analogously define the dimension in terms of a right dual *a. The

next proposition shows that this does not matter, and that dim(—) is com-
patible with the tensor product.
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Figure 2.1: Graphical notation for monoidal categories

Proposition 2.33. dim(a) is independent of which left or right dual object
of a one uses in its definition. It satisfies

dim(a ® b) = dim(a) o dim(b) .

In order to prove this, we could draw a (very) big commuting diagram, or
write a moderately long but hard to read chain of equalities in the strictifi-
cation. Instead, we take this as an excuse to introduce the graphical calculus
for braided monoidal categories, and give the proof of this proposition at the
end of the next section as an illustration.

m The multiplicativity of the above proposition does in general not hold if §
is braided but not symmetric. We will see how to modify the definition of
right duals in terms of left duals in order to fix this when we discuss ribbon
structures (Section 5.1).

2.4 Graphical calculus for braided monoidal categories

Let C' be a strict monoidal category. Write a tensor product a1 ® ... ® a,, by
just writing ay - - - a,, next to each other.

e Write the identity morphism on a tensor product as vertical lines (Fig-
ure 2.1a).

e A morphism f:a;® - ®a, = b ®---®b, is a box, called coupon,
labelled f with m vertical legs attached from below, labelled aq, ..., a,,
and n legs above, labelled by, ..., b,, see Figure 2.1b
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e For the tensor product of morphisms, write the two diagrams next to
each other. For example, for f : as ® a3 — by and ¢ : ay — by, the

product

la; ®f®
a1 ® ay ® az ® ag ———% a4, @ by @ by

is shown in Figure 2.1c.

e Composition of morphisms is vertical stacking. For example, for f :
a1 ®as — band g: b® az — ¢, the composition

f®1a3 g
a1 Ray®az —> bR ag = ¢

is shown in Figure 2.1d.

e The tensor unit is not drawn. Or, if that is too confusing, it can be
shown as a dashed line, which is allowed to end without being attached
to a coupon (representing the unitor, which is the identity in a strict
category). As an example, f: 1 - a®band g: a3 ®ay; — b RLRby =
by ® by are shown in Figure 2.1e.

The strength of the graphical calculus is that we can deform the diagram
in certain ways without changing the morphism it represents. For example,
functoriality of the tensor product implies the equalities, for f : a — o’ and
g:b—=U,

(fRly)o(la®g) = f®g = (lLa®g)o(f®1).

The representation in graphical calculus is given in Figure 2.1f. Each valid
diagram in graphical calculus can be turned into a sequence of morphisms
by slicing the diagram horizontally in such a way that no coupons are cut.

m Suppose a € C has a left dual a* and/or a right dual *a. The graphical
presentation of the corresponding (co)evaluation maps are shown in Fig-
ure 2.2a,c. If it is clear which (co)evaluation maps are used, the labels can
be omitted. Note that these pictures are just shorthands for coupons, e.g.

SN
of a & o

The zig-zag identities for left and right duals are shown in Figures 2.2b.d.
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Figure 2.2: Graphical notation for left and right duals.

a b ¢

Figure 2.3: a) Naturality of the braiding. b) The two hexagon identities.
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m Suppose now that C' is in addition braided. The pictures for the braiding
and the inverse braiding are

b a b a a b b a

| | \ [ | )
2

Q)Q)b Qu,b = /

[ 1 [

a b a b b a a b

1
-

If C' is symmetric, the braiding and its inverse coincide, and we just draw a
crossing:

b « b « a b

| | | |
Qu)b = = @:,b
[ 1
a b a b b «

Naturality of the braiding is shown in Figure 2.3a. The hexagon identities
are so much part of the graphical calculus that they are hard to draw. But we
can if we use an identity-coupon a ® b — a ® b where we write the incoming
a ® b as two separate strands, and the outgoing one has a single strand:

aob

a b
Using this, the two hexagons are shown in Figure 2.3 b.

m We can now return to the proof of the proposition about multiplicativity
of the dimension.

Proof of Proposition 2.33. Independence is an exercise. For multiplicativity
with respect to the tensor product, we pass to the strictification S5 of S and
carry out the computation in graphical calculus. First, we choose b* ® a* as
left dual of a ® b, with (co)evaluation maps

a« b b o

Hogb ~ m Mool = M
b ot a b

Then the proposition follows from the computation in Figure 2.4. The ab-
breviation “YBE” stands for “Yang-Baxter equation” and is given in Exer-
cise 2.35. 0
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® f, ® fon.)
wulers waters

Figure 2.4: Graphical computation showing dim(a ® b) = dim(a) dim(b).
Exercise 2.34. 1. Show independence of the dimension of defining it in @
terms of left or right duals, and of the choice of dual object.

2. Compute the dimension of a finite dimensional vector space and of a
super-vector space.

Exercise 2.35. Let C be a strict monoidal braided category. @

1. The Yang-Bazter equation is the following identity between two mor-
phisms a®@b®@c = cRb® a:

(Bb,c ® 1a) o (]-b X Ba,c) o (ﬁa,b ® ]-c) = (16 ® Ba,b) o (ﬁa,c ® 1b> o (]—a X ﬁb,c)
Show this. (Should be short.)

2. The braid group B, on n strands is the group with generators oy, ..., 0,1
and relations

oi0; =oj0; if |[i —j| > 2, and

0;0;+10; = 0;410,0;11 for i = 1, e, = 2.

Show that taking o; to be the braiding, for each a € C one obtains a
group homomorphism B,, — End(a®").
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3. The symmetric group S, in n elements is just the permutation group,
i.e. the bijections {1,...,n} — {1,...,n}. A presentation of the sym-
metric group is obtained by the same relation as for the braid group,
together with the additional relation that 0? =1 fori=1,...,n— 1.

Suppose that the braiding of C'is symmetric. Show that for each a € C
one obtains a group homomorphism S,, — End(a®").

2.5 (G-graded vector spaces and group cohomology
In order to have some examples of non-trivial associators and non-symmetric
braidings at hand, we make a little excursion into group cohomology.

Let G be a group, and let A be an abelian group equipped with a left
action of G, that is, we have a group homomorphism G — Aut(A). We write
the action of g € G on a € A as g.a.

m The n-cochains with values in A are simply
C"(G,A) = Fun(G*", A) .

For n = 0 it is understood that G*? = {x}, a singleton set, so that C°(G, A) =
A. In words, a degree-n cochain is a function from n copies of G to A, without
any conditions.

m Next we define the differential or coboundary map d" : C™(G, A) — C"1(G, A)
as

(dp) (91,92, -+ ns1) = g1-0(g2,++  gnit) + Y (=1 0( -+, gegrsr, )
k=1

+ (=" (g1, -, gn)
For the first few values of n, this reads
(de®)(g1) = g1.0° = ¢” |
(de") (g1, 92) = 910" (g2) — 0" (9192) + ¢ (91) ,
(d®) (91, 92, 93) = 91-9%(92, 93) — ©* (9192, 93) + ©*(91, 9298) — ©* (91, 92) -
(Check that indeed d* = 0.) @

Definition 2.36. Let GG be a group acting on an abelian group A from the (4420
left. The n-cocycles, and n’th cohomology in group cohomology are

Z"G,A) =kerd” , H"(G,A)=kerd"/imd" " .

with differential as given above. An n-cocycle ¢ € Z™(G, A) is called nor-
malised if
©(g1s- -, 9n) = 0 whenever at least one g; = 1.
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For example, 0-cocycles are the same as the 0'th cohomology and are
given by

HYG,A)=7°G,A) = A ={ac Alga=aforall gc G},

the G-invariant subgroup of A.

We will import the following result from homological algebra without
proof (see [HS, Sec. VI.13]).

Lemma 2.37. For every n-cocycle ¢ € Z"(G, A) there is a normalised n-
cocycle v such that ¢ and ¢ differ by a coboundary. Equivalently, every
cohomology class has a normalised representative.

For info: For cyclic groups there is a simple expression to compute group coho-
mology in every degree [Wei, Thm.6.2.2]: Let C,, be the cyclic group with m
elements, with generator o and group operation written multiplicatively, ¢ = e.
We define group homomorphism E, N : A — A as, for a € A,

E(@)=0a—a , N(@) =a+oca+c’a+---+0" " a.

Note that N(E(a)) = 0 and that N(a) € AY. The group cohomology of C,, with
values in A is given by

ACG in=20
H"(Cp,A) = ker N/imE ;n=1,35,...
A% /im N n=2,4,06,...
m We will be interested in the case that A = k>, the multiplicative group of

a field k& (which we will write multiplicatively, not additively as above), with
trivial G-action on k*. The n-cycles for small n are

Z°G, k™) = K~
ZN (G, k™) = Homg, (G, k) = {x : G = k| x(gh) = x(9)x(h), g,h € G}
Z2(G k) ={p: G x G =k~ |g0(b, c)p(a,be) = p(ab, c)p(a,b), a,b,c € G}
ZYG k) ={w: G = k~ |w(b, ¢, d)w(a,be, d)w(a, b, c)

= w(ab, ¢, d)w(a,b,cd), a,b,c,d € G}

Exercise 2.38. 1. Let (), be the cyclic group with m elements, with
generator o and group operation written multiplicatively, o™ = e. Let
¢ be an m’th root of unity in k>, that is, ("™ = 1 (¢ need not be
primitive). Write M = {0,1,2,...,m — 1} so that each g € C,, can be
uniquely written as g = 0 for some a € M. Define s : Z — Z by the
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property that for a,b € M also a + b — ms(a + b) is in M. Explicitly
s(a+b)=0fora+b<mand s(a+b) =1 for a+b>m. Set

w(o_a7o_b’0_c) _ CQS(IH_C)

Show that w is a normalised 3-cocycle. (For info: For & = C and
¢ = exp(2mi/m), the above w is a generator of H?(C,,,C*) in the
sense that H?(C,,,C*) = {[w*]|a=0,1,...,m —1}.)

2. The group algebra k[G] for G over a field k has basis by, ¢ € G and
multiplication by - by, = by, with unit b.. For ¢ : G x G — k* define a
new product

by * b, = ©(g, h) bgn

Show that this defines an associative algebra with unit b, if and only if
¢ is a normalised 2-cocycle. Denote the resulting k-algebra by k[G]¥ —
this is called a twisted group algebra.

Consider linear maps f, : k[G] — k[G], b, — v(g)b, for some v : G —
k*. Show that there is an algebra isomorphism k[G] — k[G]? of this
form if and only if [p] = 1 (the trivial cohomology class) in H*(G, k*).

After these preparations, we turn to G-graded vector spaces Vecg over a
field k. For A, B, C € Vec define a linear map A® (B®C) — (A®B)®C as
follows. Recall the notation |a| € G for the degree of a homogeneous element
a € A, ete. Let w e C3(G, k*). We set

aapc AR(B®(C)— (A®B)®C
a® (b@c) — w(lal, bl |c]) (a®b) @ c

and we keep the unitors of Vecys as they are:
MMike@A—>A1lRar—a , pa:AQk. — Aa®1—a.

Proposition 2.39. 1. Vecy with associator and unitors as above is a
monoidal category if and only if w € Z3(G,k*) and w is normalised.
Denote the resulting monoidal category by Vecg.

2. For w,w’ normalised 3-cocycles, the categories Vec? and Vecs are
monoidally equivalent via a monoidal functor whose underlying functor
is the identity functor if and only if [w] = [w] in H3(G, k>).

Proof. For part 1 we need to check the axioms of a monoidal category in

Definition 2.14. It is clear that a4 p ¢ is an isomorphism, and that it is
natural in A, B,C. (Why? Write out one of the naturality squares.) The @
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pentagon and triangle axioms, evaluated on homogeneous elements a, b, ¢, d
with degrees |a| = g1, |b| = g, etc, become

w( g1, 9293, 9a) W(G2, g3, ga) w(g1, G2, 93) = w(g1, g2, g394) W(g1G2, g3, Ga)

and w(gy, e, g2) = 1. Together with Exercise 2.15, we see that these identities
hold iff w is a normalised 3-cocycle.
Part 2 is an exercise. [

Exercise 2.40. Show part 2 of the above proposition. That is, start from
the identity functor Id : Vecs — Vecs and try to upgrade it to a monoidal
functor (Id, I?,1°) : Vect, — Vec‘él. Convince yourself that up to monoidal
natural isomorphism, one may assume Ip = 1; : 1 — 1.

Next we study braidings on Vecy, for w € Z3(G, k™) normalised. Recall
from Example 2.31 that these can only exist if G is abelian, so we assume
this for the rest of this section. We make the ansatz

Bip:ARB—B®A , a®b (al|b)boa

for some function ¥ : G x G — k*. Then [ is natural by construction, and it
remains to check the hexagon axioms from Definition 2.29. These read, for
a, b, c homogeneous of degrees |a| = g1, |b] = g9, |¢| = g3,

w(93791792)¢(9192793)w(91,92793) = ¢(91,g3)w(91793792)77/1(92793),
W(g2,g37g1)71w(g1792g3)w<g1,g27g3)71 = w(g17g3)w(g27g17g3)71w(g1792> .

(Check this.) One way to interpret this is that w measures how far v is from

being a bicharacter. A bicharacter on a group G with values in £* is a map
b:G x G — k*, such that, for all g1, 92, h € G

b(91927 h) = b(gh h)b(927 h) ) b(ha 9192) = b(h7 gl>b(h’ 92) :

Indeed, if w = 1, then 9 is a bicharacter.

m A pair (w,1)) satisfying the above equations with w € Z3(G, k*) is called
an abelian 3-cocycle Z3, (G, k™). Tt is called normalised if w is normalised. By
Exercise 2.30, this implies that v is automatically normalised as well. We
denote the braided monoidal category obtained from a normalised abelian
3-cocycle by

Vec(é“p) .
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For info: There is a cohomology theory adapted to abelian groups, which is dif-
ferent from general group cohomology, called abelian group cohomology H,,. The
higher cochains and cocycles get increasingly more complicated relative to group
cohomology. One can identify both cohomology theories with cohomology of a
topological space. Let K (G, m) an Eilenberg-Maclane space, that is, a space with
homotopy groups m,(K(G,m)) = G and m;(K(G,m)) = 1 for i # m. Note that
the only homotopy group which can be non-commutative is 71, and so for K (G, m)
with m > 2, G needs to be commutative. K(G,1) is also called the classifying
space BG of G. Then

H"(G,7) = H"(K(G,1),Z) , 'W(G,Z)=H"(K(G,2),Z)

ab

with trivial action of G on Z. See [Wei, Ex. 8.2.3], [JS2] and [Ga] for more on this.

® Define the map dp, : C*(G, k%) — Z3, (G, k*) as

dab(%‘)) = (d907 Pskew) where SDskew<ga h) =

(Check that this is indeed an abelian 3-cocycle.) @

Exercise 2.41. Show: For two normalised abelian 3-cocycles (w,) and @

(w', "), the corresponding braided monoidal categories Vec(Gw ) and Vecg’ W)

are braided monoidally equivalent with underlying functor the identity func-
tor, if and only if they differ by da,(p) for some ¢ € C*(G, k). Explicitly,

w,(glvg27g3) = w(gl,QQ,g?,) (dgp)<91792,g3) )
¢/(917g2) = w(fh,gQ) 90skew(g1,g2) .

m The degree three abelian group cohomology with values in £ is
H3 (G, k™) = 73 (G, k) /imdy, .
There is a remarkable result relating H2, (G, k*) to quadratic forms on G.

Definition 2.42. Let G be an abelian group. A quadratic form on G with
values in k* is a map q : G — k* such that ¢(g) = q(¢~') and such that the
function b: G x G — kX,

q(gh)
q(g)q(h)

is a bicharacter on G. We write QF (G, k*) for the quadratic forms on G.

b(g,h) =

Note that the product of two quadratic forms is again a quadratic form,
and so QF (G, k) is an abelian group.
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Theorem 2.43. Let G be an abelian group. The map
H2 (G, k) — QF (G, k)

which takes [w, 1] to the quadratic form ¢(g) = (g, g) is well-defined and a
group isomorphism.

We skip the proof, see [EGNO, Sec. 8.4] and [Ga, Thm. 4.4] for details.

m The theorem makes the surprising statement that in order to characterise
Vec(éu ¥) up to braided monoidal equivalence (with underlying identity func-
tor), all one needs to remember of associator and braiding is the self-braiding
of the one-dimensional vector spaces k,, concentrated in degree g € G, for
all g.

Exercise 2.44. In this exercise we will look at some properties of quadratic
forms. Let G be an abelian group and ¢ € QF(G, k™). Show:

1. Let u be a bicharacter on G. Set ¢(g) = u(g,g). Then ¢ is a quadratic
form. For such a quadratic form, [1,u] € H3,(G, k*) gets mapped to ¢
under the isomorphism of Theorem 2.43.

Let now ¢ € QF (G, k*) be arbitrary.

2. q(e) = 1. Hint: A bicharacter is 1 if any of its arguments is the unit
ee€ (.

3. q(g*) = q(9)* for a € Z. Hint: Evaluate b(g, g~*) to see b(g, g) = q(g)?,
and proceed by induction.

4. Let now G = C,,, the cyclic group with m elements, and let o € C,,, be
a generator. From part 3 we know ¢(c®) = (% for some ¢ € k* with
(™ = 1. Show that in fact we need ¢2™ = 1 for m even, and ("™ = 1
for m odd.

This shows that QF (Cy,, C*) = Zgeda(m?2,2m)-

5. Take now k = C and m = 2. By part 4 we have QF(Cy, C*) = Z,.
Write these four quadratic forms ¢;, j = 0,1,2,3, explicitly, and give
abelian 3-cocycles (wj, ;) which get mapped to ¢; under the isomor-

phism of Theorem 2.43. For which j is Vec(C“; 7%3) symmetric? Do you
recognise these braided monoidal categories in our earlier examples?
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2.6 Piecewise linear bordisms

There are many, many variants of bordism categories: topological, piecewise-
linear, smooth, with various tangential structures, with embedded subman-
ifolds (which can have their own tangential structures), extended versions
which are higher bordism categories, ...

In this course, the focus is on algebraic aspects of TFTs, and we will not
review or need the intricacies of the various notions. But to at least fix one
setting in which all the considerations below work, we will quickly review
oriented piecewise linear bordisms. See [RSa] for more on piecewise-linear
structures.

Definition 2.45. 1. A map f : R™ — R" is piecewise-linear, or PL, if
there is a decomposition of R into a locally finite simplicial complex,
so that f is affine-linear on each simplex.

2. Let U CR™and V C R". Amap f: U — V is PLif it is the restriction
of some PL map R™ — R".

3. Let n > 0 and set
Yo={(2,...,2,) eR" £ 2, >0} .

Let U,V C R} be open. A PL isomorphism U — V is a bijective PL
map. A PL isomorphism is orientation preserving if the determinant of
the (linear part of the) affine linear map on each n-simplex is positive,
and orientation reversing if it is negative.

m Let us expand on some points of this definition.

e A finite set {vg,v1,...,vx} C R™ is called independent if it is not
contained in an affine subspace of dimension < k, or, equivalently, if
the k vectors v; —vg are linearly independent. In this case, the k-simplex

with vertices {vo, ..., v} is the convex hull
k
1=0 i

An affine-linear map f : A(vy,...,vx) — R"™ is uniquely determined by
the images of the corner points f(v;), ¢ = 0,..., k. (Why? Give the
explicit linear map in terms of the f(v;). At which point are you using
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independence of the set {v;}? Give an example where f(A) is not a
simplex.)

e The property that a PL map is determined on each simplex by the
images of the corner points implies that a PL map is automatically
continuous. (Why? Hint: Check that the restriction of the affine-linear @
maps from different simplices to a common face have to agree.)

e An affine linear map is of the form f(x) = Az + b, where A is linear.
Let us agree that det f := det A. For a PL isomorphism f from U C R"
to V C R", we have that for each n-simplex A with AN U # () that

det(f|a) # 0.

e For n > 2 there is a map R,_;, : R” — R}, given by

(T1y ooy Tp0y Ty 1, Tp) > (X1, o Tp0y — X1, —Ty)

is an orientation preserving PL isomorphism R” — R%. For n > 2 it is
thus enough to work with R}, even if we want to preserve orientation.
However, including R™ allows for a more uniform treatment of the case

n = 1 and is convenient for gluing later. o
(15.4.26)

m An n-dimensional topological manifold is a separable Hausdorff topological
space? M such that each p € M has an open neighbourhood U homeomorphic
to an open subset of R’. A pair (U, ¢) of such a neighbourhood and home-
omorphism ¢ : U — ¢(U) C R% is called a chart. An atlas is a collection
{(Ua, ¢a) }a of charts such that | J, U, = M. The maps

Toa = 03 0 ¢y Ga(Ua NUs) = ¢3(Us N Up)

are called transition functions. An atlas is piecewise-linear (or PL) if all
transition functions are PL.

4separable = contains a countable dense subset; Hausdorff = distinct points have dis-
joint open neighbourhoods.
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Definition 2.46. Let n > 1.

1. An n-dimensional piecewise-linear (or PL) manifold is an n-dimensional
topological manifold with a PL atlas. It is oriented if the transition
functions are orientation preserving.

2. Let M, N be PL manifolds, and let V. C M. A PL map V — N is a
map f:V — N such that f is PL in charts of M and N.

3. Let M be an n-dimensional oriented PL manifold with atlas {(Uy, ¢a) }a-
Write R, : R — RE, (21,..., 201, 2) = (21, .., %01, —7,) for the
reflection at the z, = 0 plane. The orientation reversal —M of M is
M as a topological space, with atlas (U, Ry, © ¢q)-

(Check from the definition that the identity map from M to —M is orienta-
tion reversing.)

m The points of M which get mapped by a chart to
R = {(z1,...,2,-1,0)} CR}

form an (n — 1)-dimensional PL submanifold, called the boundary OM of M.
If M is oriented, then OM is oriented, too. In a chart where a patch of the
boundary M gets mapped to R~ C R, the boundary is oriented as R""*,
and for R"~! C R” it is oriented opposite to R* !,

For example, take n > 2 and consider a chart ¢ : U — R” containing
part of the boundary of M. With the above convention, also ¢’ = R,,_1,0¢ :
U — RY is a chart, and the map

Rnfl,n : (b(U) — (ZS/(U)

is orientation preserving also on the boundary. (Why is it orientation pre-
serving on the boundary?)

m The case n = 0 needs a special treatment. A O-dimensional PL manifold
is the same as a 0-dimensional topological manifold (namely an at most
countable number of isolated points, and finite in the compact case). An
orientation on a 0-manifold M is an assignment of a sign & to each point in
M. A chart containing a boundary point of an oriented PL 1-manifold has
values in exactly one of R, or R_, and accordingly the boundary point is
assigned orientation + or —. For example:

+ M - R
o

® From hereon we agree that:
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e manifold = oriented PL manifold
e map between manifolds = PL map

e isomorphism between manifolds = orientation preserving PL isomor-
phism

m Bordisms: A closed manifold is a compact manifold with empty boundary.
Let X,Y be closed (n — 1)-manifolds. A bordism

M: X =Y

is an n-manifold M, together with an isomorphism ¢, : X U —-Y — OM.
Two bordisms M, M’ : X — Y are isomorphic if there is an isomorphism
f M — M’ compatible with the boundary parametrisations: f o 1y =
Yy X U =Y — oM.

m Gluing: Given bordisms M : W — X and N : X — Y we define a new
bordism
NUxM:W =Y

by gluing M and N along X.

In more detail, for a point z € X pick neighbourhoods V' C X of z,
Uy C M of Yy(x), Uy C N of ¢¥n(x), such that ¢y (V) = Uy N OM,
Yy (V) = Uy NON. By shrinking neighbourhoods, we may assume that we
have charts ¢x : V — R, ¢ : Uy = R, ¢n - Uy — R™. We then build
a chart around x in N Ux M as in the figure below.

Alternatively one can work with collars, i.e. embeddings

CNZXX[O,l]%N, CMIXX[—LO]—)M,
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see [RSa, Cor. 2.26] for more on collars.
Definition 2.47. Let n > 1. The category Bord,, has
e objects: closed oriented (n — 1)-manifolds.
e morphisms X — Y isomorphism classes [M] of bordisms M : X — Y.

e composition: For [M]: X — Y and [N] : Y — Z, [N] o [M] is the
isomorphism class of N Ly M.

e unit: 1y is the isomorphism class of X x [0, 1].

Bord,, becomes a monoidal category by taking the disjoint union as tensor
product of objects and morphisms. It becomes symmetric via the swap of
components X LY — Y U X.

® Why PL and not e.g. smooth bordisms? This leads to a simpler and more
combinatorial version of TFTs, which avoids some complications such as
having to work with collars in the definition of gluing, or treating smooth
structures on stratifications. (But it also limits the theory, for example it
will never detect exotic smooth structures.)

Proposition 2.48. Bord, is rigid. Specifically, —X is a left and right dual
of X € Bord,,.

Exercise 2.49. Show this. Hint: Consider M = X x [0, 1] and interpret it
as a bordism in different ways.

We can now update our definition from the beginning:

Definition 2.50. An n-topological field theory (TEFT for short) with values
in a symmetric monoidal category S is a symmetric monoidal functor

Z : Bord,, — S .

We write
TFT,(S) := Fungm,(Bord,,, S)

for the category of n-dimensional TFTs with objects symmetric monoidal
functors Bord,, — S and morphisms monoidal natural transformations.

From this definition we immediately get the following corollary to Propo-
sitions 2.24 and 2.48.
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Corollary 2.51. Let Z be an n-dimensional TFT. Then for every X € Bord,,,
the object Z(X) € S has Z(—X) as its left and right dual.

m For example, if S = Vecy, this implies that Z(X) is finite-dimensional for
all X.

For info: From the motivation via path integrals in Section 1, we see that Z(X) =
H(X) is interpreted as the state space of a quantum field theory on the (n — 1)-
manifold X. But QFTs typically have infinite-dimensional state spaces, and so
TFTs model at best a very special type of QFT. One place where TFTs appear is
in QFTs with an energy gap above the space of ground states, where TFTs model
the behaviour of degenerate ground state spaces.

Lemma 2.52. Let C, D be monoidal categories, F',G : C' — D be monoidal
functors, and ¢ : F' = G a monoidal natural transformation. If a € C has
a left dual, then ¢, is invertible and ¢,+ is uniquely determined by ¢,. In
particular, if C' is rigid, then ¢ is invertible.

Exercise 2.53. Prove the above lemma in the case that C' has left duals.
Proceed as follows. By Theorem 2.27, it is enough to consider the case that
C and D are strict.

1. Let a € C. By Proposition 2.24, F(a) and G(a) have duals. Show

(a ® ar) © COCV F(q) = COCV((q)
and the corresponding identity for evaluations.

2. Show that the morphism

CoevF(a)®1G(a)

Yo = |Gla) F(a)F(a")G(a)

1F(a)®¢a*®1G(a)\

is inverse to @,.

3. Use an expression similar to the one above to express ¢, in terms of

GRS

m Lemma 2.52 implies that TFT,(5) is a groupoid. A groupoid is a category,
all of whose morphisms are invertible.
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Bibliographic notes for Section 2

The review of categorical notions and of the graphical calculus is all standard.
Some textbook references are [Ka, ML, EGNO, TV]. For the strictification
of monoidal categories, see [ML, Ch. XI.3] and [Ka, Ch. XI.5]. The validity
of the graphical calculus for monoidal categories, including the braided case,
is established in [JS1]. A detailed account of various graphical calculi in
two dimensions can be found in [Sel]. The relation between associators and
braidings on Vecs and group cohomology goes back to [JS2]. A more detailed
discussion of PL-bordisms will be given in [CM]. A discussion of bordism
categories and topological field theory can also be found in [Ko, Sec.1.2] or
[TV, Sec.10.2], including the dualisability property in Corollary 2.51. It is
also reviewed in [CR2].
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3 Dimension one

3.1 Generators for monoidal categories

m We need to upgrade our strictification result to monoidal functors. A
monoidal functor F is called strict if F'? and F° are identities.

Let C', D be monoidal categories, and F' : C' — D a monoidal functor. We
will construct a strict monoidal functor F** such that the following diagram
commutes via a monoidal natural isomorphism #:

For a = (ay,...,an) in C* we set
F*"(a) = F(ay) * -+ * F(ay,) and F*(()) = ().
Then

TP o F*(a) = Fa1 ®@ (Fas @ -+ @ (Fam—1 @ Fay) ) ,
FoT% ) =F(a1® (a2 ® @ (am_1 ®@am) ) .

We can use an iterated application of F? : F(u) ® F(v) — F(u ® v) to get
an isomorphism
Na: TP o F*"(a) — F oTa) .

If a = (), then 5y : 1T — F(1) is given by F°.
For a morphism f : a — b in C*" we define

() = [P (@) 2 F€() 2 FTew) 2 70 )]

Proposition 3.1. F*" is a strict monoidal functor and 1 : TP o Fs" = FoT¢
is a monoidal natural isomorphism.

Exercise 3.2. Prove (bits of) the proposition. Namely, show that (i) F®" is @
a functor, (ii) F*" is strict monoidal (i.e. it makes sense to set the coherence
isomorphisms of the monoidal functor to 1 as the corresponding objects are
equal), (iii) n is a natural isomorphism. The more tedious part is to show

that 7 is monoidal. This you do not have to do, but at least (iv): write down

the commuting square that is required. And maybe think how you would set

up an inductive argument.

44



m Let C be a monoidal category and C®% its strictification, with monoidal
equivalence T : C*" — (' as in Section 2.2.

e Let Cy be a subset of objects in C'. Then C defines a full monoidal
subcategory C§™ of C**" consisting of lists a = (ay, . .., a,,) with a; € Cy
(and of all morphisms between these objects).

e Let C) be a subset of morphisms in C§. Thus an element g € C} is a
morphism ¢ : T'(a) — T(b) in C' with a,b € C§™.

We say that C'is tensor generated by a set of objects Cy and a set of mor-
phisms C if:

1. Every object in C' is isomorphic to T'(a) for some a € C5™. The empty
list is allowed and T'(()) = 1.

2. For a,b € C§, every morphism f : T(a) — T'(b) in C' can be written
s h h h h
f=laSe 2 2, | 50|,

for some ¢; € C§, and where each h; is a tensor product in C§* of

identity morphisms and morphisms in Cf.

Point 2 states, equivalently, that every morphism in C§* can be written as a
composition of tensor products of morphisms in C; and identities. Write

[0 e

for the embedding of the subcategory C§t*. Clearly, I is a strict monoidal
functor. Point 1 implies that [ is an equivalence. (Why is [ fully faithful
and essentially surjective?)

Lemma 3.3. Let C' be tensor generated by Cy, C', and let D be a monoidal
category. A monoidal functor C' — D is uniquely determined, up to natural
monoidal isomorphism, by its values on Cy and C}.

Proof. Let F,G : C — D be monoidal functors, and let F5% G5 . C% —
D" be their strictifications.

Suppose that F' and G agree on Cj in the sense that F(a) = G(a) for all
a € Cy. Then also F*"(a) = G*"(a) for all a € C§™.

Suppose further that F and G agree on C} in the sense that F*"(g) =
G*"(g) for all g € C4.

As all morphisms in C§ can be written as compositions and tensor prod-
ucts of those in C; (and identities), and as F™* G are strict monoidal, we
have

Fstr o [ — Gstr o [ . Ogtr N Dstr ,
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where I : C§ < C*" is the embedding from above. Write 1,7 for the
inverse part of the equivalence. Then

TC . i I . Frstr ) TD
F ~~ C Obtl‘ = C(s)tr = Cstr Dstr D o~ G

J/

-~

=Gstro]
as monoidal functors. O

Lemma 3.4. Let C be tensor generated by Cy,C;, let D be a monoidal
category, and F,G : C'— D functors. Then

1. a monoidal natural transformation F' = G is uniquely determined by
its values on Cj, and

2. given a collection of morphisms (f, : F(a) — G(a)).ec,, there is a
natural monoidal transformation ¢ : F — G with ¢, = f, for all
a € Cy if and only if the (f,) are compatible with C; in the following
sense: for a € C§* set f, = fao * -+ * fa,; we require that for all

g:a—bin Cy:
Fstr(g) FStr(gg FStr(Q)

b

To
GStr(Q) GStr(gg Gstr(b)

Exercise 3.5. Show this. Hint: First check that it is enough to show the
existence and uniqueness statement for natural monoidal transformations
Fs" o] = G* o] for I : C§" — C* the embedding, cf. Lemma 2.10. Then
use strictness of the monoidal functors and the generating property of Cf.

m Denote by e a point with orientation + or —. We will import the following
result, which can be shown for example by Morse theory.

Proposition 3.6. Bord; is tensor generated by Cy = {e,,e_} and

e Wa R4

(Why can one not leave out, say, the right evaluation and coevaluation
and just have three generators? How does one obtain the symmetric braiding
for all four combinations e, Ll e_.7)

m For a monoidal category C, denote by C™ (“fully dualisable”) the full
subcategory of objects which have left and right duals. This is in fact a
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monoidal subcategory. (Why? And is it not confusing that “fd” could also
stand for “finite-dimensional”?)

Furthermore, for an arbitrary category D, denote by D* the maximal
subgroupoid of D, that is the subcategory consisting of all objects of D,
but only of invertible morphisms. If D is monoidal, then D* is a monoidal
subcategory. (Why?)

Below, for a monoidal category C', we are interested in the groupoid of
dualisable objects, (C')*. (Why is (C™)* in general not the same as (C*)f?
What would the second category be for C' = Vec,?)

Theorem 3.7. Let S be a symmetric monoidal category. Then TFT;(S) &
(S™)* as categories via

Z—Z(ey) and (¢:Y =2) — (e, : Y(ey) = Z(e))) .

o
Proof (sketch). The assignment is well-defined and a functor. Indeed, Z (e, )
is dualisable in S by Corollary 2.51, and ¢, is invertible by Lemma 2.52.
(Why is it a functor? I.e. why is it compatible with composition and preserves
identities?)

Faithful: By Lemma 3.4, a natural transformation is determined by its value
on e, and e_. By Lemma 2.52, ¢,_ is determined by ¢,,. So ¢ = o ift
¢0+ = ¢0+-

Full: Let Y, Z € TFT{(S) and f : Y(e,) — Z(e,) be an isomorphism. We
set ¢o, = f and take ¢,_ the corresponding unique value determined by
Lemma 2.52. By Lemma 3.4, we need to check this assignment is compatible
with the generating morphisms. For the (co)evaluation in Bord;, this follows

by construction of ¢,_, and for the braiding it is naturality of the braiding
in S. (Fill in some of the details.)

FEssentially surjective (sketch): We claim that every dualisable object in S
can occur as the value of Z(e,). So, let a € S™ be given.
We assign the following values to the generating sets Cy and CY:

Z(er)=a , Z(e_)=a",
and

Y= e Z(M)) - &

M\
Z(\ ) = e 2N -

|
Lol
3
S
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Let M : X — Y be a bordism in Bord;. By Proposition 3.6 it can be written
in terms of the generating morphisms in C}. This determines the value of Z
on M.

Now comes the part where the proof becomes a sketch: It remains to
show that two different ways of writing isomorphic bordisms in terms of the
generators result in the same value for Z. This can again be done via Morse
theory, which shows that the zig-zag is the only relation to check, and from
the fact that the exchange of points gets mapped to a symmetric braiding,
which shows independence of how level sets of the Morse function are mapped
to an ordered set of oriented points. O]

For info: The simple description of one-dimensional TFTs as the groupoid of
dualisable objects will not persist in higher dimensions, at least in our 1-categorical
setting. However, remarkably, it does stay true in all dimensions if one works with
fully extended topological field theories, where the source category is the symmetric
monoidal (oo, n)-category of framed n-bordisms, and the target is any symmetric
monoidal (oo, n)-category. In that setting, giving an n-dimensional TFT is the
same as giving a fully dualisable object in the target category. This is the content
of Lurie’s proof outline of the Baez-Dolan cobordism hypothesis, see [Lul].

3.2 Stratifications and colourings

Now we make the bordism category more complicated by adding stratifica-
tions and colourings (or labellings, or decorations).

m Let P be a partially ordered set, or poset for short. P can be made a
topological space by declaring that a set is open if it is closed upwards:

U C P open PES if pe P, u e U with p > u, then also p € U.

Exercise 3.8. 1. Show that (i) a map between posets is continuous if and
only if it is order preserving, and (ii) the sets { P>, }.cp are a base of
the topology on P, that is, every open set U C P can be written as a
union of sets P>, := {p € P|p > z}.

2. Show that for x € P, the set P., = {p € P|p < z} is closed. Give
an example where the complement of P, is not P>,. Give an example
of a totally ordered set where each one-point set is neither open nor
closed.

Definition 3.9. Let P be a poset and X a topological space. A P-stratification
of X is a continuous map s : X — P.
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m We write X5, for all x € X with s(z) > p, and analogously for X-,, X<,
Xp. Instead of X_, we will write X,,. Note that X>, = s7'(P5,), and so
these sets are open in X. Analogously, by the above exercise X, = s7!(P-,)
is a closed subset of X. (Actually, also X., is open and X, is closed. Check
this.)

Example 3.10. 1. Take P = {0,1,2} with induced total order. The
open sets are 0, {2}, {1,2}, {0,1,2}.

Then the map R? — P, x + (number of coordinates of x that are
non-zero) is a stratification. (R?)s, is R? minus its coordinate axes,
and (R?)s; is R?\ {0}. (What is (R?);? What is the generalisation to
R"™? What is (R?)>27)

On the other hand, the map which takes = to the number of coordinates
that are zero is not a stratification of R

2. Take P = {0,+, —} with 0 < 4+, 0 < — and no relation between +, —.
The sign map sgn : R — P, which is 4+, —, 0 depending on whether x
is positive, negative, or zero, is a stratification. More generally, a P-
stratification of R is the same as giving two disjoint open sets Uy C R.
(Why?) On the other hand, if we take ) = {+, —} with no relation
(discrete topology), there is no Q-stratification of R which has both +
and — in its image. (Why?)

m At this point, stratified spaces are still too general. We would like to make
them interact well with PL-manifolds.

Definition 3.11. Let {0, 1,...,n} have induced total order, let D be a poset
and 7 : D — {0,1,...,n} astrictly increasing map. A D-stratified piecewise-
linear n-manifold is a PL n-manifold M together with a stratification s :
M — D. Denote the preimage of d € D by

My = s *({d}) .

We demand that My is a (PL) submanifold of dimension 7(d) satisfying
OMy = MyN OM. A connected component of (7o s)}({k}) is called a
k-stratum. We denote the elements in D that can label a k-stratum by

De=n({k}) .

m That 7 is strictly increasing means that a < b implies 7(a) < 7(b). The
reason to demand this is so that closures of different strata can only intersect
in lower dimensional strata.
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Here is an example of what can go wrong otherwise: Let D = {x,a,b, u}
with 7 : D — {0,1,2}, n(z) = 0, m(a) = w(b) = 1, w(u) = 2. Introduce
two different partial orders: D* has z < a < b < u, and D® has < a < u,
xr < b < u with no relation between a,b. Then 7 is strictly order preserving
for D?, but not for D*. Consider the decomposition of R? into the unit
square, the open interval (—1,1) on the z-axis, and the complement of all
that, with map s : R? — D as follows:

o Rr

Then s is a stratification for D* but not for D?. Indeed, the preimage of
D2, = {a,b,u} is R?, while the preimage of DY = {a,u} is R? less the
b-labelled open interval, and is not open. (Check also the preimages of the
open sets for > x, > b.) If we take s to be x on the points +1 on the z-axis,
then we get a stratification for both D® and D?.

Lemma 3.12. Let z, be a sequence of points in M converging to some
x € M. Suppose s(x,) = b and s(x) = a. Then a < b.

Proof. Suppose a < b does not hold. Then b ¢ D>, and so z,, & s~ (Dx,).
But # € s'(Ds,) and s7'(Ds,) is open. So x has a neighbourhood not
containing points of the sequence z,,, in contradiction to x,, — x. 0

In particular, if a # b, then a < b and hence also 7(a) < 7(b). That is,
the dimension of M, is smaller than that of M.

Example 3.13. On the left an example is shown which is a D-stratified
2-manifold M, and on the right we have an example which is not:

The problematic parts on the right are circled in red: y labels a 1-stratum
adjacent to a 2-stratum labelled a, but there is no relation y < a, and so
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M-, is not open; y also labels a 2d region, so M; is not a l-manifold; x
labels a vertex where three x-labelled 1-strata meet, and so again M, is
not a l-manifold; there is a O-stratum labelled @ on the boundary, so that
MyNOM # 0, but OMy = 0; there is a 1-stratum labelled x on the boundary,
and so OM; # My N OM.

m The definition implies many other properties, for example:

e There is a simplicial decomposition of M such that the value of s is
constant in the interior A° of each k-simplex (k =1,...,n).

Indeed, M, is a k-manifold, for k = 7(d), and so has a PL-atlas (com-
patible with that of M).

e Choose a simplicial decomposition as in the first point and let x € M
be in the interior of a k-simplex. Then 7(s(z)) > k, and > k + 1 if
x € OM.

Write d = s(x) and ¢ = 7(d). Then M, is an f-manifold by assumption.
We cannot have ¢ < k as an ¢-manifold cannot contain a k-simplex.
If x € OM, then also x € OMy. As OM, is a (¢ — 1)-manifold we get
E<t(-—1.

e s is constant on a k-stratum. (Why? Hint: Let S be the k-stratum.
Let w,v € D satisty n(u) = k = w(v). Then v ¢ M, and u ¢ M>,.
Check that the intersections of M, and M>, with S are open in .S and
disjoint. Then use that S is connected.)

e For info: Frontier condition: Let A C M,, B C M, be strata (i.e.
connected components) for a,b € D, and denote by A the (topological)
closure of A. Then AN B # () implies B C A.

For info: There are more flexible ways to restrict general stratified spaces to
something workable. One example are so-called conically stratified spaces, which
are inductively modeled on C(Z) x R* where Z is stratified and compact of lower
dimension. See [Lu2, App. A.5] and [AFT, Sec.2.1] for more on this. This allows
spaces which do not have an underlying manifold, for example they could locally
look like
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m Write D>, for the preimage under 7 of {1,...,n} and define
m>1: D> —{0,1,....n—1} |, z—n(z)—1.

A D-stratified n-dimensional bordism is a bordism M : X — Y, together
with stratifications sy : M — D, sx : X = D>1, sy : Y — D>, compatible
with the boundary parametrisation ¢, : X U =Y — OM.

We will not actually be working with general stratified bordisms, and will
use a more restrictive notion where we give explicit local models. We will
refer to these as defect-bordisms.

m /-dimensional defect bordisms: Let D = Dy U D; be given, with maps
s,t: Dy — D;. Turn D into a poset by declaring x < s(x) and = < t(x) for
all z € Dy. Let m: D — {0,1} map D; to i.

Definition 3.14. A 1-dimensional defect bordism for D is a D-stratified
bordism M : X — Y, such that each point of M has a neighbourhood
isomorphic to one of the following, for x € Dg, a € D;:

Qg @ Q . Q

o
Q

s(x) ? L&)

ran Lg

The category Bord{*!(D) has as objects D, stratified points and as mor-
phisms isomorphism classes of 1-dimensional defect bordisms for D.

m Accordingly, a I-dimensional defect TF'T for D with values in a symmetric
monoidal category S is a symmetric monoidal functor

7 : Bord{*{(D) — S .

Example 3.15. Let us take S = Vec,. Then Z assigns to each a € D,
a finite-dimensional vector space V, via V, = Z(e%), with % the a-labelled
positively oriented point. To each x € Dy, Z assigns a linear map f, : V) —
V;g(x) via

EQ RIS
2[ T )z —— 20

. . . . . t(4
(Consider the reflected version of the picture above as a morphism e @ @

o*™_ What is the corresponding linear map?)
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3.3 State sum models

Take Dy = Dy = {x} to be one-element sets, so there is a unique colour for
O-strata and 1-strata. The defect TFT Z : Bord{*(D) — S is determined by
the object a € S assigned to e, and the morphism f : a — a assigned to
the bordism I; consisting of an interval with one zero-stratum. Let I,, be the
interval with n O-strata. Then

Z(I,)=Z(Lio--ol)=Z(L)o--0Z(L)=["1a—a

A WV
n times n times

is the n-fold composition of f with itself.

Example 3.16. The Ising lattice model. The n-dimensional Ising lattice
model is defined on an n-dimensional square lattice Z" (or some subset A
thereof), with a degree of freedom {£1} — a “spin” — at each site. A config-
uration is therefore a map o : A — {£1}. The energy of each configuration

is
E(o) = —Zaiaj ,
(i)
where the sum is over pairs (ij) of neighbouring sites, and o; is the value of
oat i€ A CZ" Here we take A finite to make F(o) a finite sum. The
partition function on A is

Za(B) =) e P,

where the sum is over all configurations o : A — {+1}.
We want to use 1d defect TF'T to build the 1d Ising lattice model. Take
Dy = D; = {x} as above, S = Vecc, and consider the defect TFT with

Z(e,) =C? and , ,
e e
2 =(5 %)

Then Z(1I,,) computes the Ising model partition function with n sites, except
that the TF'T bordism is Poincaré-dual to the Ising lattice in that the degrees
of freedoms {£1} are associated to the l-strata, and the interaction to the
O-strata.

To see this, label the standard basis of C? as e, = (1,0) and e_ = (0, 1).
Write e* for the corresponding dual basis of (C?)*. Then for a lattice with
n sites and spin degrees of freedom on the two boundaries fixed to be “+7,
we compute

eiZ([n)€+ = B:Z(Il) @) Z(]l) 0---0 Z(Il)€+
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= Z et Z(I)eq e; Z(11)eq, e, Z(I1)ey
_ Z 65(01+Zz;12 0k0k+1+0n71) — Ze—ﬁE(U) 7

where in the last sum, we fix 0y = + = 0,,. Note that the Ising model is
not topological and depends on the lattice size via n in [,,. Still, we have
used TFT to make a non-topological lattice model functorial: Z(1,, o I,,) =
Z(Iy) o Z(I,). This is a discrete (and rigorous) instance of the idea in
Section 1 that the path integral should be modeled by a functor. For more
on the 1d Ising model, see [Mus, Sec. 2.1].

Exercise 3.17. Compute e} Z([,)e; as a function of n in terms of cosh 3
and sinh § by diagonalising Z(I;). If you know what is meant by “phase
transition”, consider e} Z(I,)es/((ef + €*)Z(I,)(es + e_)) and argue that
the 1d Ising model has no phase transition between an ordered and disordered
phase.

m New 1d TFTs from state sums. Let us return to a general symmetric
monoidal S. We can ask if a state sum model as above can also be topological.
In view of the identity

Z(Ipol,)=2Z(I,) o Z(1,)

from above, we would certainly need that Z(I,,) is independent of n, which
in turn follows if

Z([Q):Z(Il) ~ fof:f:a—>a.

In other words, Z(I,) is independent of n (n > 1) iff f € End(a) is an
idempotent. We can try to define a new TFT 2"V : Bord; — S (without
defects for now) by setting

Z (1) = Z(1,) foranyn>0.

However, that is not yet a TFT because the (unstratified) interval I is the
identity on e, in Bord;, and it should be mapped to the identity 1, on a in
S. But it does get mapped to f, which is just an idempotent on a and not
necessarily equal to 1,. We need one more ingredient:

Definition 3.18. Let C' be a category and a € C'. A morphism p:a — a is
called an idempotent if pop = p. An idempotent p is split if there are

jeC , ej—a, ria—j, re=1;, er=p.
In this case, j = (j,e,r) is called a splitting of p, or the image of p. If each

idempotent in C' is split, C' is called idempotent complete.

o4
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Exercise 3.19. Let C be a category. @

1. A morphism m : x — y is called mono or a monomorphism (think
“Injective map”) if it is left-cancellable: if f,g : u — x satisfy m o
f =mog, we have f = g. A morphism e : x — y is called epi
or a epimorphism (think “surjective map”) if it is right-cancellable: if
f,9:y— vsatisfy foe=goe, we have f = g.

Let (j,e,7) be a splitting of an idempotent p : a — a. Show that e is
mono (e for “embedding”, not for “epi”) and r (“restriction”) is epi.
Show that pe = e, rp = r. Describe in which sense a splitting of an
idempotent unique up to unique isomorphism.

2. Idempotent completion, or Karoubi envelope. We would like to con-
struct a category Kar(C') from C' in which all idempotents split, and
which is in some sense canonical with that property. We define Kar(C')
to have

e objects: pairs (a,p) where a € C' and p : a — a is an idempotent.

e morphisms (a,p) — (b, q): morphisms f : a — b in C' which satisfy

qfp=1.

Show that Kar(C) is indeed a category, and that it is idempotent com-
plete.

3. Show that the embedding I : C' — Kar(C), a + (a,1,) and f — f is
fully faithful. Show that if C'is already idempotent complete, then I is
in addition essentially surjective, and hence an equivalence. Conclude
that Kar(Kar(C')) = Kar(C), so that the term “completion” makes
sense.

For info: If C" is another idempotent complete category with a fully faithful
embedding I’ : C' — (', and if every object in C" is isomorphic to the splitting
of some idempotent in C, then C" is equivalent to Kar(C').

m Suppose S is idempotent complete, and we are given a defect TFT Z :
Bord! (D) — S with Dy = Dy = {*}. Let a = Z(e,) and p = Z(I,), and
suppose that p is an idempotent. Let (j,e,r) be a splitting of p. We get our
new (unstratified) TFT by setting, Z"*V(e,) = j and, for any n > 1,
. e Z(In) roo.
Z"(I) = [Znew(‘Jr) =j = Z(ey) —— Z(ey) = j = Znew('+)] :

Of course, Z"*V(I) is just the identity on j, as it should be. (Check this.) In @
particular, it is independent of n.
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This is an example of a state-sum construction of a TF'T. But the 1d case
is too simple to appreciate what is going on. It is better to discuss the 2d
case first and then return to the 1d case to see that this is indeed the same
idea.

For info: Given a lattice model, one can try and obtain a continuum field theory by
passing to the “continuum limit” by trying to approximate the continuum manifold
by finer and finer lattices. Intuitively, this exhibits the long range behaviour of
a lattice system, e.g. correlations over a large number of lattice spacings, and
depends less on the microscopic details. Different lattice models can have the
same continuum limit (if it exists at all). The field theory obtained from the
continuum limit is for this reason also called the “universality class”. For state
sum TFTs as in the simple 1d example above, one can take the continuum limit
exactly, and trivially, as by design the lattice model is actually independent of the
lattice size.

Bibliographic notes for Section 3

The description of 1d TF'Ts via generators and relations is a first example in
many places, see for example [Te, Sec. 4] or [CR2, Sec. 3.1].

The particular approach to stratified bordisms via maps into a poset is
taken from [Lu2, App.A.5| and [AFT, Sec.2.1]. A related description of
stratified bordisms is given in [CMS, Sec.2]. A more detailed discussion of
stratified n-dimensional PL-bordisms and of the corresponding TFTs will be
given in [CM].

Some pointers for state sum models are included in the bibliographic
notes for Section 4.
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4 Dimension two

4.1 Frobenius algebras
Definition 4.1. Let C' be a monoidal category.

1. A monoid, or a (unital, associative) algebra, in C' is an object A € C,
together with morphisms p: A® A — A and n: 1 — A such that the
following diagrams commute:

e associativity:

AR (A®A) 22 Ag A

X
laA,A,A

(A A)®A L4 Ag A

A

e unitality:

A

/N
/

AT Aol 2% A0 A

2. A monoid, or algebra, morphism is a morphism f : A — A’ in C such
that

po(f@f)=fou , fon=1n.

3. A comonoid, or coalgebra in C' is a monoid in C°PP. Explicitly, it an
object B € C' with morphism A : B -+ B® Bande: B — 1 in C such
that the above diagrams hold with reversed arrows. (Write these out.)

4. A comonoid, or coalgebra, morphism is ...(Complete the definition.) @

Example 4.2. A monoid in Set is a monoid. A monoid in the category
Z-mod is a ring. A monoid in Vecy is an (associative, unital) k-algebra.
(Check all these.)

The last example is the reason why in k-linear categories, and also in
general, one often uses the term “algebra” instead of monoid. We will use
“(co)algebra” below, even when we are in a non-k-linear category.

(Try to impress your computer scientist friends by saying that a monad
is simply a monoid in the category of endofunctors. But first make sure this
is correct.)
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Example 4.3. Take C' = Vec}, for w € Z3(G, k*) normalised. Recall that
kq, g € G, denotes the 1-dimensional vector space k, concentrated in degree
g. Consider A = @, _ k,, and write b, = 1 € k, for the corresponding basis.
Define

geG

prARA—= A, by@by— (g, h)bg, , n:ke—>A, 10,

for some ¢ € C?(G,k*) normalised. (Why are these morphisms in Vec{,?)
Because w and ¢ are normalised, the unitality conditions hold. The associa-
tivity condition, applied to by ® (b, ® by,), reads

o(f,gh)e(g,h) = o(fg,h)e(f,9)w(f,g,h) .

In other words, w = dp. We can conclude that

1. A admits an associative product of the above form if and only if |w] is
trivial in H3(G, k), and

2. in that case there are H*(G, k*) many isomorphism classes of algebras
with such a product. (Actually we did not show that. Why is it true?)

m [t will be helpful to have graphical notation for the morphisms in an algebra
A and a coalgebra B:

A A B B

When using graphical calculus, we implicitly work in a strict monoidal cate-
gory. The associativity and unitality conditions become

A A A A A

It
I
|

A A A A A A A A A
(Write out the coassociativity and counitality.)

Definition 4.4. Let C' be a monoidal category.

28

@



1. A Frobenius algebra in C'is a tuple (A, u, A, n,€) so that (A, u,n) is an
algebra, (A, A, ¢) is a coalgebra, and the Frobenius relations hold:

A A A A A A
(These pictures make sense in the strictification of C. Write out the @
corresponding commuting diagrams in C' with all coherences included.)

2. A morphism of Frobenius algebras is a morphism f : A — B in C which
is a morphism of the underlying algebra and coalgebra of A and B.

Lemma 4.5. A morphism of Frobenius algebras is invertible.
The proof of this lemma is part of the following exercise:

Exercise 4.6. Let A be a Frobenius algebra in a monoidal category C'. Show @
that A is its own left and right dual. Conclude that a morphism f: A — B

of Frobenius algebras is necessarily invertible. Hint: Try € o p and A on for

left /right (co)evaluation morphisms. For invertibility proceed analogous to

the proof of Lemma 2.52.

m By the above exercise, if (A, p, A, 7, ) is a Frobenius algebra in C', then
the underlying object A is dualisable, A € C™. Hence, for example, every
Frobenius algebra in Vecy is finite-dimensional.

m An alternative definition of a Frobenius algebra is as follows: A Frobenius
algebra is an algebra (A, u, ) together with a morphism ¢ : A — 1, such that
cop:A® A — 1 is a non-degenerate pairing. The latter property means
that there is a copairing 7 : 1 — A ® A satisfying the two zig-zag identities.
For C' strict monoidal, these read

A2 g BB ], = (A5, g S0

4]

Let us call this notion a Frobenius, algebra for now. We would like to show
that a Frobenius, algebra is the same as a Frobenius algebra.

One direction we did already do. Namely, let (A, i, A, n,¢) be a Frobenius
algebra as in Definition 4.4. In Exercise 4.6 we saw that (A, u,n,¢) is a
Frobeniusy algebra. The converse direction is the next exercise:

39



Exercise 4.7. Let now (A, i, 1, ¢) be a Frobenius, algebra. We compute in @
the strictification of C'.

1. Define

Dy = [A 221 gq4 1a%k AA] . Dy— [A I PP RN AA} .

Show that D; = Dy. Hint: Check that ((copu)®14)0 (14 ® D;) =
for i = 1,2. It helps to do this in graphical calculus.

2. Set A = Dy = D,. Show that A is coassociative, counital, and satisfies
the Frobenius property. Hint: The key to these computations is to
replace A by Dy or D, cleverly.

Thus, together with A as above, A is a Frobenius algebra in the sense of
Definition 4.4.

Example 4.8. 1. Let k be a field and 6 € k*. Then k € Vecy is al-
ready an algebra. We turn it into a Frobenius algebra ks by defining a
coproduct and counit by

Atk—=k®k, 151101, c:k—=k, 1—=61.

Then k, = ks as Frobenius algebras iff v = ¢, and every one-dimensional
Frobenius algebra in Vecy, is isomorphic to one of the ks. (Why?) @

2. Consider Mat,,(K), the algebra of n x n-matrices with entries in a
commutative ring K. Take

e:Mat,(K)— K, M—tr(M).

The trace pairing (M, N) — tr(MN) is non-degenerate, and so this
defines a Frobenius algebra via Exercise 4.7. Let E;; be the standard
basis of Mat,, (K), that is, the matrix with entries (Ej;)ap = 0;40;5. The
coproduct is

n

A(M) = Z(MEU) QK Eji = Z E;; @k (EjM) .
ij=1 ij=1
(Why is the trace pairing non-degenerate? Check explicitly that the @
two expressions for the coproduct agree by expanding also M in the F;;-
basis. Check that A is indeed the coproduct obtained via Exercise 4.7.
Hint: First check that the copairing is v = Z” LV Eij @ Ej;.)
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3. Let G be a finite group and consider the group algebra k[G] from Ex-
ercise 2.38 (2). Then ¢ : k[G] — k, b, — ;. induces a non-degenerate
pairing. (What is the coproduct? What, if anything, changes if we
twist by a normalised 2-cocycle p € Z*(G, k*) to get k[G]?? Hint: Try
the copairing v = by @y, by-1.)

4. Let k[X] be the polynomial ring and (X?) = X9k[X] be the ideal
generated by X¢ Consider the quotient F' = k[X]/(X?). Define
e(X™) = 0ma—1. This defines a non-degenerate pairing, and so F' is a

Frobenius algebra. (What is the coproduct in this case? What fails if

we take e(X™) = 9,07 Can you think of other choices for €7)

Definition 4.9. Let C' be a braided monoidal category. An algebra A is
commutative (resp. a coalgebra B cocommutative), if p1o 44 = p (resp.

/BB,B O A == A)

Example 4.10. Let V be a finite-dimensional k-vector space and F' = A(V)
the exterior algebra. This is a Z-graded, non-commutative k-algebra, con-
centrated in degrees 0,...,dim(V). Turn F into a super-vector space by
declaring even graded components even, and odd graded components odd.

Equivalently, take V' a purely odd vector space in SVec and consider the
symmetric algebra F' = S(V') in SVec. (Why is that the same?)

If dim(V) is even, then F' is a commutative Frobenius algebra in SVecy
by taking ¢ : F' — k to be non-zero only in degree n, the one-dimensional
space of top forms. (What fails if V' is odd-dimensional?)

Exercise 4.11. Show that a Frobenius algebra is commutative if and only
if it is cocommutative.

Another thing we can do if the category we are working in is braided, apart
from defining commutativity, is taking products of algebras and coalgebras.

Lemma 4.12. Let C be braided monoidal.

1. Let A, B be algebras in C. Then A® B is an algebra in C' via (omitting
“®” between objects)

140(8B,Aa®1B)
DY

paen = |(AB)(AB) = A((BA)B) A((AB)B)
™ (AA)(BB) A%, AB] ,

NA®NB

NaoB = '11>11®11—>AB}.
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In graphical notation and for C strict, this reads

AB

A
AN .y
/‘*A@\s \ '7A®B RN

A B A D

2. If A, B are coalgebras in C', then A® B is a coalgebra via (in graphical
notation for C' strict)

A B A B
/ A
A = e =
Ao Al
® LY Ya. o I
A D A B

3. If A, B are Frobenius algebras, then A ® B with (co)algebra structure
as above is again a Frobenius algebra.

Proof. We check two of the required identities in graphical calculus, the rest
is done analogously. For this we assume C to be strict. In part 1, associativity
of agp amounts to the identity

which follows from the properties of the braiding. (Try to insert the inter-
mediate steps and identify which property of the braiding is being used.)
One of the Frobenius relations in part 3 can analogously be verified from the
braiding,

A B A B A B A B
/'. g

1/ \

A B A B A B A B
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]

m Note that the definition of the product on A ® B involves the braiding
BB,4, while the coproduct uses the inverse braiding 5;}14. From an algebraic
point of view, this may seem arbitrary, but from the graphical calculus point
of view, it amounts to the natural prescription “2nd factor on top”.

As far as only the (co)algebra structure in parts 1 and 2 is concerned, in
each case one could choose the braiding or its inverse, this is a convention.
However, to get a Frobenius algebra in part 3, the two choices must be
correlated as either “2nd factor on top” or “Ist factor on top”. Here we went
with the first option. (Check that using 4 p for the coproduct (instead of
B5l4) breaks the Frobenius relations on A ® B.)

4.2 Generators and relations

We again import two results from topology. The first is a list of generators
for Bords. The second result concerns the relations among these generators
and will be used in the proof of the theorem below. Both can be shown via
Morse theory or via a normal form. See [Ko, Sec. 1.4] for more details on the
latter.

Proposition 4.13. The category Bord, is tensor generated by Cy = {S'}

50 g K

uS—)S @ —+ st [T S—-r‘¢ Sust—sust
(pants) (cup) (copants) (cap) (crossing)

m The crossing bordism in the last picture is not drawn as an over- or under-
crossing as these 2-bordisms are not embedded in some R3. A better way to

represent the crossing may be to indicate the different ways S! L St is glued
to the boundary of (S' U S!) x I:

St u St



m For a braided monoidal category C, denote by ComFrob(C') the category
with objects commutative Frobenius algebras in C' and morphisms of Frobe-
nius algebras between these objects. By Lemma 4.5, ComFrob(C') is a groupoid.

Theorem 4.14. Let S be a symmetric monoidal category. Then TFTy(S) =
ComFrob(S) via Z + (A, u, A, n,e), where A = Z(S') and
p=lAeA=2(8)02(8") S z(s U st 2P, 751 = A] ,

Z(cup)

n=[1> 20 Z(8Y) = Al |

A= [A=z(8) 2P, 751581 S 2(SY @ Z(SY) = A A} ,

Z(cap)

e=|A=2Z(S" Z(0) =1 .
Proof (sketch): A as above is indeed a commutative Frobenius algebra: Let
us do commutativity and one of the Frobenius relations as representative
examples. We work with the strictifications of Bordy, S and Z to avoid
writing all coherences. For commutativity, we use the following isomorphism:

T A

1 1

The left picture is the identity bordism over S!, and the gray line is included
to illustrate the isomorphism 7, which rotates concentric circles by angles
increasing from 0 to w. Hence, on the right hand side the inner circle, with
its parametrisation, got rotated by 7 relative to the outer one. The two
bordisms are isomorphic via 7, and hence equal in the bordism category.

Commutativity follows from constructing an isomorphism between the
pair of pants and the pair of pants composed with crossing, see Figure 4.1.
The isomorphism in the figure ¢ is given by 7 on the outer annulus, and by
the constant rotation by 7 on the inner disc. The isomorphism ) is given
by the identity outside the two inner dashed annuli, and on each of the two
annuli it is 77!, As 1) and ¢ are isomorphisms, the value of Z5% stays the
same. The last bordism is equal to the pair of pants composed with the
crossing bordism (the last generator shown in Proposition 4.13). Note that
this is not the case for the second bordism as the parametrisation of the
two inner boundary circles is rotated by 7. (Technically, one needs to use a
PL-version of all these isomorphisms.)
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Figure 4.1: Demonstration of y = po 544

For one of the Frobenius relations one proceeds analogously. Again the
middle equality is an isomorphism of bordisms.

(1@ 14)o(14® A) )— INY!

For a natural transformation ¢ : Y = Z, the restriction ¢g1 : Y (S!) —
Z(S') does indeed define a morphism of Frobenius algebras. Conversely,
every morphism of Frobenius algebras extends to a natural transformation
via Lemma 3.4.

Thus the functor in the statement of the theorem is fully faithful. It
remains to see that it is essentially surjective. In fact, the functor is even
surjective, that is, every commutative Frobenius algebra can occur as Z(S?),
not just up to isomorphism. This part of the argument is why the proof
is a sketch, as we will import this statement from topology: The relations
among the generators are precisely that they define a commutative Frobenius
algebra in Bords, see [Ko, Sec. 1.4] for details. O

m Let us compute the value of a TFT Z on a closed genus-g surface >, for
some examples of commutative Frobenius algebras. Let H be the the 2-torus
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with one incoming and one outgoing boundary component,

. . St st

Let A = (A, pu,n,A,e) be the commutative Frobenius algebra in S obtained
from Theorem 4.14. We have (here and for the rest of this section we assume
that Z° = 1y, and so Z(0) = 1, to simplify notation)

Z(X,)=¢cohfon where h=Z(H)=poA:A— A.
Example 4.15. We keep the numbering from Example 4.8.
1. For ks we have h = 6!, and so
Z(8,) =cohfon=45"9=E)2
where x(X,) = 2 — 2g is the Euler characteristic of ¥,.
2. Mat,, (K) is not commutative.

3. k[G] is commutative for G abelian, and one finds h = |G|id, and so
Z(¥,) = |G|9. Note that Z(¥,) € k, and so if char(k) divides |G|, then
Z(S?)=1and Z(3,) =0 for g > 1.

4. For a € k[X]/(X?) we have h(a) = d X% 'a (see exercise below). As-
suming d > 1, we have Z(X,) = dd, .

m A TFT Z € TFTy(Vece) defines a sequence of numbers z, € C, g =
0,1,2,... by setting x, = Z(3,). One can conversely ask if such a sequence
determines a 2d TFT up to equivalence, and if any such sequence can occur.
The answer to both questions is negative, but for the second question one
can give a necessary condition. This is the content of the next exercise.

Exercise 4.16. 1. Check that for a € k[X]/(X?) we have h(a) = d X% 'a. @
To do so, first compute the copairing v for the map ¢ given in Exam-
ple 4.8 (4). Then compute the coproduct, and then h = p o A.
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2. Give two non-equivalent TFTs Y, Z € TFTy(Vece) such that Y(X,) =
Z(X,) for all g. Hint: Write F,, = C[X]/(X™). Try F,, & F,.

3. Let z, € C, g = 0,1,2,... be a sequence of complex numbers. Show:
If there is a TFT Z € TFTy(Vece) satistying z, = Z(3,), then there is
r>0and \,...,\ € C such that for all g > 2,

r

Ty = Z)\,f_l )

k=1

Hint: Show that for ¢ > 2 one has Z(3,) = tr(h?!). Consider the
Jordan normal form of h.

m The above exercise gave conditions for x,, g > 2. While the argument
used in the proof does not apply to g = 1, the formula would predict z; = r
for some r € Z-q. In fact, one always has z; = dimc(Z(S')). This is a
consequence of the following general property of n-dimensional TFTs.

Proposition 4.17. Let Z € TFT,(S). Then for all X € Bord,, we have
Z(X x SY) = dim(Z(X)) .
as elements of End(1).

Proof. We assume S to be strict. Write X x S! as a composition of three
bordisms as follows:

) XX(U_)\YM-X Y*(><) i Y*([\),?ﬁ

The first and last morphism are the left (co)evaluation in Bord, (Propo-
sition 2.48), and so after applying Z, these become left (co)evaluation in S
(Proposition 2.24). Together with the definition of the dimension from above
Proposition 2.33, we get

(=)

COeV z(X) ) /Bz(X),Z(fX)
—

Z(X x 8% = [11 Z(X)® Z2(-X

evZ(X)

Z(—-X)® Z(X) 1| = dim(Z(X)) .

67



4.3 Stacking and invertible TFT's

Let S be a symmetric monoidal category. Given Y, Z € TFT,(S), we can
define a new TFT Y ® Z € TFT,(S) by “stacking”, turning TFT,, itself into
a symmetric monoidal category. (The term stacking comes from the physical
interpretation of having a two-layer system, with one layer given by Y and

one by Z.)
The following exercise gives a step-by-step description of Y ® Z.

Exercise 4.18. 1. Let us look at an example one categorical level lower

first. If M is a monoid (in Set, i.e. a set with a unit and an associative
product), the for any other set X, the set of maps Map(X, M) is again
a monoid: For f,g: X — M set (f-g)(z) = f(z) - g(x).
If X is also a monoid, and f,g : X — M are monoid morphisms
(preserve unit and multiplication), give an example, where f - g is not
a monoid map. Show that this problem goes away if we demand M to
be commutative.

2. Let C be a category and M a monoidal category. Given two functors
F.G:C — M, define a new functor F @ G : C — M.

3. Suppose now that C' is monoidal and S is symmetric monoidal. Let
F.G : C — S be monoidal functors. Show that F @ G : C — S as
above can be equipped with the structure of a monoidal functor. Hint:
For (F ® G)* try

(F@G)(A) e (FeG)(B)=(F(A)®G(A) e (F(B)®G(B))

= (F(A) ® F(B)) ® (G(4) ® G(B))
S FA®B) ®GA®B) = (FRG)A®B) .

What is (F ® G)%?

4. Show that if C,S are symmetric monoidal, and F,G : C' — S are
symmetric monoidal, so is F®G. Show that in this case FRG = GRF
as monoidal functors.

Definition 4.19. 1. The trivial TFT I € TFT,(S) is TFT sending all
objects in Bord, to the tensor unit, and all bordisms to the identity

morphism: I : Bord,, — S, I(X) =1, I(X LN Y)=[1 1, 1]. (Why
is this a TFT?)

2. ATFT Z € TFT,(9) is invertible if there is Y € TFT,(S) such that
Z®Y =1, or, equivalently, Y ® Z = [ in TFT,(95).
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m An object U € S is called tensor-invertible (or just invertible) if there is
an object V € S such that U ® V' = 1 (which implies V@ U = 1 as S is
symmetric). Note that this definition makes sense in any monoidal category.

Lemma 4.20. Let Z € TFT,(S) be invertible. Then Z(X) is tensor-
invertible in S for every X € Bord,,.

Proof. Let Y € TFT,(S) satisfy Z®@Y = I. Let n: Z®Y = I be the
corresponding natural monoidal isomorphism. Then, for each X € Bord,,

ZX)@Y(X)=ZeY)(X) S 1(X)=1.
O

For example if S = Vec;,, an invertible TFT necessarily has one-dimensional
state spaces Z(X) for all objects X € Bord,,. The TFT obtained from the
commutative Frobenius algebra ks in Example 4.15 (1) is invertible with in-
verse k5.

m The above example generalises to all all dimensions, giving so-called Fuler
topological field theories which on closed manifolds M compute the Euler
characteristic of M. We first need:

Definition 4.21. Let M be an n-dimensional compact (PL-)manifold, possi-
bly with non-empty boundary. A triangulation of M is a decomposition of M
into n-simplices such that the intersection o N oy of any two (sub)simplices
01,09 is a face of both of them.

For example, of the following three decompositions of a 2-torus into 2-
simplices, only the last one is a triangulation. (What fails for the other
two?)

vl

V.

m Recall that the Fuler characteristic x(M ) with M as in the above definition
is the alternating sum

%

AN
Ny
AN
N
AN
NY
N
N
AN
NY

X(M) = 3= Ny
k=0
where Ny, is the number of k-simplices in the triangulation. In the example
of the torus above, being careful not to overcount at the edges which are
identified, we get

X(T?) =Ny — Ny + Ny =9—-27+18=0.
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Importantly, x (M) does not depend on the choice of triangulation. We collect
some more of its properties:

X(M xI)=x(M) , x(MxS8)=0, x(D")=1

(and so indeed for T2 = S' x S' we must get zero). Furthermore, for M, N

be compact n-manifolds and Y a common n — 1 dimensional submanifold on
OM and ON, we have

X(M Uy N) = x(M) + x(N) = x(Y) .
This allows one to compute the Euler characteristics of spheres to be
X(5") =1+ (=1)".

(Check this by induction.) Note that this is zero if n is odd. This is actually
a general fact which follows from Poincaré duality [Ha, Cor. 3.37]

X(M) =0 for a closed odd-dimensional manifold M .

m The behaviour of y under gluing motivates the following modified definition
of the Euler character of a bordism M : X — Y in Bord,,:

We could have equally well chosen x (M) — x(Y') or any convex combination
of x(X) and x(Y'), but let us stick with this convention. Given bordisms
M:X =Y and N:Y — Z we get (Check this.)

Xo(N o M) = xs(N) + x(M) .

Proposition 4.22. Let S be a symmetric monoidal category, and let § €
End(1) be invertible. Then

Es:Bord, =S , X1, (X25y)—so)

defines an n-dimensional invertible TFT, called Fuler topological field theory.
It satisfies Fs ® E. = Ej..

Proof. We first check that Ej is a symmetric monoidal functor, and then
Es® E. = Ej.. Since E7 = I, this implies Fs ® Es-1 = I, and so Ejs is indeed
invertible.
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Es is a functor: For the unit morphism X x I we find (X x I) = x(X x
I) — x(X) = 0. For compatibility with composition, take M : X — Y and
N:Y —=Z

Es5(N)o Es(M) = S N) sx6(M) — sxp(N)+xo(M) — gxo(NoM) _ Es(N o M) .
Es is symmetric monoidal: The monoidal structure on Ej is simply
(Esky = [Bs(X) @ B;(Y) =1©1 51 = B(XUY)| ,
() = 125 1 = Ey(0)

That (Ejs)%y is natural in X and Y follows from additivity of x, under
disjoint union. The commuting diagrams for a monoidal functor (Defini-
tion 2.23) and for compatibility with the braiding (Definition 2.32) are just
coherence diagrams for 1 € S and hold automatically.

Multiplicativity Es ® E. = FEs.: We need to give a monoidal natural isomor-
phism ny : Bs ® E. = Fs.. We take

nx = [E(;(X) QE(X)=101 %1 = E(;E(X)] .
The naturality square for a bordism X MY reads

Ey(X) @ E.(X) ZU2E0 pyvy @ BL(Y)

w| |

Ese (M)
Es.(X) i » Es.(Y)

and simply becomes the identity §*M)exo(M) = (§)xo(M) in End(1). Mono-
idality of nx amounts to checking the square in Definition 2.26. This is
slightly lengthy to write down in detail because of the reshuffling of factors
in the monoidal structure of Fs ® E. in Exercise 4.18 (3). But in the end
both sides are just compositions of coherence isomorphisms for 1 € S, and
these automatically agree (use Exercise 2.30 for fy ;). [

For info: Classifying invertible topological field theories relates to interesting
questions in topology, in particular to cobordisms rings. The degree d compo-
nent of the oriented cobordism ring Q3¢ consists of all d-manifolds X, up to the
equivalence relation X ~ Y that X U—Y is the boundary of an (d+ 1)-dimensional
oriented manifold. The first few degrees are:

d [0 1 23 4 5 6
Q°1Z 0 0 0 Z Zy O
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The generator of Z in ng is the positively oriented point — only pairs e, LJe_ are
cobordant to the empty set. Any oriented circle is the boundary of a disc, and so
indeed SZ‘?O = 0. Similarly, a genus-g-surface is the boundary of the corresponding
handle body, giving szgo = 0. The other entries are more non-trivial.

There are also other cobordism rings, such as ¢ )9 for unoriented manifolds, or
Q2P for manifolds with spin structure. For more on cobordism groups see [MSt,
§17], and for more on the relation between cobordism groups and TFTs, see [Sz,
Sec. 2] and [RSch, Thm. 3.15, Ex. 3.18]. The latter reference describes the specific
cobordism groups which classify invertible topological field theories.

4.4 Trivial n-dimensional TFT with line defects

Let S be a rigid symmetric monoidal category, that is, every object is dual-
isable:
S =gt

We would like to define an n-dimensional TFT with line defects (1-strata)
coloured by objects of S and point defects (O-strata) coloured by morphisms
of S. The surrounding n-dimensional theory should be trivial in the sense
that the value of the TF'T does not depend on the n-dimensional bordism,
but just the 1-strata.

m We take D(S) = Dyl Dy U D, with Dy = mor(S), the class of morphisms
in S, D; = obj(9), the class of objects in S, and D,, = {x*}, the 1-element
set. The map 7 : D — {0,1,...,n} takes elements of Dy to k. The partial
order is simply Dy < Dy < D,,.

m We would like the morphism f € Dg labelling a O-stratum to dictate how
the neighbouring 1-strata are labelled by objects of S.

Write Hy for the 2-dimensional open unit disc intersected with the upper
half plane (or rather the PL-version, a open unit square), together with &
rays from 0 to the upper boundary,
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for a list of tuples with a; € S and ¢; € {£}. We extend the functor
T : S5 — S to act on such tuples by declaring a* = a and a~ = a*, so that

T(@=ai ® (a3 @ (a ) ®aq) ).
Given @ of length k, we decorate Hy as follows:

e Label the ¢’th ray from the left by a;, and orient it to point away from
0 for ; = + and towards 0 if ¢; = —.

e Label the O-stratum at 0 by a morphism f: 1 — 7'(@) in S.

Write Hy(d, f) for the resulting stratified 2-manifold. For example, for @ =
((a1,+), (ag, —), (as,+)) have f: 1 — a; ® (a3 ® az) and

As an aside, the above picture is why we did not use the partial order = <
s(z), z < t(x) for all z € Dy, with s,t: Dy — D; the source and target of a
morphism, as we did above Definition 3.147 The reason is that in the above
example this would require each of a1, as, az to be either s(f) or ¢(f), which
is not what we want.

Definition 4.23. Let S be a rigid symmetric monoidal category.

1. An n-dimensional defect bordism for D(S) is a D(S)-stratified n-di-
mensional (oriented) bordism M : X — Y such that all 1-strata in
M (and O-strata in X,Y") are in addition oriented, and such that each
O-stratum v in the interior of M is equipped with an embedding ¢, :
Hy(d@; f) — M for some @, f, which maps 0 € Hy, to v € M and which
respects the stratification and orientations of the 1-strata (but of course
does not map the boundary of Hy to the boundary of M as v is in the
interior).

2. Two such bordisms are isomorphic if they are isomorphic as stratified
bordisms, and the isomorphism respects orientations of the 1-strata
and the embeddings ¢,.

3. The bordism category Bord!*(S) has as objects closed Ds; stratifed
(n — 1) manifolds, such that the O-strata are oriented and equipped
with a total order, that is, a map {1,2,...,|Xo|} — Xo. Morphisms
are isomorphism classes of bordisms as in part 1.
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Now we construct a symmetric monoidal functor
L : Bord®(S) — S

by “forgetting the n-manifold and evaluating the 1-strata via a 1-dimensional
TFT.” (L stands for “line”.)

m The 1-dimensional TFT in question is Z : Bord{®(D;) — S, cf. Defini-
tion 3.14, where Dy = obj(S) as before, and there is no Dy here (that is,
Dy = 0). Correspondingly, there are no O-strata. The TFT Z is uniquely
determined by setting its values on the a-labelled £-oriented points to be

Z(e) =a , Z(e")=a".

m Now we extract an object in Bord®(D;) from an object X € Bord*(S).
By assumption, the O-strata are totally ordered, and we can collect their
D;-labels and orientations into a standard set p(X) of oriented S-labelled
points, {1,2,...,]|Xo|} C R. For example:

X = F(X) = TRO .i ._L:_ 03’ >
We define

LX)=Z(pX))=a'®(a*®@ (a7 @a;r)---) €S
In the example above, L(X) = a ® (b ® a*).

m For morphisms M : X — Y in Bord®(S) the procedure is more compli-
cated due to the zero strata. For a O-stratum v € M, we use the parametri-

sation ¢, : Hg(@; f) — M to “cut out the half-disc at radius 3 around 0

and in this way create an object p(v) € Bord{*'(Dy). For example,

By construction, Z(p(v)) = T(a). (Why?) @

Pick an order vy, ..., v of the O-strata in M. Then the 1-strata, with
the part near the O-strata removed, now form a bordism

| Mo

(M) p(X) U | plvi) — p(Y)

i=1
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in Bord{*'(D;). For example,

+ O+ +
L
pXx) V)

Here, the top boundary shows Y and not —Y C OM. For —Y the O-strata
would be labelled ¢ and o%.

m Let v € My be a O-stratum with parametrisation ¢, : Hi(d@; f,) — M as
above. By definition, f, : 1 — T(d@) = Z(p(v)), and we can use the f, to
obtain a morphism Z(p(X)) — Z(p(Y)) from ¢(M). This defines our functor
L on morphisms (we state L(M) for S strict to not make the expression too
long):

| Mo

L(M) = [L(X) = Z(p(X)) =25 Z(p(X)) © @ Z(p(v1)

| Mo

= Z(p(X) U | p(vi)) M Z(p(Y)) = L(Y)

=1

In the example above, we find the following morphism in S, expressed in
graphical calculus,

4 <

L) =

a b o

One can check from the symmetry of S that L(M) is independent of
the choice of ordering vy, ..., va, of the O-strata in M. It is functorial and
symmetric monoidal because Z is. Altogether we have:
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Proposition 4.24. Let S be a rigid symmetric monoidal category. Then
L : Bord®(S) — S as defined above is a symmetric monoidal functor.

Exercise 4.25. Let S be a rigid symmetric monoidal category. Recall from
Section 2.3 that if a* is the left dual of a € S, then a* is also a right dual
with, for example ev, = ev,00, 4+ : a®a* — 1. Check by direct computation
from properties of the braiding that

(e O~ O~

4.5 State sum models
Two-dimensional Ising lattice model

As an example of the trivial TFT with line defects introduced in the pre-
vious section, let us write the 2d Ising lattice model as the value of L :
Bordj* (Vece) — Vece on a specific bordism.

Recall from Example 3.16 that the Ising lattice model as a variable £1
— the “lattice spin” — assigned to a vertex, or “site” of the lattice, while the
TFT description encodes these as basis of the vector space V = C? assigned
to edges. We can match these descriptions by rotating the lattice by 45°:

DDA
LEEXL on st
KKK vedk + lathce for leing wodef
KK KK
N\Z [/

Here all 1-strata are labelled by V' = C2. To find the label W of the O-strata,

we write the weights e #(®) in the Ising partition function as a product
over weights assigned to O-strata, where for each O-stratum we collect the
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contribution of the four Ising model edges surrounding it. It is convenient to
replace the label W : C - V@V @V*@V*byamapW : VeV VeV

via the coevaluation for V,

vV v v* vt vV v Vv* vt
= =

As in Example 3.16, write e, = (1,0), e = (0,1) for the standard basis of
V, and e} € V* for the dual basis. The linear map W is defined on a basis
as, for 01934 € {£},

(e, ®@e; )W(es ® €qy) = exp(ﬁ(alag + 0903 + 0304 + 0401)) .

For example, take

> + +
W + +

D = N N 4 A =
+ +
+ +

+ + o+ o+

Here D is a stratified solid square, understood as a bordism from the stratified
boundary square to the empty set. We labelled the 0-strata in the interiour
by W, but it is understood that this is just a placeholder for W expressed in
terms of W. (What does that look like?) The boundary has eight O-strata
'K and eight O-strata V.

A is the lattice on which to compute the Ising model partition function,
and the “+” indicate that in the sum over configurations, these lattice spins
are fixed as “+7.

The TFT L evaluated on D computes the Ising model partition function:

LD)((ex)* @ (e3)*") = Zy"™(8) .

(If you would write out the sum over configurations in Z,""%() explicitly, how
many summands would it have? How would you describe the “free” boundary
condition in the Ising model on the TFT side? That is, the boundary spins
in A are not fixed, but also summed over.)

As in the 1d case in Example 3.16, we get a functorial formulation of the
2d Ising lattice model in terms of functors out of a category of stratified 2d
bordisms.
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Topological state sum model

The Ising lattice model is non-topological in the sense that it depends on the
choice of stratification. Asin the 1d case we can ask if for specific label choices
for 1- and O-strata the value of L becomes independent of the stratification
(within a suitable class of stratifications).

®m An idea which can be formulated in any dimension is to triangulate a bor-
dism and then show that the value of L is independent of the triangulation.
This can be done by showing invariance under bistellar flips or Pachner
moves:

Definition 4.26. Let M be an n-manifold with triangulation 7. Let S C T
be an n-dimensional subcomplex (a union of n-simplices) which is topologi-
cally a disc, and let f : S — 9(A"™!) a simplicial embedding (i.e. injective
and maps simplices to simplices). Then we say T” is obtained from T by a
bistellar flip or Pachner mowve if removing S in T and replacing it with its
complement in (A"!) results in T":

T = (T\int(S)) Uyp,e (DA™ \ int(£(S))) .

Example 4.27. 1. n = 1: There is just one way to split 9(A?) into two
disc- shaped sub-complexes, and so there is one 1d Pachner move (and
its inverse), the 1-2 move:

Q(AQ‘B A g 12:\30\’6 o——o—o

2. n = 2: There are two ways to split 9(A?) and we get two 2d Pachner
moves, the 2-2 move and the 1-3 move:

by &0
L A=A



3. There are two 3d Pachner moves (the 2-3-move and the 1-4-move), and
three 4d Pachner moves (3-3, 2-4, 1-5).

We import the following result on existence of triangulations and how to
related triangulations via Pachner moves:

Proposition 4.28. Let M be an n-manifold and T} a triangulation of OM.
Then

1. there exists a triangulation T" of M such that T'NOM = Tp, and

2. any two triangulations as in 1. are related by a finite sequence of Pach-
ner moves.

For part 1 we already know from the PL-structure of M that triangula-
tions exist. A fixed boundary triangulation can be extended by choosing a
collar neighbourhood of the boundary and first triangulating that in a way
that respects Ty (see [RSa, Cor.2.26] for the existence of such collars, and
[Mun, Thm. 10.6] for this construction of the extension of Ty in the context of
differentiable manifolds). Part 2 can be found in [Cal, which also references
the original paper by Pachner for the non-boundary case.

Note that by construction, Pachner moves leave the triangulation Ty of
the boundary invariant. (Why?)

m Let M be an n-manifold and T" a triangulation. Below we will use oriented
stratifications, and we can encode these orientations by a total order Or on
the vertices of the triangulation. This gives an orientation to each k-simplex
A¥ in T by mapping it to the k-simplex with vertices 0, ey, ..., e, € R* (zero,
together with the standard basis vectors) according to the order over vertices
in A*. This orients A* via the standard orientation of R*. We call (T, Or) an
oriented triangulation. One way to describe a total order is to assign distinct
real numbers (“heights”) to each vertex of T.

m We can assemble bordisms with oriented triangulations into a semicategory.
A semicategory (or non-unital category) is simply what is left from a category
if one drops the requirement that there are identity morphism 1, : a — a, as
well as the corresponding axioms for the composition. That is, a semicategory
consists of objects and morphisms, and has an associative composition on
these.

Definition 4.29. The semicategory Bord! of bordisms with oriented trian-
gulations has

e objects: triples X = (X, Tx,Ox) where X € Bord,,, and (Tx,Ox) is
an oriented triangulation of X.
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e morphisms X — Y triples (M, Ty, Opr) where M : X — Y is a mor-
phism in Bord,,, (T3, Oys) is an oriented triangulation of M such that
the embeddings X,Y — OM preserve the triangulation and the vertex
ordering. (The embedding of Y reverses orientation by definition, but
we keep the vertex ordering the same.) We require that the total order
O, satisfies

(vertices of Ty) > (inner vertices of Tys) > (vertices of Tx) .

e Composition of X XyandY L Zis by gluing, with induced trian-
gulation 7" on N o M, and ordering

(vertices of T7) > (inner vertices of Tly) > (vertices of Ty)

> (inner vertices of T)s) > (vertices of T'y)

(Why is Bordg only a semicategory, i.e. why does it not have identity mor-
phisms?)

For info: We can define a tensor product functor on Bord;{ by disjoint union
and an appropriate ordering. However, as in the current definition Bordf
has no identity morphisms, we cannot define coherence isomorphisms or a
braiding isomorphism. Thus we cannot make Bord: symmetric monoidal.
One way out is to enlarge the morphisms in Bord;{ to contain isomorphisms
between objects, in addition to triangulated bordisms. This works, but is
again more technical, and we will make do without a symmetric monoidal
structure on Bord? .

mLet U : Bordf — Bord,, be the functor which forgets the oriented triangu-
lation. Thus, a TFT Z € TFT,(S) defines a functor out of Bord? via

Bord” < Bord, = S .

We are interested in the opposite question: Given Y : Bordz — S, can we

find Z in
Bord! —X— §

i

|

Bord,,

such that the above diagram “commutes” in a suitable sense?

Note that we will typically not want Y and U o Z to be naturally isomor-
phic or even equal. E.g. in the 1d state sum construction (Section 3.3), from
Y we obtained an idempotent p on a = Y (e, ), and we defined Z(e,) = 7,
the image of p. (In Section 3.3, Y was called Z, and Z was called Z"*V.)
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For info: Triangulations are not convenient to work with in practice because one
needs too many triangles, making explicit computations difficult. One can formu-
late state-sum constructions for more general cell complexes, where the individual
cells are not only simplicies but can be more general ball-shaped polyhedra. These
decompositions are called PLCW-complexes and were introduced with topological
state-sum models in mind, see [Kil].

m We now focus on two dimensions. Fix a rigid symmetric monoidal cate-
gory S. We assume that left- and right duals are related via the symmetric
braiding (as above Proposition 2.33),

Vg =€Vy 0 faar ta®@a” — 1 | coev, = 0coev,: 1 —"a®a.
We will build a functor
D = Dy ,ny : Bordy — Bordg®(S)
which depends on a choice of
AeS |, p:AA—-A, At A—-ARA, v:1—-A.

Roughly speaking, D takes the Poincaré dual of the triangulation, decorates
1-strata by A and O-strata by p or A, and assigns a weight 1 to each vertex.
Then we will look for conditions on pu, A, so that

Y = [Bordg D, Bordd*f(s) & S]

is triangulation-independent. In more detail, the definition of D is as follows.

o Let
X = (X, Tx,Ox) € Bord; .

On each 1-simplex of Tx mark the mid-point as O-stratum, label it A
and orient it “47 if the orientation of the 1-simplex agrees with that
of the 1-manifold X, and “—" otherwise.” For example,

3 -
1 -

—a= orewlation ‘i Q"(? i T;( —&  onaiohion i X

®To match Definition 4.23 (3), we also need a give total order of the O-strata. We
will not use this explicitly below, but one way to get such an ordering is to assign to
each O-stratum the first vertex encountered when walking along X in the direction of its
orientation, and take the ordering induced by Ox.
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e Let M : X — Y be a morphism in Bordg. For each triangle in T,
depending on the ordering of the vertices we choose the stratification

Jrow <J+ox

The triangles are shown such that their orientation as induced by M
agrees with the paper-plane orientation, as indicated by the little co-
ordinate system. (So for one of the triangles the orientation obtained @
from the vertex order agrees with that of M, and for one it does not.
Which is which?)

As in the Ising model example, u, A are placeholders for g : 1 —
ARA*®A*), A1 - A® (AR AY).

Note that thanks to the total order, the case where all three 1-strata
point towards the O-stratum in the centre of a triangle, or all point
away from it, cannot happen. (Why?) @

Finally, let v be a vertex of T, not contained in Ty, i.e. not contained
in the outgoing boundary component Y of M. Pick the smallest vertex
Umin (in the order Oy) connected to v by an edge e. Place a 0-stratum
¥ in the triangle located counter-clockwise from the edge e relative to
the vertex v and the orientation of M:

A 5, T

"’ A

The orientations of the 1-strata on the right hand side that are not
indicated depend on the vertex ordering. Note that we can label the
vertex where the 1-stratum starting at ¢ meets the rest of the network
of A-lines by p, independent of the vertex ordering. (Why?)

(The rule of not including v’s for vertices in the outgoing boundary is nec-
essary for functoriality. Why is that?)

m By oriented 2d Pachner moves we mean the usual 2d Pachner moves, but
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where keep track of the total order of the vertices,
<> = @

where a,b,--- € R are heights used to encode the total order. In the 1-3
move, in the direction from left to right we add a new vertex, and we can
choose its height d arbitrarily as long as

(vertices of Ty) > (inner vertices of Tys) > (vertices of Tx) .
is not violated.

Exercise 4.30. Show that the oriented Pachner moves allow one to change
the ordering Oy, of a given triangulation Ty, arbitrarily (subject to the above
condition that inner vertices lie between the vertices on the in- and outgoing
boundary). Hint: For an inner vertex v, apply 2-2 moves in the neighbour-
hood of v until the 1-3 move can be applied to remove and re-insert a vertex.

Via the functor D, the oriented Pachner moves get translated into identi-
ties for pu, A, ). We will not try to analyse these systematically® and instead
will make an ansatz and check that it works.

® We need two more property of Frobenius algebras:

Definition 4.31. A Frobenius algebra A in a rigid symmetric monoidal
category S (with left and right dualities related by the symmetric braiding)
is called symmetric if (in S®)

A A A A A A
6For info: We could of course do that, but for that it would be better to not determine
the point where 1 is attached by the total order Op;. Instead we should make that an
extra datum which is a map {vertices} — {triangles} assigning one of the triangles sharing

the vertex v as the one to contain the O-stratum . We would find (in particular) that
(A, u, A 1)) defines a non-unital, non-counital Frobenius algebra.
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In fact, the two equalities above are equivalent, as each one can be rewrit-
ten as (Why? Hint: Use Exercise 4.25.)

gopofaa=cop,

i.e. the non-degenerate pairing is symmetric.

(For info: The reason we start from the more complicated condition is that
it is still correct in pivotal categories. These are briefly described in the
info-point on page 114. On the other hand, the above reformulation does not
require rigidity, and so is useful in non-rigid symmetric monoidal categories.)
Example 4.32. Let S = Vecfgd be the category of finite-dimensional vector
spaces over a field k. Let A be a Frobenius algebra in S, that is, a Frobenius
algebra over k. By definition, A is equipped with a non-degenerate pairing
(a,b) = e(ab), for a,b € A. Then A is symmetric if and only if (a,b) = (b, a)
for all a,b € A, that is, if the pairing is symmetric. (Can you give an example
of a non-symmetric Frobenius algebra?)

Exercise 4.33. Let S be a rigid symmetric monoidal category and A a
symmetric Frobenius algebra in S. Show that also

BaaoAon=Aon.

The following lemma collects some useful identities that hold for sym-
metric Frobenius algebras.

Lemma 4.34. Let A be a symmetric Frobenius algebra in a symmetric rigid
monoidal category. Then

1.
A AA% A A
A A A A A A
A A
ﬁifku
A A
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Proof. For part 1, the second equality amounts to the computation

A A A A A A AA{/AL%
A AA A A A A A A A

The first equality in part 1 can be seen similarly. To see the identities in part
2, compose with the pairing € o p and note that this produces the identities
in Definition 4.31 satisfied by a symmetric Frobenius algebra. (Details?) [

Definition 4.35. A Frobenius algebra A in a monoidal category C'is called
separable with separability element 1) if

AL A4 D A(1A) HEWEI gqq) 1A 4 1 A] — 1,

In graphical calculus in C5*,

A

Exercise 4.36. Let A be a Frobenius algebra in a monoidal category C. @
Show that A is separable if and only if

15 A% AL S A(LA) B2, 440) 22 442 4] = g,

i.e. if and only if the condition obtained from that in Definition 4.35 when
precomposed with n: 1 — A holds.

Example 4.37. Let us see if the Frobenius algebras discussed in Example 4.8
are separable or not.

1. k with A(1) =6'1 ® 1 is separable with separability element 1) = 4.
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2. Mat,,(K) for a commutative ring K is separable,” for example we can
choose ¥ = FEj1, the elementary matrix with a 1 in the top left corner.
Let I =)"" | E; be the unit matrix. As

A(l)=> E;®xEj
ij=1
the left hand side of the separability condition in Exercise 4.36 becomes
Z EijEnEj = Z EinEy = Z Ey=1.
ij=1 i=1 i=1

(Use this example to argue that the separability element is in general @
not unique.)

3. For the group algebra k|G|, with G a finite group, suppose that char(k)
does not divide |G|. Then |G| # 0 in k and we can take ¢ = |G|~".

(Check that this works.) @
4. k[X]/(X?) is not separable for d > 1. Indeed, let ¢ be arbitrary. We
have A(1) = Z;é X* @ X4 1% and the condition in Exercise 4.36
becomes
d—1
ZXk¢Xd_1_k _ dXd_1¢ )
k=0

But dX9! has no multiplicative inverse in k[X]/(X%), so the above
expression can never be 1.

Exercise 4.38. 1. For A a symmetric Frobenius algebra in a rigid sym- @
metric monoidal category S, and any x : 1 — A, show that

"One choice for S such that Mat,, (K) is a separable symmetric Frobenius algebra in S
is that of finite-rank free K-modules, as these form a rigid category. One advantage of the
alternative formulation of symmetry just below Definition 4.31 is that it does not need S
to be rigid and one can just take S = K-mod.
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2. Show that for a finite group G, if |G| = 0 in a field k, then k[G] is not
separable. Hint: Assume there exists a separability element and bring
this to a contradiction using part 1 of the exercise.

Exercise 4.39. (Separable algebras) Let C' be a monoidal category and A an
algebra in C'. A is called separable if there is D : A - A ® A which satisfies
(in C=):

A A A A A A

A A A A A A

Equivalently, D is an A-A-bimodule morphism, but we did not define these
yet. Furthermore, D must satisfy

poD=14.

For C' = Vec,, this is the standard definition of a separable algebra.

The aim of this exercise is to show that if A is Frobenius, then it is
separable as an algebra if and only if there is a separability element as in
Definition 4.35. Let thus A be a Frobenius algebra in C.

1. Suppose there is an element D as above. Show that 1 = [Il LN
AA 204 A] is a separability element for A.

2. Let ¢ be a separability element for A. Show that there is D which
makes A separable as an algebra in the above sense.

For info: For info: One important consequence of separability of an algebra A is,
in the case C' = Vecy, that the category of A-modules is semisimple. Indeed, one
can use D to write any module M as a retract of the free module A ®; M, and so
every module is projective.

® From hereon we assume:

A= (A, u,n, A e) is a separable symmetric Frobenius algebra in
S with separability element 1.

With this, we will establish in a series of lemmas that Y = LoD : Bordj — S
is independent of the choice of oriented triangulation (77, Opr) of a bordism
M : X — Y in Bord? (with fixed oriented triangulation of X, Y"). We will do
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this by first showing some identities for L evaluated on disc-shaped bordisms
with A-labelled defect networks, and then turn to Y.

The first lemma will allow us to “move ¥’s out of the way” by showing
that we move the point where v is attached past the 0-startum labelled p or
A in the centre of a triangle:

Lemma 4.40. Consider the morphisms Dy, Dy : ) — S* in Bord$¥(S),

=]

where «, 3,7 € {£} are not all “+” and not all “—~”. Then

Proof. There are six possibilities for the orientations «, 5,v. For D; this
gives

The corresponding identity follows from associativity and Frobenius property
(try a few), except for the second case. So let us go through the computation
for the second case in some detail as an example, and be more brief in the
following proofs.

We need to compute L(D;) via the procedure given in Section 4.4, for
D, the second disc shown above. We do this in steps. First we undo our
convention of labelling 0-strata by a morphism with in- and outgoing legs
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and instead use i: 1 2 A A* @ A*and A: 1 — A® A® A*

2 —

©
]

+
4+ W

Let us agree that the ordering of the boundary and interior O-strata is as
indicated. Then p(v;) = o< Ll o< Ll 82, etc. The bordism ¢(D;) is

p(s')
——
WA EA 32A
+ - T+
D) =
_:\ A LA f A JA A
+ - - = +
L_’_;fv_l)_‘ F(vl) F(VS)

From there we can compute L(D;) as
A 1d
L(Dy) = |1 2252 aqarAa ArA 22000 g a0 4]

where Z 1~d is the 1d TFT used in Section 4.4. As a string diagram, the result
is, with A and f replaced again by A, pu:

A A" A
A A A

)

In the second expression we deformed the diagram. The morphism in the
dashed box is the left hand side in the chain of equalities of morphisms in S
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(in string diagram notation) below. If we repeat the above computation for
Dy, arranging the answer so that the diagram is the same outside the dashed
box, then the diagram inside the box is the right hand side of the following
equality:

A A A A
-
A A
This equality follows from composing the first equality in Lemma 4.34 with
1. Altogether this shows that L(D;) = L(Ds). O

The next lemma will be used in the 2-2 Pachner move. The identity is
sometimes called “fusion move”.

Lemma 4.41. Consider the morphisms D, Dy : ) — S* in Bord$¥(S),

where «, 3,7,5 € {£} are not all “+” and not all “—” and the inner edge
can be oriented any way such that the three-valent vertices can be labelled
by either p or A. Then

L(Dy) = L(Dy) .

Proof. There are quite a few identities to check, and we will just look at a
few.

For example, if § = +, @« = v = § = — with inner edge in D; pointing
up and inner edge in D, pointing to the right (In both cases this is the only
choice. Why?), all inner O-strata are labelled p and the resulting identity is
associativity of A.

If a =0 =— and g =~ = +, then for D; the inner edge has to point
upwards, while for D, one has two choices. This results in two identities
which are precisely the Frobenius relations. (Check this.)
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A more complicated case is « = v =+ and § = § = —, with inner edges
oriented as shown:

b

+

The numbers 1,2, 3,4 indicate the ordering of the boundary O-strata. Fol-
lowing the same procedure as in the proof of Lemma 4.40 one computes the
string diagrams for the morphisms L(D;), L(Ds) : 1 - A* @ A® A*® A, and
then isolates a convenient part of the diagram on which to show the equality.
This amounts to the calculation shown below (we label the objects by 1,2,3,4
in the same order as the boundary O-strata):

AR

A A A A AN A A A
In the second step we apply the second equality in Lemma 4.34 (1) and deform
the diagram. The last equality we substitute v o S+ 4 = eva. O

The next two lemmas will be used for the 1-3 move. The identity in this
lemma is also called “bubble move”.

Lemma 4.42. Consider the morphisms Dy, Dy : ) — S* in Bord$f(S),

+
:D2 : <

where the inner edges can be oriented in any way such that the three-valent
vertices can be labelled by either p or A. Then

L(Dy) = L(Dy) .

+

-—
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Exercise 4.43. There are three possibilities for orienting the inner edges. @
Show two of the resulting three identities.

In the proof of the following lemma we will use the technique of “cutting
out a disc and gluing back another disc” which will also be instrumental in
proving triangulation independence.

Lemma 4.44. Consider the morphisms Dy, Dy : ) — S in Bord$¥(S),

@ (D)

where o € {£} and the inner edge without indicated orientation can be
oriented any way such that the not yet labelled three-valent vertices can be
labelled by either p or A. Then

L(Dl) = L<D2) .
Proof. Define By, Ey : ) — S' and F : St — S! as follows:

[ [

~&

14

Then D; = [() By gt Ly S1, and L(Dy) = L(F) o L(E;). We have “cut
out the disc E;”. By Lemma 4.41, L(F;) = L(FE,), and so also L(D;) =
L(F)o L(E3) = L(F o E5). This amounts to “gluing back the disc Ey”. The
result is

Now repeat this procedure by cutting out the disc indicated by the dotted
circle and use Lemma 4.42. ]
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m Recall that

Y = [Bordg’ Dbty Borgdef(g) L S] .

Proposition 4.45. Let (M, Ty;,Oy) : X — Y be a morphism in Bords .
Then Y (M, Ty, Oyp) is independent of Ty, and Oy (for fixed (Tx, Ox) and

(TY’OY))'

Proof. By Exercise 4.30 it is enough to show that Y (M, Ty, Oy ) = Y (M, T}, Oyy)
if (Tar, Onr) and (T}, O),) differ by one oriented Pachner move. By Lemma 4.40
we may assume that the triangles affected by the Pachner move do not con-
tain the O-stratum labelled by .

If (Tar, Onr) and (T4, 04,) differ by a 2-2 move, cut out the PL-disc D,
formed by these two triangles from the bordism D (M, Ty, Oyy) in Bord$¥(S),
and denote the result by N, so that

D(M, T, On) = [X =25 x U st 5 v]
The disc D, is isomorphic to D as in Lemma 4.41 for some choice of signs.
The 2-2 Pachner move amounts to replacing Dy by D, from Lemma 4.41:

1xUDo

D(M, T}y, Oy) = [X =222 xus' B y] .

Now apply the symmetric monoidal functor L to these two identities, and
use that by Lemma 4.41 we have L(D;) = L(D). As Y = Lo D, this shows

The argument for the 1-3 move is analogous, using now Lemma 4.44. [J

Example 4.46. If M is a closed 2-manifold (a morphism () — (}), then
Y (M, Ty, Opn) € End(1) is independent of (T, Opr) and hence an invariant
of M. For example, if M = T?, a 2-torus, then a possible triangulation was
shown below Definition 4.21. One can put a height order on this, compute
D(T? T,0), and then use Lemmas 4.40-4.42 to simplify the result without
changing the value of L. Without going through the tedious details, the
answer is

Y(T4T,0) = L( ’9, 2 - O € End (1)

Let us compute this concretely in two examples and for S = Vecfcd.
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1. For Mat,,(K), we have seen in Example 4.37 that ¢» = Ey; is a possible
choice of separability element. Using the coproduct

n

AM) = (MEy) @k Eji ,

i,j=1

we can evaluate the above diagram to (write Ej, for the dual basis),

Z EZlEllEjiEklEij == Z E;EllElz’Eil =1.
i=1

ivj7kvl:1

(Check that this is indeed the expression one obtains from evaluating
the above diagram. Why does each step in the computation hold?)

2. For G a finite group such that |G| # 0 in k. In k[G] the coproduct
is A(by) = 3 ,cq bgn ® by-1 and we can take ¢ = |G|~'. The diagram
evaluates to

G171y = |G D Ongan -

g,heG g,heG

So the invariant is the number of pairs of commuting elements in G,
divided by the group order |G|.

Combining Proposition 4.17 with Proposition 4.56 below, we will see that
for S = Vecl, Y(T?,T,0) computes the dimension of the centre of A. In
particular, it is necessarily a positive integer, which is not a priori obvious in
the second example.

Exercise 4.47. Let A be a separable symmetric Frobenius algebra in a
rigid symmetric monoidal category S. Show that for a sphere S2%, we have
Y (T? T,0) = € o). Compute this number in the two examples treated
above.

m By Proposition 4.45, Y is independent of the triangulation of a morphism,
but on objects it still depends on the triangulation, as the next example
illustrates.

Example 4.48. 1. Here are two triangulations of S!, the corresponding
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stratification and value of Y:

()

—_—

+ 4
AA
L(B Ao Ao As A*
A
A 2

In general, these two objects in S are not isomorphic.

I

Ao A e A*

~
/N
G
P
~
Il

I

~
—
<W>
\P/
i

2. Let (S, T, O) be the triangulation in the first line in part 1, with 3 ver-
tices. Let (M, Ty, Oypr) : (SY,T,0) — (S, T,0) be the cylinder over
St triangulated as shown below in the computation of Y (M, Ty, Opy):

ot A A A
CECE
A %L 3
n
ot

Write m = Y(M,Ty,Op). Then 7 is an idempotent: mom = 7. (In
the last equality in the above diagram, some simplifications were done,
can you reproduce the answer? Try to verify that the morphism in S
on the right hand side of the above diagram is indeed an idempotent.)

® The idempotent example above generalises: Let X € Bordy and set X; =
(X,T;,0;j), 3 =1,2,3 for three choices of oriented triangulations (7}, O;) for
X. Pick a triangulation (7',0) on X x I such that

(XXI,T,O) X1 — Xo .
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Then by Proposition 4.45,

Tx,x, = Y (X x [,T,0): V(X)) = Y(Xa)
is independent of the choice of (T, 0), and we have

TXs X, = TX3.% O X x, ¢ Y (X1) = Y (X3) .

This identity is a special case of the next lemma. (Why?) For later use we @
note that in particular, mx, x, is an idempotent.

Lemma 4.49. Let M : W — X be a morphism in Bordy. Let (Tw,;, Ow,,),
(I'x;,0Oxj), 7 = 1,2 be oriented triangulations of X and W. Let (T};, O;;)
be oriented triangulations of M so that we get bordisms

(M, T;,045) - (W, Tw,;, Ow,;) = (X, Tx,, Ox,)
in Bord}. Then
Y(M, T11,O11) = Y(M7 T12,O12) OTwo, Wy — TX1,Xo OY(M7 T217021) .

Proof. We show the first identity, the second one can be checked analogously.
We compute

Y<M7 1o, 012) O Twy,Wy = Y(M7 Tho, 012) o Y(W x I,T, O)
DY (M, Tz, 013) o (W x I, T,0))

2 3
Dy (M, 1, 00) L Y (M, Ty, On)

In step (1) we use functoriality of Y, step (2) is the observation that gluing a
cylinder over W to the incoming boundary W of M is isomorphic to M, but
with a different oriented triangulation (77, O};). Step (3) is Proposition 4.45
that Y is independent of the triangulation. O

For X; = (X,T1,0;) abbreviate mx, = mx, x,- Recall that 7y, is an
idempotent.

Corollary 4.50. m = (7(x1y,05)) is a natural endomorphism of Y.

(Why is this immediate from Lemma 4.497)

m Suppose that S is idempotent complete. Consider the category C' =
Fun(Bord?, S) of functors and natural transformations. (Why is C' a cat- @
egory and not just a semicategory?) Then Y € C and 7 : Y = Y is an
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idempotent. We will construct a splitting (Z ,6,p) of Y in C| that is, a
functor Z : Bord; — S and natural transformations

e:Z=Y, p:Y=2, cop=n, poe=id.
Moreover, Z factors as Z = Z o U as in the diagram we were aiming for:

Bord] —— §

>

|

Bords

Even though the construction of 7, Z, e, p below will depend on additional
choices, the fact that it can be expressed as the splitting of an idempotent
will make Z unique up to isomorphism.

m For each X € Bord, pick an oriented triangulation (7%, 0%). Pick a retract
(J,e,m) of m(x 10 00y and define
Z(X)=J . exrpop =€ Z(X) = Y(X, T}, 0%) |
p(X,T%,Og() =T Y(X7 T)OOOS)() - Z(X> :

Using these, we can define Z on morphisms. Let M : X — W be a bordism
in Bords. Pick a triangulation (7, O) of M such that

¢x.1%.0%) M,T,0)

Z(M) = | 2(X) Y(X, 7%, 0%) “ME9 v (w, 9, 09,)

p 0 00
w,ry,,0%)

Z(W)

Lemma 4.51. ¢, p as above extend uniquely to natural transformations

(27.5.26)
e:ZoU=Y, p:Y=ZoU st. cop=m, poe=id.
Proof. We start by making an ansatz for the natural transformations €, p. Let

(T1,01) be an arbitrary triangulation of X. Abbreviate X° = (X, T%,0%)
and X; = (X,T1,0q). Define the ex, and px, as

Px0

Z(X) 2% v (X°) Y (X% 2% 7(X)
\\ /Sr

Y(Xy) Y(Xy)
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For X; = XY this reads exo = Txo xo 0 exo and pxo = pxo o Txo yo. Both
identities hold for idempotent splittings, cf. Exercise 3.19(1). Hence the
notation is consistent.

Now we check the required properties:

e poc =id: We compute on the object X7,

PX; ©E€x; = PX0OTX0 x, OTx, x0OEX0 = Px0 O TMx0 x0 O Ex0

= pxo 0 exo = lzy(xy) -

The first step is just the definition, the second step uses the identity
above Lemma 4.49, the third step is Exercise 3.19 (1), and the last
step is the fact that (Z(X),exo, pxo) is by definition a splitting of the
idempotent mxo xo.

e c o p = m: shown similarly. (Details?) @

e Naturality of €, p: We will show naturality for €, that of p can be seen
similarly. Let M : X — W be a morphism in Bords, and let M :
X1 — Wi be a triangulation thereof, that is, a bordism in Bord2T that
gets mapped to M by the forgetful functor: U(M;) = M. Similarly,
pick M° : X% — WO with U(M°) = M. The outer square of the
following diagram is the naturality square:

ZU(My)

ZU(X,) s ZU(W,)

€x0 (2) EWO

Y(X1> Y > Y(Wl)

The triangles and square (1), (2), (3) of the diagram commute by def-
inition. Square (4) is naturality of 7 in Corollary 4.50.

o Uniqueness of €, p: The above naturality square, applied to a triangu-
lation M; : X° — X, of the identity morphism M = X x I : X — X

in Bords, gives
Z(XXI):lZ(X>
%

Z(X) Z(X)

lEX() l&‘xl

Y (M1)=m
V(X% ——5 v (x,)
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Thus ex, = mx, xo0 0 exo is forced by naturality. The argument for p is
analogous.

[]

m Finally, we need to make Z symmetric monoidal. For this, first note that
(with appropriate ordering conventions), for M : X — W and M’ : X' — W’
in Bord,

D) =0, DIXUX')=D(X)uD(X'), D(MUM)=D(M)UD(M) .

Furthermore, L : Bordy*'(S) — S is symmetric monoidal, and so we get
isomorphisms, natural in X, X”,

L? ,
L(D(X)u D(X")) —22250  L(D(X)) @ L(D(X")) .
:y(;(ru)(/) :Y(XY(%Y(X’)

Lemma 4.52. Let Z, ¢, p be a splitting of 7 as in Lemma 4.51. Then there
exists a unique symmetric monoidal structure on Z such that

L? ,
V(X UX) PP L VX)) @Y (X)
EXuX’T le@pxl
ZI2J(X) U(Xx')
ZU(X U X') ----"2 R sy ZU(X) @ ZU(X')

commutes for all X, X’ € Bord? .

Proof. Uniqueness is clear as the diagram determines Z2. Existence requires
that Z(QJ( X),U(X) is well-defined, i.e. does not depend on the triangulations

chosen on X, X’. To see this, choose another triangulationNX of the same un-
derlying 1-manifold, U(X) = U(X), and analogously for X’. Commutativity
of the following diagram can then be used to show ZIQJ(X%U(X,) = ZIQJ

(X),U(X")

2
L x),pex)

Y(XUX')

”)?uX’,XuX’l

Y(X)® V(X'
l”)'{,x@”)zf,x/
2

D(X),D(X') % o

V(XUX) —20 5 v(X)®Y(X)

The diagram commutes by naturality of L?. (How does this imply that the
two expressions for Z? agree?) Symmetry of Z follows from that of L. ]
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For info: The fact that Z (or rather Z o U) arises via an idempotent splitting
shows that it is unique up to natural isomorphism. From this one can show two
further universal properties: Z is both a left and a right Kan extension of the
diagram

Bord} —Y §
1

Ul o Z

Bordg

See [Ri, Ch.4] for more on Kan extensions.
Let us collect the construction in a theorem.

Theorem 4.53. Let S be an idempotent complete rigid symmetric monoidal
category, and A a separable symmetric Frobenius algebra. The there is a
unique (up to unique natural monoidal isomorphism) Z4 € TFT(S) together
with natural transformations ¢, p as in Lemma 4.51 and monoidal structure
determined by Lemma 4.52.

Proof. Existence follows form the explicit construction above Lemma 4.51,
and uniqueness-up-to-unique-isomorphism follows from Lemma 4.51 and the
uniqueness of splittings of idempotents, cf. Exercise 3.19 (1). The symmetric
monoidal structure was constructed in Lemma 4.52. With respect to this
monoidal structure, one checks that the unique natural isomorphism between
two splittings is monoidal. O

For info: One nice application of 2d state sum TFTs to group theory is Mednykh’s
formula: Let G be a finite group and M a closed, oriented, connected 2-manifold.
Then
[GXM=Y [ Hom(my (M), G) | = ) (dim V)X
ved

Here, 71 (M) is the fundamental group of M, and Homy(...) stands for the set of
group homomorphisms. The sum is over G, the isomorphism classes of irreducible
representations of G. The TFT-based proof starts from the algebra isomorphism

ClG) = EB Endc (V)
ved

which write the semisimple algebra C[G] as a direct sum of matrix algebras Endc (V).
This can be turned into an isomorphism of separable symmetric Frobenius alge-
bras. Hence the 2d TFT for both algebras will assign the same value to M, and
this produces the identity above. See [Sn] for details of the TFT proof and a
historical account of Mednykh’s Formula.
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Exercise 4.54. Let (A, pu,n,A,e,1) be a separable symmetric Frobenius @
algebra in Vec, and «, 8 € k*. (More generally, one can use a symmetric
monoidal category S and invertible o, 8 € Endg(1), but let us stick to vector
spaces here.)

1. Show that A with an, a™'u, Be, B71A, a?B is a separable symmetric
Frobenius algebra. Denote this algebra by A, g. Show that for o = 0
we have that A, g = A, s as separable Frobenius algebra, that is, the
Frobenius algebra isomorphism also has to preserve the separability
element.

2. Write B = A,1. Let M be a closed, 2-manifold with oriented triangu-
lation, that is, a bordism M : ) — @) in Bord%. Show

V(M) = XMy, (M)

with y the Euler characteristic of M.

Hint: Consider Y(M,T,0). On (M,T,0), assign a factor of «a to
ecach vertex of T, a factor of a~! to each edge and a factor of a to each
triangle. Pass to the stratification on M produced by D(M,T,O).
“Push” the a~!-factor along the oriented A-labelled 1-stratum into the
O-stratum (labelled p or A) at the end of the 1-stratum. Note that
each ¢ comes with its own p giving an overall a.

3. For a bordism M : X — Y in Bord? show
aN-(Y)=N-(X) Yp(M) = aXb(M)YA(M) _

Here, N_(X) is the number of “”-oriented O-strata on D(X), and
Xp is the bordism Euler characteristic defined above Proposition 4.22.
However, in the case of 2d bordisms, we actually have x,(M) = x(M)
as the Euler characteristic of S! is zero.

Hint: Proceed as in part 2 and count the left-over factors. Recall from
the construction of D that there are no 0-strata labelled by 1 associated
to vertices contained in Y.

4. Use part 3 and the definition of Z4 to show that
ZB = ZA ® Ea )

where FE, is the invertible TFT from Proposition 4.22.

Hint: Fix a standard triangulation (Ts, Og) on S* so that D(S', T, Og)
contains two 0-strata 7' and one O-stratum 4. Then N_(S') = 1 and
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hence N_(X) = |X|, the number of connected components of X, that
is, the number of disjoint copies of S' making up X. Note that Y, and
Y5 have the same values on cylinders, i.e. give the same idempotents,
and so the state spaces of Z4 and Zp are the same. Try ¢x = a¥lid as
natural monoidal isomorphism Zg = Z4 ® E,. Here, id is understood
as a linear map Z4(X) — Zp(X).

For info: Part 3 shows that 2d state sum TFTs close under stacking with
invertible TFTs — this would not be true if we had restricted ourselves to
the (simpler) case v = 1. A separable Frobenius algebra with ¢ = 7 is
sometimes called A-separable, because the element D in Exercise 4.39 is in
this case just the coproduct A.

m In Theorem 4.14 we have seen that the groupoid TFTy(S) is equivalent
to ComFrob(S). So Z4 in Theorem 4.53 corresponds to some commutative
Frobenius algebra C' € S. We will describe C' in the case S = Vec,. We need:

Exercise 4.55. Let A be an algebra in Vec,. The centre of A is
C(A)={ce Alac=ca for all a € A} .

Let now A = (A, u,n, A, €,7) be a separable symmetric Frobenius algebra in
Vec;.. Define

T:A— A, T=pofasocA , p:A—=A, pla)=r1a).
Lemma 4.34 is useful in the problems below.

1. Show that p is an idempotent whose image is C'(A). Hint: Use string
diagrams. Show C(A) C im(p) and im(p) C C(A).

2. Define y¢ = (1 ® p) o A on. Show that v¢ = (p ® 7) 0o A o and that
’}/C = (idA®7')von.
Show that (p ® p) o y¢ = 7¢ and conclude that for vo € C(A) @ C(A).

3. Consider the pairing C(A) x C(A) — k, (a,b) — e(wpab). Show that
this pairing is non-degenerate. Hint: Try ¢ as copairing.

4. Show that C'(A) with the same algebra structure as A and coalgebra
structure, for ¢ € C(A),

Ac(e) = (T®@p)oAlc) , ec(e) = e(¥e)

is a commutative Frobenius algebra (which is then also symmetric).
Hint: Check that Ag is of the form given in Exercise 4.7.
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We can now state:

Proposition 4.56. Let A be a separable symmetric Frobenius algebra in
Veczd. The equivalence in Theorem 4.14 maps the TFT Z4 from Theo-
rem 4.53 to the commutative Frobenius algebra C'(A), the centre of A.

Sketch of proof. We will only give the outline of the argument. The details
are not difficult, but a bit tedious.

As triangulations are too cumbersome for this argument, one first shows
that rather than the stratifications produced by D : Bord: — BordS®, one
can use stratifications in Bord$®" with the property that all 1-cells and 2-
cells are contractible (that is, isomorphic to intervals or discs). Then the
stratifications for cylinder, and for the generating morphisms in Theorem 4.14
are

w\/uu(
b L=
&
(Can you show that p = L(cylinder) : A — A as above has an image iso-
morphic to that of the idempotent in Example 4.48 (2), where we used an
actual triangulation of the cylinder?) One now checks that this produces the

commutative Frobenius algebra structure from Exercise 4.55. For example,
for the coproduct we have, for z € C(A) = Z(S"):

CA  C®)
O O YO
O
Z( >C2\ = = AcR)
2eCA)
O
For info: 1. Can define the notion of a centre of an algebra in general sym-

metric monoidal categories. Existence is in general not guaranteed, but the
centre does exist if S is abelian (has kernels and cokernels, satisfying an extra
condition). For separable Frobenius algebras, it is enough that S is idem-
potent complete for the centre to exist. The statement in Proposition 4.56
holds in general for idempotent complete symmetric monoidal categories S.
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2. If S is just braided and not symmetric, there are two distinct notions of a
centre, the left and right centre [FFRS, Sec.2.4]. One can even define the
centre of an algebra in just a monoidal category. The centre in that case
is a commutative algebra in the Drinfeld centre of the original category, see
Dal.

3. Proposition 4.56 also raises the question if all 2d TFT's arise for a state sum
construction. The answer to this is “no”, at least naively in the sense that
state sum TFTs constructed from separable symmetric Frobenius algebras in
S as in Theorem 4.53 need not give all 2d TFTs obtained from commutative
Frobenius algebras in S via Theorem 4.14. An example is S = Vecc, together
with the observation that a separable algebra is semisimple and hence a
direct sum of full matrix algebras. Its centre is the sum of copies of C and
is again semisimple. Hence Example 4.8 (4) can not be obtained from such
a state sum construction. However, such algebras can be obtained form
more elaborate state-sum-like constructions, for example in the symmetric
monoidal bicategory of potentials and matrix factorisations [CMM].

For info: Outlook: We will now continue with three-dimensional TFT. Some
natural topics in which one could continue in two dimensions are:

1. The state sum construction above can be extended to produce examples
of 2d defect TFTs. The 2-strata are be labelled by separable symmetric
Frobenius algebras, and the 1-strata by bimodules over the neighbouring
algebras. See [DKR, Sec. 3].

2. Just as state sums without defects could reproduce interesting lattice models,
such as the Ising lattice model, state sums constructions with defects can
produce lattice models with line defects. It can happen that the line defects
can still move across the lattice, giving a non-topological lattice model with
topological line defects. See e.g. [CDR, Sec. 2] and [AFM].

3. A 2ddefect TFT with a unique label for 2-strata gives rise to a pivotal
monoidal category, or, if there is more than one possible label for 2-strata,
to a bicategory with twosided adjoints. See [DKR, Sec. 2.4].

4. For a given 2d defect TF'T Z with a unique label for 2-strata, let £ “endo-
defects” be the pivotal monoidal category from part 2. Given a pivotal
monoidal category C' and a pivotal monoidal functor C' — &£, we say “Z
has categorical symmetry C”. One can ask, what the smallest 2d TFT (in
the sense of having Z(S') of lowest dimension) is that can have a given
categorical symmetry C. For example, if Z(S') is one-dimensional, and we
ask C to in addition be a fusion category (more on those in the next section),
then the TFT Z defines a fibre functor C — Vecy. By reconstruction, this
means that C = Rep(H ) for some semisimple Hopf algebra H. Not all fusion
categories admit fibre functors. See e.g. [CDR, Sec. 3.3]
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5. The previous point has an application in Physics. Namely, if a 2d conformal
field theory is perturbed in a way that preserves a categorical symmetry
C, then one expects the renormalisation group flow end point to still carry
categorical symmetry C. If the endpoint is a massive theory, its ground
states should form a 2d TFT with categorical symmetry C. If C cannot be
realised via a 2d TFT with dim Z(S') = 1, the flow endpoint cannot have a
unique ground state: “The vacuum state of the infrared QFT spontaneously
breaks the C-symmetry.”

Bibliographic notes for Section 4

Frobenius algebras in monoidal categories are described for example in [FSt]
and [Ko, Sec.3.6]. The equivalence between the two notions of separability
in Exercise 4.39 is due to [Mul, Prop. 2.10].

The earliest reference for the equivalence between 2d TF'Ts and commu-
tative Frobenius algebras I am aware of is [Dij, Sec. 3.2]. The equivalence of
groupoids of 2d TFTs and commutative Frobenius algebras (in vector spaces)
is shown in [Ab]. A textbook reference is [Ko].

For a more general description of invertible TFTs, see e.g. [SP] and the
lecture notes [Fr, Sec. 6.2]. Euler TFTs are also given in [Qu, Lect. 3], and,
for stratified bordisms, in [CRS2, Ex. 2.14].

The trivial n-dimensional TFT with line defects (with S being super-
vector spaces) is constructed in 3d in [RSW, Sec. 4.2], and in general in [CN,
Sec. 7.

State sum constructions of topological field theories have first been given
in two dimensions in [BP, FHK]. A version for separable algebras has been
described in [LP] (with the assumption that ¢ : 1T — A is central), and in
[Mul, Sec.4] in general. The particular approach to state sums by mapping
them to the trivial TFT with line defects seems to be new. The same holds
for the description of non-topological state sum models (in the example of
the Ising model) via the trivial TFT with defects. The closest works for the
latter are maybe the construction of 2d lattice models via fusion categories
in [AFM] or of tensor networks on the boundary of 3d TFT in [LEHSV].
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5 Dimension three

5.1 Ribbon categories

m Before stating the definition, we need one more notion from monoidal cat-
egories: Let C be a monoidal category, suppose a, b € C have left duals a*, b*,
and let f : a — b be given. Then the (left) dual morphism f* : b* — a* is
defined as

"y
(Write out f* with all coherence isomorphisms included.) Equivalently, f* is
uniquely determined by any one of the following two conditions:

evpo (1 ® f) =evgo (ff®1,) P ®a— 1,
(f ®14+) 0 coev, = (1, ® f*) o coevy, 1l —-b®a”.

(Why are these three definitions of f* equivalent?) If a,b have right duals,
one can analogously define the right dual of f.

Definition 5.1. Let C be a braided monoidal category.

1. Cis called balanced if it is equipped with a natural isomorphism 6 of the
identity functor on C, called balancing isomorphism, whose components
Oy : a — a satisty, for all a,b € C

0a®b:(6a®0b)oﬁb,aoﬁa,b : a®b—>a®b

2. C is called ribbon if it has left duals, is balanced, and the balancing
isomorphism satisfies, for all a € C,

*

O =(0,)" : a* —a".
In a ribbon category, 6 is also called the ribbon twist.

Let C,D be balanced (resp. ribbon) categories. A balanced (resp. ribbon)
functor is a braided monoidal functor F' : C — D such that F'(0,) = Op() :
F(a) — F(a), for all a € C.
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Remark 5.2. 1. The balancing isomorphisms automatically satisfy 6; =
13. Indeed, for a = b = 1, the defining condition reads 05 = 61 ® 6;.
Composing both sides with the left unitor of C gives

>\1091®1g91{0)\1,

)\]10(9]1@9]1)(2:)0]10)\]10(91@)1]1)@Qﬂoplo(&l@lﬂ)
@QHOQHOPJLQQHOHHOM,

where: (1) naturality of 0; (2) naturality of A; (3) Ay = p1; (4) natu-
rality of p. As all maps involved are isomorphisms, this shows 67 = 1;.

2. A symmetric monoidal category S is balanced via 6, = 1, for all a € S.
Indeed, in this case the defining condition reads l,gp = Bba © Bap,
which is the condition for the braiding 5 to be symmetric. (But S may
allow for other balancing isomorphisms as well, see the lemma below.)
Accordingly, S™ is ribbon.

Conversely, a balanced category with 6, = 1, for all a is necessarily
symmetric. (Why?)

3. Let C be a balanced category with left duals. Looking at the equivalent
definitions of a dual morphism, we see that C is ribbon if and only if,
for all a € C,

eve o (1 ®6,) =evgo (0 ®1,) 1 a*®@a— 1.
An analogous equivalent condition exists for the coevaluation.

4. There is actually no difference betweeen a balanced and a ribbon func-
tor, we could equally well have called both a balanced functor. But we
would like to speak of ribbon functors between ribbon categories.

®m Any two balancing isomorphisms differ by a natural monoidal isomorphism
of the identity functor. This is helpful in understanding all balancing struc-
tures on a braided category, provided one can find at least one.

Lemma 5.3. Let C be a braided monoidal category, and let 6 be a balancing
isomorphism on C. There is a bijection

{nat. mon. iso. of Id¢} — {balancing isomorphisms on C}

given by n — noé.
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Exercise 5.4. Prove the above lemma. Hint: Show that 7 o 6 is a bal- @
ancing isomorphism, and that given another balancing isomorphism ', the
composition 0’ o #~1 is a natural monoidal isomorphism of the identity.

Example 5.5. Let G be an abelian group and ¢ : G — k* a quadratic
form on G. Pick an abelian 3-cocycle (w,) with ¥ (g, g) = ¢(g) (this deter-

mines [w, ] € H3 (G, k*) uniquely by Theorem 2.43). Consider the braided

monoidal category C = Vec(Gw ) as in and above Exercise 2.41.

1. For a homogeneous element u in V' = P .,V we set

Oy (u) = q(lu)) u .

Then 6 is a balancing isomorphism for C. This will be shown in the
next exercise.

2. Let x : G — Kk~ be a group homomorphism, that is, a character of G.
For V € C and a homogeneous element u € V' set

nv(u) = x(lu]) u .

Then 7 is a natural monoidal isomorphism of the identity functor on C,
and in fact all natural monoidal isomorphisms are of this form. (Why?) @
Accordingly, by Lemma 5.3, all balancing isomorphism on C are given
by
0y (u) = x(lul) q(Jul) u .

Let us denote the balanced category with balancing isomorphism €' as

above by
Vec(Gw’w’X) .
For example for k& = C, as G is abelian, it has |G| many distinct

characters, and hence there are |G| distinct ways to turn Vec(Gw’w) into

a balanced category.

Below we will write € instead of 8’ for the balancing isomorphism of
Vec(; $X),

3. Consider now C' = (Vecg ’w’X))fd, consisting of finite-dimensional graded
vector spaces. We would like to know for which choice of y, if any, C
is a ribbon category. The left dual of V € C is

V=PV, with (V)= (V)"

geG
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that is the degree-g-component of V* is the dual of V-1. (What would @
go wrong if we would instead take (V*), = (V;)*?) The evaluation map
is the same as that of vector spaces

evy V'@V =k |, o®vm pv),

The coevaluation map, however, is not, see again the exercise below.
The condition in Remark 5.2 (3) for a balancing isomorphism to define
a ribbon twist becomes, for u € V' homogeneous of degree g and p € V*
of degree h,

(evy o (idy- @0v)) (¢ @ u) = p(By (w) = x(9) a(g) p(u) ,
(evy o (B ®@idy)) (¢ @ u) = (Ov-(p))(w) = x(h) q(h) p(u) .

By construction, ¢(u) is non-zero only for h = ¢!, and we conclude
that C is ribbon if and only if

By definition, ¢(g) = q(g7!), and we get a condition on y:
x(g) € {£1} forall g€ G .

If k£ is not of characteristic 2, this means that the different ribbon

structures on (Vec(Gw ’¢))fd are parametrised by group homomorphisms

X :G— {£1}.
Exercise 5.6. In the notation of Example 5.5: @

1. Show that the bicharacter b(g,h) = q(gh)/(q(g)q(h)) (Definition 2.42)
describes the double braiding: For all g, h € G,

b(g,h) = ¥(h,g)¥(g,h) .

Hint: Expand v(gh, gh) into v¥(g, gh)y(h,gh) and then further us-
ing the defining identities of an abelian 3-cocycle (w, ) € Z3, (G, k*).
Check that the w-factors one picks up along the way combine to a
coboundary.

2. Show that 6y in Example 5.5 (1) is a balancing isomorphism for C.

3. Consider Vecg, for G a possibly non-abelian group and w a normalised
3-cocycle on G. Let V = P gec Vg be a finite-dimensional G-graded
vector space with dual V* and evaluation map as in Example 5.5 (3).
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Let v,; be a basis of V; and v;; be the corresponding dual basis of
(Vg)*. Note that |vy;| = g and |v} ;| = g~'. Show that

evy V'V =k |, v (),
coevy i k= Vo V* | 1= Zw(%gq,g) Ug,i @ Vg, »
g,

satisfy the zig-zag identities, and so V* is indeed the left dual of
V. Hint: You need to check both zig-zag identities, the computa-
tions are different. At some point you may need the identity 1 =

(0w)(g7 " 9.9 9).

4. Take the field k = C and consider G = Z,4 with trivial abelian 3-cocycle
(w,v) = (1,1). Give all balancing isomorphisms on (Vec(Gw ’w))fd and
state which of these define a ribbon category.

m In a ribbon category C the left dual a* of an object a is also a right dual
via

Vo = eV4 0 Baa 0 (0 ® 1) =eva0 Bl 0 (0, @ 1,0)  ta®@a* — 1,

coevy, = (1gx ® 6,) 0 Baa 0 coevy = (14+ ® 0.1 o a_*lﬂ ocoev, : 1 wa"®a.
Note when we first constructed right duals from left duals in a braided setting
(see above Proposition 2.33), we did not have the ribbon twists 6,. For a
symmetric monoidal category with its standard balancing by the identity
natural transformation, this makes no difference. The reason to include 6,
here will become clear below.

To see that the two expressions given above are equal, one has to use the
two defining identities of a ribbon twist. Namely, one starts from

€Vq = 0]1 O0€vVy = €V, O 9a*®a =€V, O (ea* ® ea) o Ba,a* o Ba*,a

and then brings one copy of the braiding and the ribbon twist to the other
side and uses the property in Remark 5.2 (3). (Details?) To check the zig-
zag identities, one can combine the first expression for ev, with the second
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expression for coev,, for example

o a

—

8-

a a

m In a ribbon category C we use the following graphical notation for the

ribbon twist:

o
e, = (f
@
The notation is consistent, because

(3 (-3

p—0p

1)
>

o
o)

X
0
—

(e 8 (e 8

p—p

In fact we also have (Check this. For example, in the first identity, substitute @
the first expression for coev,.)

?o.c‘x iﬂ* paclx
% = clx*:\o 9;1=ﬁa cix*:jx*o(/a
S [V U

One can ask if there is a geometric object which naturally satisfies these
identities. Unsurprisingly, given the name, the answer is yes: it is a ribbon
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in three-dimensional space:

This is made precise in the next section.

m Let C be ribbon category and let f : a — b be a morphism. As we said
in the beginning of this section, there are in principle two notions of a dual
morphism f*, depending on whether one uses the (co)evaluation of the left

or of the right duality. However, here they coincide: (Check this. Hint: The @

computation is similar to that of the zig-zag identity.)

o o _
eVb evb
¥
=& =
ooy, &
e >

m Define v, : a* ® b* — (ba)* to be the string diagram

(booS
QV“
rﬂev\n
o B b «
| |
VoL = Lioa
[ x
b@a— (bQO-)
M oear
o

The coupon with the identity morphism 1,5, : b®a — b® a is an artefact of
the graphical notation used to turn a single strand labelled “b ® a” into two
strands, one labelled b and one labelled a. (Write out the (longish) expression
for v, with all coherence isomorphisms.) The inverse I/a_; L (b®a)* = a*@b*
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is given by rotating the string diagram above by 180° and adjusting the
orientations. (Check this.)
From the zig-zag identity for the left duality it is clear that:

Qo

b a* & bo o* &
- -
or baa Y

The next lemma shows that this is also true for the right duality morphisms.

Lemma 5.7. We have

o* boa a* ¢ lLhea
= -
boa a* baa a*

Proof. We only show the first identity, the second one then follows from
uniqueness of the coevaluation map for a given evaluation map. We start
from the left hand side and substitute yet another equivalent way to write
the right evaluation map. Namely, for x = b ® a,

a/m =€V 0 Ba:,a:* o (]—a: X 01’*) .

This gives the first expression in:
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R

In step 1 we use (1;5 ® Qx*) o coev, = (6, ® 1,+) o coev,, for z = b® a, as well
as naturality of the braiding. Step 2 is a zig-zag identity, and we exchanged
6 and the identity morphism. Then we substitute the defining relation in
Definition 5.1 (1) and deform the diagram. O

* |
(o 8

For info: The morphism v is part of the monoidal structure on the contravariant
functor (—)* : C — C which one is always given if a monoidal category C has
left duals (or right duals). Then the double dual functor (—)** : C — C is a
covariant monoidal functor. C is called pivotal if there is a natural monoidal
isomorphism § : Id¢ — (—)**, called the pivotal structure. An equivalent way to
introduce pivotal structures is via the two properties above: left and right duals
of morphisms agree and the identity in Lemma 5.7 holds. In particular, ribbon
categories are pivotal. For more on pivotal structures see [EGNO, Sec.4.7], and
for the two equivalent characterisations see [CR1, Sec. 2.3].

m For symmetric categories we defined the dimension dim(a) of an object a
and showed in Proposition 2.33 that it is multiplicative. This generalises to
ribbon categories.

We will consider dimensions as a special case of traces. Let f:a — a be
a morphism in C. Then the trace of f is

®f evq

tro(f) = [ﬂﬂ) ®a-<% o ®a %1

(Check that for C = Vecy, V a finite-dimensional k-vector spaces, and f :
V' — V alinear map, the above expression for try (f) reduces to the standard
definition of the trace of a linear endomorphism.) The dimension of a is the
trace of the identity morphism,

dim(a) = tr,(1,) € End(1) .

One can exchange the role of the left and right duality morphisms here with-
out changing the trace:
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Proposition 5.8. 1. For f: a — a we have

Vo év\/a
=
e, e,

2. The trace is cyclic, that is, for p:a — b and ¢ : b — a,
try(p o q) = tra(gop) .

3. For f:a—a, g:b— bwe have

tras(f © g) = tra(f) o trs(9) -
In particular, dim(a ® b) = dim(a) dim(b).

Proof. Part 1 is immediate from substituting the definition of the right du-

ality maps and naturality of the ribbon twist. (Details?) For part 2, we
compute

In step (%) we use that the two ways of expressing the dual morphism f* are
equal. For part 3 use the identities for v, shown in and above Lemma 5.7:
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For info: In general pivotal categories (which are not ribbon categories), the first
identity in the above proposition need not be satisfied. In this case, one needs to
distinguish left and right traces, and accordingly also left and right dimensions.
Pivotal categories in which the first identity holds (i.e. where left traces are equal
to right traces) are called spherical.

Exercise 5.9. Let C be a ribbon category. Rewrite 0,55 as a string diagram
in terms of braiding and (co)evaluation. Write the (co)evaluation for a®b in
terms of those for @ and b. Show that the resulting diagram can be deformed
to the diagram for (6, ® 6,) © B4 © Bap. Use this as a way to remember the
condition on the balancing isomorphism.

(w,¥,x) )

Exercise 5.10. 1. Consider the ribbon category C = (Vec from

Example 5.5 (3).

Use the expressions for the left duality maps in Exercise 5.6 (3) to
compute the right duality maps explicitly. With these, compute the
dimension of C,, the one-dimensional vector space concentrated in de-
gree g € G.

Check explicitly that your expression for dim C, does not change if you
replace (w,v) € Z3,(G,k*) by another normalised abelian 3-cocycle
(W', 4) in the same cohomology class: [w, 1] = [w',¢'] in H3 (G, k).

2. Consider the additive group of complex numbers, G = C. Set w = 1
and (x,y) = exp(imzy). Show that there is no non-trivial group

homomorphism y : C — {£1}. Set C = (Vec(Gl,d),l))fd

Let C, denotes the one-dimensional vector space in degree z. For 1 € C,
denote by 1* the corresponding dual basis element in (C,)*.

Compute the ribbon twist of C,. Compute the constants &, in

Be.c.l®l)=§:1®@1,
Be.c.r(1@l) =& 1"®1 .
Beyec.(I"®1) =8, 1®1",

B "el) = _1"1".

What are the corresponding numbers for the inverse braiding?
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3. Compute the value of the string diagram of the left-hand trefoil knot:

(%

4. Look up the definition of the linking number of a two-component link,
and of the Tait number of a regular knot diagram, for example in [Mur].
Relate these to the numbers one gets when evaluating string diagrams
of the link or knot, with each object decorated by C, as above.

5.2 The ribbon category of ribbon graphs

Let C be a ribbon category. We will first define a three-manifold with em-
bedded ribbon graph as a three-manifold stratified in a very restrictive way.
Then we consider specifically the three-manifold R? x [0, 1] with embedded
ribbon graphs and will assemble these into a new ribbon category Ribe. The
main theorem in this section, which we state without proof, asserts that there
is a unique ribbon functor Rib; — C. This is the formal justification of the
graphical calculus for ribbon categories.

m The definition of a three-manifold with embedded ribbon graph will be
reminiscent of a bordism for the n-dimensional trivial TF'T with line defects
from Section 4.4.

We take D(C) = Dyl Dy U Dy D3, with Dy = mor(C)U{*q}, the class of
morphisms in C, D; = obj(C)U{x;}, the class of objects in C, and Dy = {*s},
D3 = {*3}. The map = : D — {0,1,2,3} takes elements of Dy, to k. The
partial order is simply Dy < D; < Dy < Ds.

m Recall from Section 4.4 the notation
a= ((al,sl), c (am,sm)) ,
with a; € C and ¢; € {£}, and the assignment
T@)=a]'®@PF® (a7 @a;r)---)eC.

where at = a and a= = a*. Let further b = ((by,11),...) and f : T(a@) —
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T(b). Define N(a,b, f) to be the cube (—1,1)3, stratified as follows

M@, 0)

Here, the 0 stratum in the plane R? x {0} is decorated by f and the 1-strata
in that plane are decorated by the component objects of @ and b as shown.
The strata not in the plane R? x {0} (i.e. those with positive z-coordinate)
are decorated by *,, n = 0,1, 2, according to their dimension. The 1- and 2-
strata are oriented, and their orientation depends on ¢; and v; as shown. The
orientation of the strata labelled x; will not play a role and is not indicated.

Definition 5.11. A 3-manifold with embedded C-ribbon graph M is an ori-
ented D(C)-stratified 3-manifold such that the 1,2-strata in the interior are
oriented, as are the 0, 1-strata on the boundary, and such that:

1. Each interior zero-stratum v not labelled by ¢ is equipped with an
embedding ¢, : N (@, b, f) — M for some @, b, f, mapping the origin to
v and respecting stratification and orientations.

2. Each interior point of M which is not a 0-stratum has a neighbourhood
isomorphic to a cube (—1,1)? consisting of a single 3-stratum, or

3. Each point on the boundary of M has a neighbourhood isomorphic to
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(—1,1)*%]0,1) (all labelled 3), or to (—1,1)?x[0, 1) with stratifications

L I

4. Denote the polyhedron formed by the 0,1,2-strata in M by I', the
ribbon graph. Let v be the polyhedron formed by the 0 and 1 strata
labelled by data of C (rather than by #,). Then I' is isomorphic to
v % [0, 1].

Condition 4 implies that I' retracts to v, it excludes situations such as
the stratification below, which would be allowed without condition 4.

L
b

(How does the midpoint of the 2-stratum in the above figure have a valid @
neighbourhood?)
m For @ of length m, let R2 be the plane stratified as follows,

Y

(G\)El) (alxgl) ‘.‘(QV\HE"\)

Py
x
el ¢ *
*1. *’L

*

Given @ = ((al,el), ((12, 62), .. ) write —d = ((Cbl, —€1>, ((12, —82), e ) Note
that this is not the same as the dual (@)*, as in the latter we would also
reverse the order of the list.

By a ribbon graph T in R? x [0,1] from @ to b we mean a ribbon graph in
R? x [0,1] with boundary R? x {0} stratified as R? , and boundary R? x {1}
stratified as Rl%. Write Diag(a, l;) for the set of all such ribbon graphs.

=,

We call T'y, T’y € Diag(d, b) equivalent if there is an isomorphism of strat-
ified manifolds I'y — I's which is
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e the identity on the boundary R? x {0,1} of R? x [0, 1], and
e the identity outside [—L, L] x [0,1] for L large enough.

The last condition rules out that we can rotate each slice R? x {t} by some
angle which would allow us for example to identify the two ribbon graphs
I'y,Ty € Diag((a,+), (a,+)) given by

which, as we will see below, would restrict us the the case where the ribbon
twist is trivial and hence (by Remark 5.2 (2)) to the case that C is symmetric.

m We can now finally give the definition of Ribe.

Definition 5.12. Let C be a ribbon category. The category Ribe of C-
coloured ribbon graphs has

e objects: lists @ with component objects a; € C

-

e morphisms d — b: equivalence classes of ribbon graphs I' € Diag(da, b),

e units 1z: equivalence class of RZ x [0, 1],

—

e composition: For I'y € Diag(@,b) and 'y € Diag(b, @), we define [I'y] o
[['1] by placing T’y in R? x [1,2] on top of I'; and compressing back to
R? x [0, 1] with by rescaling the z-coordinate with 1.

In the following, we will not distinguish a ribbon graph I' and its equiv-
alence class [I'] and write I" for both.

Remark 5.13. To avoid drawing the full ribbon diagrams all the time, let
us introduce the paper plane convention. There we arrange all ribbons to sit
perpendicular on the paper plane (or just above or below in the case of a
crossing), and so we cannot see the ribbon itself. For example




The paper plane as coordinates x,y and the z-axis is pointing towards us.
The 2-orientation of the ribbon is chosen such that the orientation of the
C-labelled 1-stratum as first basis vector together with an inward pointing
normal vector as second vector is positively oriented. Equivalently, if one
rotates the ribbon with the left hand rule around the C-labelled boundary
edge into the paper plane, it is oriented as the paper plane.

We will often draw the O-strata labelled by morphisms as coupons,

but this is just notation.

For info: 1. The more standard description of a ribbon graph, as for example
used in [Tu, Sec.1.2.1], is as embedded ribbons and coupons. A coupon
would be a square [0, 1] embedded in R? x [0, 1], and a ribbon an embedded
rectangle [0,1] x [0, 5] or annulus A = S' x [0, 5] (of course the 15 is
immaterial, it just visualises that the ends of a ribbon are {0} x [0, %] and

{1} x [0, 45]. The ends have to be attached to coupons or the boundary of

R? x [0, 1], see [Tu, Sec.1.2.1] for the full details.

To get from our description to that in [Tu] one needs to rotate our ribbons
by 90° as in the paper plane convention above, and replace the O-strata
labelled by morphisms with coupons. This procedure is well-defined up to
equivalence, and is the reason why we can appeal to the results in [Tu| later
on.

2. The reason why we picked a different convention is that from the point of
view of defect TFTs, if one assigns objects in a ribbon category to 1-strata,
it is natural to assign morphisms to O-strata, and not to coupons. This
becomes even more apparent in the smooth setting briefly discussed in the
next point.

3. If we were using smooth manifolds, we could consider embedded framed
graphs, which correspond to ribbons as follows,

The framed lines can then meet at framed points, with suitable compatibility
conditions for the framing. In this sense, we are developing a “3d TFT with
framed line and point defects”.
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m The category Ribe is itself a ribbon category:

1. tensor product: For ribbon graphs I'y : @ — @ and 'y : b — l;’, we
“place the two ribbon graphs next to each other” to get a ribbon graph
[ ®@Ty:axb— axb. If T; is contained in (—L;, L;) x R x [0, 1], then
place I'y at z-coordinates (—2Ly,0) and I'y at (0,2Ls), and then move
the boundary strata back to standard position.

This is tedious to write down in full detail, but because we are using
equivalence classes of ribbon graphs, the precise procedure is also not
important. Here is an example:

2 ,-) 28 (d,+) (e,4) (e,-)
e P
_ aug! _
- e e |
o G ey X o1 (d,+) X

2N (e-) (d, ) (e)4) (o))

= ¢

O (o« (b,+) (‘L-)

X

The tensor unit is the empty list 1 = ().

Note that with this tensor product and tensor unit, Ribe is strict
monoidal.

2. left duality: The left dual of @ = ((ai,e1),...,(Am,em)) is (@)* =
((@my —€m), - - -, (a1, —€1)), with evaluation morphisms

2

() * " (a-8) (@r-8) (a,6) (@,5) =+ @uen)
K—'—_ﬂf o~ <
a0\% T
(a) a

where the orientation of the ribbons is determined by the signs ¢;. The
coevaluation morphism () — @ ® (@)* is similar.
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3. braiding:

2 -
b a
E (L”v.\ (bls"l) oo (Ln.\’n) (a,8) (a3,8) -** @uz&n)

AN

(a,.€) (a:,sl) (a,:a,,) (byy9)  (byyvy) <o+ (bav)
« PR
v ~—
@ e

4. balancing:

|

The above ribbon graphs are drawn in the paper-plane convention. For
example, if @ = ((a,+)), in perspective the balancing isomorphism looks like

l ) kg
S Vens
Exercise 5.14. Check the defining relations of a ribbon category by drawing @
convincing diagrams. Hint: Invent a notation which allows you to collect the
ribbons attached to @ into one graphical representation, e.g. into a square

times an interval, with the ribbons intersecting the square in the intervals
{tl} X [07 1] - [07 1] X [07 ]-]

m An elementary ribbon graph is a ribbon graph I'; isomorphic to the N(d, b, f).

‘\/

E
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Define furthermore the ribbon graphs

(b,+) (a,+) 2
] N ]
Xy (b,4) = B @+) =
ol (o) (b+) X o (a,-) (a4 X
2N (a4) N (a4) (a,-)
_1‘_t— 4]
JE<m,+) = £9 Ua) =
— —_—
Ol (a,4+) X o X

We can now state the main theorem for Ribe, see [Tu, Thm.I1.2.5]. We will
not prove the theorem, but instead refer to the proof via generators and
relations in [Tu, Ch.I].

Theorem 5.15. Let C be a ribbon category. There is a unique monoidal

functor
Fe : Ribe — C

called the Reshetikhin-Turaev functor, such that
1. Fe(@)=T(a) €C,
2. Fe(I'y) = f for an elementary ribbon graph I'y,
3. We have

FC(X(G7+)7(1),+)) - 6a,b Fc(ﬂ(aﬂ_)) = ev,
Pt =0 el = coms,

The unique monoidal functor F¢ is a ribbon functor.

m To evaluate F¢ isotope the ribbon graph such that its projection onto the
x-z-plane has the following property: There is a finite number of points
0=12 <2z <2 <--<2z_1 <z, =1such that in each interval [z}, 21|
there is one of the ribbon graphs listed in conditions 2 or 3 above, together
with possibly straight vertical ribbons to its left and right, in paper-plane
framing relative to the z-z-plane. Using functoriality of Fi, one can then
write F¢(I') as a composition of identity morphisms tensored with one of the
morphisms of C listed in condition 2 or 3.
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For example,

S ey (d)

AL
|

= e‘P ‘ £ r
q} b\
/
(
%‘,‘*‘) \/(b)*')
@+ (b X

Exercise 5.16. Let C be a ribbon category.

-

1. Let I' € Diag(d,b) be a ribbon graph, and let A be a component of
I' isomorphic to an embedded annulus labelled by = € C. Let I' be
obtained from I'" by changing the orientation of the 1-stratum labelled
x in A and replacing the label by x*. Show that F¢(T") = Fe(I). Hint:
Consider the coupon (0-stratum) with one incoming and one outgoing
1-stratum, both oriented away from the O-stratum, the incoming one
labelled = and the outgoing one labelled z*. Then the 0-stratum is
labelled by a morphism z* — x*, and we choose the identity 1,«. Do the
same for a 0-stratum with both 1-strata pointing towards the coupon,
with the incoming one labelled x* and the outgoing x. Show that the
pair cancels in any order.

2. For a,b € C define the S-matrix

Sa,b = tra@b(ﬂb,a o /Ba,b) .

Look up a picture of a Hopf-link. Show that S,; can be written as F¢
applied to a suitably coloured and oriented framed Hopf link. Use this
representation to show by isotopies of the framed Hopf link that

Sa,b - Sb,a = Pa* b* and Sa,b* = tra@b(6;; o 5(:;) .

m By construction, Fg is invariant under isotopies (isomorphisms which are
the identity outside a compact region). A framed C-coloured link is a ribbon
graph () — () without coupons. Thus, via Fg, a ribbon category C produces
invariants of framed links. To get invariants of unframed links, one needs to
colour the link with an object a € C with trivial ribbon twist, 6, = 1,.
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For the invariant to be interesting, the ribbon twist cannot be trivial for
all objects, for else the category C is symmetric, and in that case the invariant
of a link with n components coloured by ay, ..., a, is simply [, dim(a;).
We will not show this in detail, but one way to see this is to note that for C
symmetric, we can factor Fg through the functor L from Section 4.4 and a
closed one-dimensional bordism is determined by its number of components.

For info: The relation to link invariants raises a number of questions:
e Is there a ribbon category C and a choice of object a € C such that F¢ is a
complete invariant (i.e. can distinguish all framed links with all components
coloured a)?

e Given two non-isotopic framed knots K, K’ is there a ribbon category C and
a choice of object a € C such that Fp(K,) # Fe(K))?

e How do we find explicit examples of ribbon categories that give interesting
knot invariants?

The answers to 1 (and hence 2) is trivially “yes” because one can just take the
geometric category Ribe for any C. So we need to modify questions 1 and 2 to
make the input ribbon category algebraic in the sense that the underlying category
is a semisimple category or at least locally finite abelian (see [EGNO, Sec. 1.8]).
In that case the answer to 1, or even to the weaker statement 2, is not known. We
will instead look at question 3 and try to give interesting examples of algebraic
ribbon categories.

Exercise 5.17. Let C be a k-linear ribbon category such that the endomor-
phism of 1 are a one-dimensional vector space, End(1) = k1;. Let us assume
for simplicity that C is strict monoidal. Suppose J € C is tensor-invertible
(see above Lemma 4.20).

1. Show that also End(J) = k1,. Hint: Pick L such that J ® L = 1.
Show that End(J) — End(J ® L), f — f ® 1z is injective.

2. Show that in part 1, L = J*. Hint: As L is tensor-invertible as well,
also End(L) = k 1. Pick isomorphism ¢ : L®J - land ¢ : 1 - J®
L. Show that both “zig-zag identities” hold up to non-zero constants.
Show that the map L — J* obtained from ¢ is an isomorphism.

3. Since J is tensor-invertible, so is J @ J. Hence also End(J ® J) is
one-dimensional. Define constants t,b,d € k* by

0J:t1J, dlIl’l(J):dlﬂ, BJJ:le@J.
This implies 3, = b~". Show that
=1, t=db.

126



4. Let L be a framed link with all components labelled by J. Suppose we
get the framed links Ly from L by changing L inside a 3-ball as below,
but keeping it the same outside of the three-ball:

Show that Fp(Ly) = b*F¢(L). Use this to argue that invariants for
two-component links obtained from graded vector spaces in this way
can be expressed in terms of linking number and Tait number of the
components in the corresponding link diagram.

5.3 Fusion categories

Let k be a field and A a k-algebra. As before (cf. Example 2.8 (3)), we write
A-mod for the category of left A-modules (over k, i.e. each A-module M is
in particular a k-vector space). Note that A-mod is k-linear.

An A-module M is simple if it is non-zero and if it has no submodules
other that {0} and M. (At this point it is good to recall (or look up) how
to prove the following statements: Let M be simple and N an arbitrary
A-module. An A-module morphism f : M — N is either zero or injective.
An A-module morphism g : N — M is either zero or surjective. If also
N is simple, then an A-module morphism h : M — N is either zero or an
isomorphism. Hint: The kernel and the image of A-module morphisms are
submodules. The key word is “Schur’s Lemma”, even though that specific
statement is not it.) A k-algebra A is semisimple if each A-module is a direct
sum of simple A-modules.

Example 5.18. 1. A=k"=k®k®---®k with pointwise multiplication
and addition is a semisimple k-algebra. If weset I = {1,2,...,n}, then
A-mod = Vecy, the category of vector spaces graded by the set I. The
simple objects are k;, ¢ = 1,...,n, that is, the 1-dimensional k-vector
space k, concentrated in degree i. (What is the action of A on a given
I-graded vector space?)

2. A = k[X]/(X?) is not semisimple. The unique-up-to-isomorphism sim-
ple A-module is k£ with X acting as 0. (Why? Hint: Let p(X) : M — M
be the action of X on an A-module M. The ker p(X) is a submodule.
Why is ker p(X) = {0} not possible?) However, the regular A-module
A is not a direct sum of copies of k (as X acts non-trivially on A).
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Definition 5.19. Let D be a k-linear category. Then D is called:

1. finite abelian if it is equivalent, as a k-linear category, to the cate-
gory A-mod™ of finite-dimensional A-modules for a finite-dimensional
k-algebra A.

2. finitely semisimple if the algebra A in part 1 can be chosen to be
semisimple.

Remark 5.20. 1. A finite abelian category has only finitely many isomor-
phism classes of simple objects. This follows from the corresponding
statement for finite-dimensional A-modules: The regular A-module is
finite-dimensional, hence has a finite composition series. But A also has
a surjective module homomorphism to every simple module, so every
simple module is a composition factor.

2. The endomorphism algebra of a simple object in a finite abelian cat-
egory is a finite-dimensional division algebra over k. Indeed, every
endomorphism of a simple module is either zero or an isomorphism.
Over R, there are three finite-dimensional division algebras: R, C, and
the quaternions H. If k is algebraically closed, then the endomorphisms
of a simple object are always given by k.

For info: The usual approach to finite semisimplicity would be to first define
additive categories, then say when an additive category is abelian (has kernels
and cokernels, and every mono is a kernel and every epi is a cokernel), see [ML,
Ch. VIII]. An abelian category is semisimple if every object is a direct sum (i.e. a
categorical coproduct) of simple objects.

A k-linear abelian category is finite if it has finite-dimensional Hom-spaces,
every object has finite composition length, there are enough projectives, and there
are finitely many isomorphism classes of simples, see [EGNO, Sec.1.8] for this
formulation, as well as the equivalent one given above.

m Let D be a k-linear category. For objects ay,...,a, in D, their direct sum
is an object d, together with maps e; : a; — d, r; : d — a;, such that

n

rioe; =0;;1; , Zeiori =1, .

i=1
Instead of d we write @, a; for the direct sum and suppress the maps e;, r;
in the notation (but they are part of the data of a direct sum). A direct sum
is unique up to unique isomorphism, and we will hence say “the direct sum”
(Make the uniqueness statement precise and prove it. Hint: Start with “Let @
d', e}, ri be another direct sum of the a;. Then ...”)

) 17

Recall from Definition 2.1 the notation D(z,y) = Homp(zx,y).
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Lemma 5.21. Let d, e;, ; be a direct sum of a4, ...,a, € D as above. Then
P D(ai,x) = D(d,x) , (fi)ir> > fior
i=1 =1

is an isomorphism of k-vector spaces. There is a similar decomposition for
D(z,d). (What does the explicit formula look like?)

Proof. The inverse map D(d, z) — @;_, D(a;,z) is g — (goe;);. One checks
that this is indeed the inverse, for example

g»—>(goei)iHZgoeiom:goldzg.

(2

]

m The zero object 0 € D is the direct sum with zero summands. In A-mod
it is the A-module {0}. (For info: In general, by definition a zero object (or
null object) is an object that is both initial and terminal, cf. [ML, Sec.1.5].)

Definition 5.22. A fusion category over an algebraically closed field k is a
k-linear rigid monoidal category such that

e it is finitely semisimple as a k-linear category,
e the tensor product functor is k-linear in each argument,
e the tensor unit 1 is a simple object.

The reason to demand that k is algebraically closed is Remark 5.20 (2):
If a is a simple object in a fusion category, then End(a) = & 1,.

For info: More generally, one defines [EGNO, Sec. 4.1]

1. A finite tensor category has the same definition as above, with “finitely
semisimple” replaced by “finite abelian”.

2. If the tensor unit is not simple, one instead speaks of a multitensor or mul-
tifusion category.

We will only consider fusion categories and not finite tensor categories. Yes, the
course is called “tensor categories and ...”, but the title refers more broadly to
various forms of monoidal categories, and “finite tensor category” in [EGNO] has
a very specific technical meaning.

Example 5.23. Let k be an algebraically closed field and G a finite group.
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1. Forw € Z3(G, k™) anormalised 3-cocycle, (Vec“é)fd is a fusion category.

2. If |G| # 0 in k, then Rep(G)™, the category of finite-dimensional repre-
sentations of GG, with tensor product as in Example 2.17 (4), is a fusion
category. (What is the left and right dual? How does G act on it?).
The algebra is the group algebra k[G], which is separable by Exam-
ple 4.37 (3) and by the info point after Exercise 4.39, separable implies
semisimple. (For info: The converse is false, in general. But it is true
if, e.g. the field over which one is working is algebraically closed.)

Note that in both examples, the forgetful functor U : C' — Vec, satisfies
UX®Y)=2U(X)®,U(Y), naturally in X, Y. The isomorphisms may not
satisfy the compatibility with the associator in Definition 2.23 (and cannot
satisfy it in the first example if [w] is non-trivial in H3(G, k*)). Such a functor
is called a quasi-tensor functor. One can ask if there are fusion categories for
which there is no quasi-tensor functor to Vecy at all. The answer is yes, and
we will construct two examples, but it takes some preparation.

m For the rest of this section, we fix
e an algebraically closed field k,
e a fusion category C over k,

e a choice Z of representatives of the isomorphism classes of simple ob-
jects of D, such that 1 € 7.

The last choice means that if x € D is simple, then there exists a unique
a € 7 such that a = z. Note that by Remark 5.20 (1), the set Z is finite.

We would like to describe the tensor product, associator and unitors of a
fusion category “in a basis”, that is, in terms of a finite collection of numbers
(in k). We will first extract these numbers (“fusion rules” and “F-matrices”)
and then see that they determine a fusion category up to monoidal equiva-
lence. This will take some preparation.

m As C is finitely semisimple, any X € C can be written as a finite direct sum

X:@a@"“ ,

a€l

where ¥ = a @ - - - @ a, the n,-fold direct sum of a with itself. Then n, is
uniquely determined by X via

dimg C(a, X) = n, = dimg C(X,a) .
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To see this, first note that, for a,b € Z,

kl, ;a=0,
C(a,b)z{{ol} -Z;éb.

Indeed, if a # b, then by construction they are not isomorphic, and as both
are simple, the only morphism between them is the zero morphism.

Next, combine this with Lemma 5.21. For example the second identity
follows from

C(X,a) = @C(b,a)*™ = Ca,a)® = k.
beT

m Define the pairing
k:C(X,a) xC(a,X) =k,

for X € C and a € Z, to be the unique number x(f,g) € k such that
fog=~r(f,g)l, € End(a) .

Here we are again using that k is algebraically closed, so that we necessarily
have End(a) =k 1,.
Exercise 5.24. Let X € C with decomposition X = @ ., a®", and let @

€aa =X, Tea: X —a , where a=1,...,n,

be the embedding and restriction morphisms for the a’s summand in a®":

Na
Ta,a © €q,3 = 504,6 1a 5 E E €a,0 © Ta,0 = 1x .

a€l a=1

(Aside: For finite-dimensional vector spaces with have Z = {k} and choosing
e, r for a finite-dimensional vector space X as above is exactly the same as
choosing a basis of X and the corresponding dual basis of X*.)

1. Show that {e, .} is a basis of the k-vector space C(a,X), and that
{raa} is a basis of C(X, a). Show that the pairing  is non-degenerate.

22Let Y e Cand f: X = Y. Let €40 : @ = Y, Tpq 1 Y — b,
8 =1,...,n5 be the corresponding maps which exhibit Y as a direct
sum Y = @bez b®™%  Show that there are constants fapa € k such
that

Nag  Na

f = Z Z Z fa;ﬁ,a éa,ﬂ O Ta,a

a€Z a=1 g=1

Give an explicit expression for f,.5, in terms of k.
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3. Let X,Y €C, f: X =Y. Show that, if foe=0foralle:a — X,
a € T, then f = 0. Show also that if rof =0forallr:Y —a,a €L,
the f = 0.

4. Show that for all X,Y € C we have C(X,Y) =2 C(Y, X).

5. Let now {v,} be an arbitrary basis of C(X,a). Let 0,, be the dual
basis of C(a, X') with respect to x in the sense that x(vg ., Uag) = 0as.
Show that also

1
a,o

exhibit X as the direct sum @, ; a®".

= TVga:0—> X, 7

w0 = Vao:X —>a , where a=1,...,n,

6. Let now C be a fusion category which is in addition ribbon. Show that
for X,Y € C, the trace pairing

t:C(X,)Y)xC(Y,X) =k , (fig) = try(fog),

is non-degenerate. You may assume that dim(a) # 0 for all a € Z.
(For info: To show this, one uses that 1 occurs with multiplicity one in
a*®a, and since ev, and coev, are nonzero and map between 1 and the
summand 1 in ¢* ® a, their composition is non-zero, too. See [EGNO,
Prop. 4.8.4] for this argument.).

m In a k-linear (or even just additive) monoidal category, the tensor prod-
uct distributes over direct sums: Let M be a monoidal category, and let
21,22,y € M. Then (1 ®x1) @y = 21 @y ® x2 ® y, and analogously for the
second tensor factor. Indeed, let e;, r;, © = 1, 2 realise the direct sum x; @ x,.
Then e; ® 1,, r; ® 1, exhibit (21 @ z2) ®y as direct sum of z; ® y and z2 @ y.

Lemma 5.25. Let X, Y € C. f X®Y =0, then X =0or Y = 0.

Proof. We will show that if X # 0 and Y # 0, then also X ® Y # 0. We
first check the claim for X = a and Y = b, with a,b € T.

Suppose a ® b = 0. Then also (¢* ®a) ® b = ¢* ® (a ® b) = 0. But the
morphism ev, : a*®a — 1 is nonzero (as a # 0, the zig-zag identities require
ev, and coev, to be nonzero) and 1 is simple, and so 1 is a direct summand
of a*®a: a* ®a =16 Q, for some ) € C. But then also

(@"®a)Rb=Z1RbHQRb=bDQ #0.

To show the statement of the lemma, suppose that X, Y are both nonzero.
Writing X = @ 70" and Y = @, b%™, then there are ag,by with
Ny, Ty, > 0. But then

XV EB (a®Db)™™ = (ag ® by)™ ™o & (other) # 0 ,

a,bel
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as we have seen above that ag ® by # 0, and by construction n,, ny, > 0. O

The statement of the lemma is not true if C were just a finitely semisim-
ple monoidal category. For example, take A = k @ k, A-mod with tensor
product ® 4, the relative product over A. Write 11, 15 for the units of the two
summands k in A, so that the unit of A is 1; + 15. Let k; be the A-module
where 1, acts as the identity and 15 acts as zero, and vice versa for ky. Then
k; and ko are simple A-modules, but still we have

ki ®4 ks =0.

(Why does that hold? Hint: By definition of ® 4 we have, for all v; € k; and
a€ A, (av) ®4vy =] ®x (a.vy).)

m As C is rigid, each object X € C has a left dual X* and a right dual *X.
It turns out that for fusion categories, these are isomorphic. We need the
result of the following exercise:

Exercise 5.26. Let M be a rigid monoidal category. Show one of the fol-
lowing statements (not the one already shown in Exercise 2.22) and convince
yourself that the others one can be seen similarly.

1. M(z,2@y*) 2 M(x®y,2) = M(y,*z ® z), naturally in z,y, z.
2. M(z®*y,x) 2 M(z,z®y) = M(z* ® z,y), naturally in z,y, z.

Hint: Use graphical calculus. The first isomorphism is the one from Exer-
cise 2.22, for this one would use:

z z oy
'ﬁ
Xy X
Do not forget to check naturality. What are the two functors for which the
isomorphism are natural?

Exercise 5.27. Show that in the fusion category C, the following statements
about a nonzero object X € C are equivalent: (What fails for X = 07)

1. End(X) =kl1x
2. X is simple,

3. X* is simple,
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4. *X is simple,
Hint: Show first that 1 and 2 are equivalent, then use Exercise 5.26.
Lemma 5.28. For all X € C we have *X = X*.

Proof. 1t is enough to check the statement for X simple. (Why?) For X @
simple, consider the isomorphisms

—
w
=

I

(1) ©)
CX,X)Z2C(1L,XX)=ZC(X® X" 1) 2C(X","X)
Step 1 is Exercise 5.26 (1) with x = 1, y = X, z = X. Step 2 is Exer-
cise 5.24 (4). Step 3 is Exercise 5.26 (1) with x = X, y = X*, 2 = 1. As
C(X, X) is nonzero, this shows that there is a nonzero morphism X* — *X.
By Exercise 5.27, both X* and * X are simple. Hence they are isomorphic. [J

For info: The statement of the lemma does not hold in general rigid monoidal
categories. There are examples of abelian rigid monoidal categories where the left
and right dual of an object need not be isomorphic. For example, Hopf algebras
for which the square of the antipode is not an inner automorphism. In [MaR,
Sec. 4.3] one can find a C-linear example where the left and right dual of a simple
object are distinct.

5.4 Fusion rules and F-matrices
Let C be a fusion category, with k and Z as in the previous section.

Definition 5.29. The fusion rules of C are the non-negative integers, for all
a,b,ce’,
N, :=dimgCla®Vb,c) .

Equivalently,
a®b @ Nab |

ceT

m We introduce a special notation for this direct sum decomposition. Namely,
choose a basis

c

(abye * a®b—c, a=1..., Ny,
of Cla®b,c). If Ni =0, no Ais chosen. If a = 1, then C(1 ® b,c) = 0 for
b # ¢, and for b = ¢ we have C(1 ® b,b) = C(b,b) =k 1,. Thus, C(1 ® b, b) is
spanned by the unitor A,. Analogously, C(a ® 1,a) is spanned by p, and we
agree

pp =N L®b—=b . Ape=pa:a®l—a.
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Here, the dot “e” indicates that there is no multiplicity label in this case, i.e.
the basis is indexed by the one-element set {e}.

Denote by
{)‘g(ab)}a C C(C, a® b)

the basis dual to {/\?ab)c}a with respect to the non-degenerate pairing k. We
use the graphical notation

c a b
oL oL
Al = )i Ay = \4
a b C

From Exercise 5.24 (4) we know that this dual basis pair exhibits a ® b as the
direct sum state in Definition 5.29. In graphical notation, this means

d a b a b

(9

Neic ”
a b = gc,ol. SM’P 2. Z c =

ceT «=i o

c a b a b

m We can combine the observation that we can pull direct sums out of tensor
products and Hom-spaces to get isomorphisms like the following:

@ ClqaY,Z) > C(XQY,Z), (for)en szqﬁo (rgn ® 1y) ,

g€ y=1,...,nq qeT =1

where r,, : X — ¢ is the restriction map of the direct sum decomposition
X = @q g®". Let us apply thisto X = a®0b,Y =¢, Z =d, fora,b,c,d € T.
We get the isomorphism

@ Clg®ec,d) — C((a®b) ®c,d)

Nag
(for)ar — Z Z far o (AZab)q ® 1) .

qeZ y=1

As such, it maps a basis of the left hand side to a basis of the right hand
side. For the left hand side we know a basis, namely {)\?qc) stavys- On the
right hand side we read off that

{A((ch)d © <>\,(Yab)q ® 10)}(17%5 - C((a & b) & c, d)
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is a basis, where g € Z, v € {1,2,..., N/}, d € {1,2,... ,ng}. Analogously,
we get the basis

{)‘?ap)d © (111 ® A?bc)p)}p,a,ﬂ - C(CL ® (b ® C)? d) :

(Details? What are the ranges of the various indices?). By pre-composing the
first basis above with the associator, we get another basis for C(a® (b®c), d).
The F-matrices are the change-of-basis matrices:

Definition 5.30. The F-matrices of C with respect to the basis choices
{Alp)cta CCla®b,c) are defined by the identities
o B _ abe)d\ V0 5
/\(ap)d © (]-a ® )\(bc)p) _ Z (Figq ) )ozﬁ A(qc)d © ()\’(Yab)q ® 10) O Qap,c
47,0
of morphisms in C(a ® (b® ¢),d).

In graphical notation, this becomes

d d
x N /\/(,‘\’cL ¥ )
P _ Z (abc) d q

= Zzz By

a b c a b c

Example 5.31. Let w € Z3(G,k*) a normalised 3-cocycle and set C =

(Vecg)fd. As usual, we take k, to be the one-dimensional vector space k,
concentrated in degree g € G. We choose

I={k,|geG}.
The fusion rules are

N ;lf - dlka(kg ®ﬂ§h,ﬂ§k) = Oghk -

9

(By our convention, we do not have g € Z but k, € Z and not g, we should
really write Nkfu:g, but this is terrible, so we will not.) We have N, gf}”l e {0, 1},
and so we can drop the multiplicity indices, we just have to be careful to
keep track of when N, g,]Z = (0 to make sure the F-matrix entries are allowed
by fusion. We define

)‘(g,h)gh : kg ® ky, — kgh ) 19 ® 1y — 1gh .
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Then, for a,b,c € G,
)‘(a,bc)abc o (1(1 & /\(b,c)bc) (1a ® <1b ® 10)) = 1abc
)‘(ab,c)abc o ()‘(a,b)ab & 10) O Ok, kp ke (1a &® <1b & 10)) = CL)(CL, bv C) 1abc
Comparing to Definition 5.30, we conclude

(a,b,c)abe -1
Fyeut =w(a,b,c) .

Proposition 5.32. 1. The fusion rules satisfy N,% = §,, = Nf, and

ZNbcpNag = ZNaqucd :

pET qeT

~

2. For each a € 7 there is a unique a with a = a* = *a. The map a — a
is an involution on 7 such that 1 = 1 and N5 = N; for all a,b,c € Z.

3. If any of a, b, c are 1, the F-matrices take the form

(En"") 0 = 055+ (FS)0 =0as . (B0 = b

. ca « ae

4. Fix a,b,c,d € Z. The matrix M with entries

be)d\ Vo
Mipag) () = (Fpg™) o5

is invertible. (What precisely is the index range of the matrix M?
Check that part 1 guarantees that M is a square matrix.) Denote the
inverse by

abc ap —
(Ggpb )d)ya = (M 1)((167)7(1?0@3) .

5. The F-matrices satisfy the pentagon identity

Z (F(abq)e)‘s’/ (F(accd)e)ESO _ Z (Fq(i)cd)p)<£ (F(azd)e)mp (‘F(uzbc)y)‘s8 )

px af qy vy By Py ag zT n¢
v 2,6,6:m

Here, the sums are v € {1,..., N} on the left hand side, and z € 7
such that N2, NI N Y #0,and ¢ € {1,...,N,2}, £ € {1,..., N},
ne{l,...,N,Y} on the right hand side.

6. For all a € 7 we have Fﬂaa)a = Gﬁaa)a # 0.

The proof will be partly an exercise and partly given after the following
remark.
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Remark 5.33. 1. Parts 1 and 2 of the proposition can be restated as
follows. Let R be the free Z-module spanned by Z, and denote the
basis vectors by e,, a € Z. Set

€y Ep = 5 b €c -

cel
Then R is a ring with unit 1 = e;. Furthermore, define v : R — R by
v(es) = ea. Then v is an anti-involution of R: 7* = id, (1) = 1 and
vy(r - s) =~y(s) - v(r). This is the fusion ring of C.

2. The matrix M in part 4 is precisely the change of basis used to define
the F-matrix. The G-matrix is then the change of basis in the reverse

direction:
d d
S N& P
9 _ ZQF Nee ( G(qbc) d )KF’ P"" p
g Pe'[ (= {5=( 4P Kg
a b C a b C

This implies
D (BN (C)5T = O Gaar G5

a,7,0
Z (Gt(z(zl)bC)d)jéﬁ (FIE;’bC)d)ZE/ = Ogq Oy, 0567 -
P,

3. The pentagon identity for the F-matrices follows by comparing two
different routes between the following two bases of C(a® (b® (c®d))

% A
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Proof of Proposition 5.32. Parts 1,2,3,5 are an exercise. Part 4 follows from
part 2 of the above remark. It remains to show part 6.

Let a € Z. From Lemma 5.28 we know that *a = a*, and by construction
both are isomorphic to @ € Z. Pick isomorphisms

L,:a"—a , R,:"a—a.

As the Hom-spaces involved are one-dimensional, by rescaling R and L ap-
propriately, we may assume that

Vo = ANga1© (La®1,) 1 a"®a— 1),
Vo = Naay1©(la®Ry) 1 a®%a— 1.

By the same token, there are constants I'z, 4, 'r, € k™ such that

coevy = Ppg - (la®@ L) o Xy 1 L2 a®a”,
coev, = ['py, - (R;'®1,)0 M@y @ 1= "a®a.

To fix the coefficients, we check the four zig-zag identities. For example

and so ' F%%* = 1 (there are no multiplicity indices here and we omit
the ®). (On the right hand side, why does one not get a sum FJEZ(M)H 1) @

(@aa)a

The second zig-zag identity for the left dual gives I'; Gy~ = 1. This gives
the condition in part 6. The same computation for the right duality produces

Tro GV =1 | Tp, F" =1

(Check one of these.) This is equivalent to the condition for the left duality @
(as both have to hold for all a € 7). O

Exercise 5.34. In this exercise, you prove parts of Proposition 5.32. @

1. Show parts 1 and 2. Hint: For part 2, show that in a rigid monoidal
category one always has an isomorphism X — *(X*).

2. Show at least one of the identities in part 3.
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3. Show part 5 — use the indexing as in part 2 of the above remark for
easier comparison.

® We now want to show the converse:
Proposition 5.35. Let

e 7 be a finite set with a distinguished element 1, and an involution
a+ @ such that 1 =1

o N € Z>q satisty the relations in parts 1 and 2 of Proposition 5.32
. (F,S;}bc’d)lz € k satisfy the conditions in parts 3-6 of Proposition 5.32

Then there is a unique-up-to-equivalence fusion category C with these fusion
rules and F-matrices.

The proof works by endowing (Vecz)™ with a tensor product constructed
from N and an associator obtained from F. The details are a bit lengthy

and we give a sketch as an info point:
For info: Proof. Our starting point is the finitely semisimple category C := (Vecz)™
of finite-dimensional Z-graded vector spaces. As noted in Example 5.18 (1), we
have C = A-mod for A = k%%l = @ w1 Ka, where k, denotes the copy of k corre-
sponding to a € Z. We write 1, € k, for the copy of 1 in the a’th copy of k. By
construction, {1,}4e7 is a basis of A.

We describe the tensor product ® on C via an A-A ® A-bimodule T'. We take

T = @ ta(l; ) ta{l; - kibi\;ag .

a,b,ceT

The right action of A on = €t is 1;.2 = d; .x, and the right action of A ® A is

x.(1; ® 1) = 6; 00;px. For M, N € C we define
M&N :=T 94 (M @k N) ,

where on the right hand side we consider M ®) N as an A ® A left module.
We will abbreviate the n-fold tensor product of A with itself by A"™. The
associator will be given as an A-A3-bimodule morphism

QTR (ARkT) — T R4 (T Ry A)
as
oL MN = L® (]\[@N) =T ® 42 (L Rk (T P (]\/f Rk N))

‘N_>T®A2 (AR T) @43 (L @k M @k N)
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P® ,3id
A T ® y2 (T®kA)®A3 (L@kM®kN)

S T @y (T @2 (L &k M) @ N) = (L@M)@N} .
To construct ®, we note

TR (AxT) = @ tap®]ktbc? T®Rp (TogA) = @ tqf:l®]kta%
a,b,c,d,p a,b,c,d,q

To see this, consider

T QK (A Rk T) = @ ta(/ip/ Rk kg, @i thZ .

a7a/7b7c7d7p7p/

The effect of the tensor product over A2 is to set a = a’ and p = p’ as the balancing
condition for k; @ k; € A% forces a =i = a’ and p = j = p/. This explains the first
isomorphism, the second is seen analogously.

Write 1‘(3‘ab)C € t,g for the a’th copy of k in £,5. The map ® is defined as

[ B . abc af
<I>( 1(ap)d Ok 1(bc)p) - Z (Gl(lpb )d)'yé 1?qc)d U 1?ab)q
4,750

Then « is invertible by property 4 in Proposition 5.32, k; is the tensor unit by
property 1 and 3, and the pentagon identity for « translates into the pentagon
identity for F', we skip the details.

To see that C as defined here reproduces the F-matrices it is constructed form,
take

)‘((Xab)c (T ®a2 (ka Ok kb) — ke, 1?

ab)d = (5c,d5a,,81c

Comparing to Definition 5.30, we have

“ i s o/ By
)\(ap)d o (1da @)\(bc)p) ( 1(ap’)d’ Rk 1(bc)p’ ) E 5d,d’5p p’éa aléﬂ,ﬁ/ld
)\((SqC)d o ()\,(Yab)q ® 10) O aa’b’c( 1?(3:p,)d’ ®]k 1(ﬁbc)p/ ) — 5d , (G(abC)d)a B 1d 7

and indeed

> (Fzggbc)d)laﬁé (G(abc) )::sﬁ, la = 04.40pp0a,a0p,61d -

4,758

Finally, the left and right dual of a € 7 is a, and the duality maps are as in the
proof of Proposition 5.32, we once more skip the details. ]
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The Fibonacci fusion category

We take k = C and Z = {1, 7} with fusion rules so that the fusion ring has
e; as unit and
er-er=e€e1+e,.

The involution is trivial, 7 = 7. As the fusion rules satisfy N, € {0,1}
we can omit all multiplicity indices. This makes the pentagon equation look
much simpler,

pT zx

F(abq :ccd Z F (bed)p F(azd) F(abc)y .

Because of the unit conditions in Proposition 5.35 there are just five non-
trivial F-matrix entries:

g - F(TTT)]I 9 qu = F]:EZ]—TT)T ) paq GI .

The pentagon equations have parameters a,b,c,d,e,p,q,xz,y € Z, which in
our example a priori gives 27 = 512 choices (not all are allowed by the fusion
rules, of course), resulting in as many cubic equations for five unknowns.

Yet, we can write all solutions to these equations, subject to the conditions
in Proposition 5.35. This does not take long, but is a bit tedious, so we collect
the computation as an info-point.

For info: To reduce this number, one checks that the pentagon condition is non-
trivial only if all four input objects a,b, ¢, d are different from 1. (Check this for @
one or two cases.) In our example, this means that a =b=c=d = 7:

F]g;n] e F(JTT e ZFQ;’TT vapU T)e F(T/T)

Consider the following cases (we only list the values not forced by the fusion rules):

p=LlLy=rmx=1: fi1 = 9firfn
p=Lly=7m,x=71: firfrr = g fir[frr -

To get a rigid category, we need fi1 # 0. The first equation then implies g, f1-, fr1 #
0. We can hence cancel in the second equation and conclude g = 1.

Setting p = 1,y = 1 results in f11 = firfr1, which is already included above.
Setting p = 7,y = 1 equally gives no new condition. We can thus set p =7,y =7
in the general equation:

F(TTq (z7T)e Z F TTT)P F T~T) F(TTT)T

TT q/ zx
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Next consider the case

e=1,g=1:1= (fu)’+firfr1 = 1= (fu)’+ fur.

Define

1++/5

5
Then d+ gives the two solutions of 22> = z 4+ 1. Note that dy = 1 + (di)_l.
Expressing the equation for d4 in terms of (d+)~! shows that (d+)~! gives the two
solutions of 4% +y = 1. Hence we can set

dy =

fin = (de)™".
The remaining cases are
e=1,g=1 : 1= fr fir + (frr)?.
e=1q=l,x=1 : 1= fin+ (frr)®
e=1,q=T,x =1 : 1= fir+ (frr)” .
e=T,q=T,2=T : (fre)? = fra fir + (fr)®

The first three equations all state (f,,;)?> = 1 — f11. Substituting into the last
equation gives 1 — f13 = fi1 + f--(1 — f11), which we can solve for f. :

_1-2fn
1— f11

This also solves (f--)? =1 — f11, and we are done.

fTT - 7(di>_1 :

All solutions to the pentagon equation compatible with the conditions in
Proposition 5.35 are:

(r7m)1 _ (r77)T _ : fll]l f]IT — (di)_l w
FTT 1 9 qu qu ’ Wlth (fT]l f’TT) ((diw)_l _(di)_l

where

dy = ,  w € C* arbitrary .

Note that d, is the golden ratio. (For info: one can check that different
choices of w give equivalent fusion categories, but we will not do that here.)

Definition 5.36. Fib. is the fusion category with the above fusion rules N
and F-matrices as above for d4. and w = 1. We write Fib = Fib,.

Exercise 5.37. The Fibonacci sequence is defined by Fy = 0, F; = 1, and @
F,=F, 1+ F,_3, n>2 Show that for n > 1,

7_®n ~ ]léBFn_1 @TGBFn )
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For info: The rank of a fusion category is the number of simple objects. Take
k = C. There is just one fusion category of rank 1, namely (Vecc)fd. We have
now actually met all fusion categories of rank 2. There are four: (Vecy,)™ with
[w] € H3(Zg,C*) = Zy, and Fib., see [Osl]. This is by no means an easy result:
one has to show that there is no fusion category with fusion rule e, - e; = 1 + ne,
with n > 2. At the time of writing, fusion categories of rank 3 have not been
classified! (But pivotal fusion categories of rank 3 have been classified in [Os2] and
it is believed that this is also the answer for non-pivotal categories.)

The Ising fusion category

We take
k=C, ZT={1,0,¢}.

The fusion ring is
€ € =€, € € =€;, €€ =€;, €; € =€+ € .

This example is already too big to easily solve the polynomial equations by
hand. We will not list the F-matrices and instead refer to [DGNO, App. B|
for the classification, and to [MuR, Sec. 4] for a collection of these results in
the present notation. There are again two solutions which are characterised
by the sign in F\7°7 = +1/1/2. We refer to the Ising fusion category as Iss
and set Is = Is .

For info: The Ising fusion category is called that because it is equivalent as a
C-linear monoidal category to the category of representations of the irreducible
Virasoro vertex operator algebra at central charge ¢ = % This Virasoro VOA in
turn is part of the field content of the two-dimensional Ising conformal field theory,
and so the fields of the Ising CFT organise into representations of (two copies —
holomorphic and anti-holomorphic) this Virasoro VOA. For example, the primary
energy field has weight (% %) and is related to the object € and the primary spin

field has weights (&, {=) and is related to o.

5.5 Ribbon fusion categories

A ribbon fusion category is simply a fusion category which is ribbon, i.e.
which is braided and equipped with a ribbon twist.

m Let C be a ribbon and let k, Z, )\?‘ab)c be as in the previous section. We can
express the braiding and ribbon twist in a basis as we did for the associator
an the F-matrix,

Nap
Ny © B =S T(REY Ny, - a®@b—e , 0=, : a—a.
6=1
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In terms of string diagrams, the definition of R reads

C

K A/ctc\o (Q\:\C. C\\a
=2 &Y by /\ é QR( Del. A
N

a b

The matrices (Ri ) are called the R-matrices. (For info: While that name
is motivated by R-matrices in Hopf algebras, it is not the same. Still, from an
R-matrix of a quasitriangular (finite-dimensional, semisimple) Hopf algebra
one can compute an R-matrix as above.)

m As an example, let us derive a formula for the dimension of a € Z in terms
of F- and R-matrices and the t-values:

Inside the dotted box one can apply an F-move. This results in

t
dim(a) = ———— .
R(_aa)]lF]ﬁaa)a

Note that this shows in particular that in a ribbon fusion category
dim(a) #0 forall a €T,

see also the comment to Exercise 5.24 (6) for general fusion categories.

Example 5.38. 1. G-graded vector spaces: Let G be a finite abelian
group, ¢ a quadratic form for G, and x : G — {£1} a group ho-

momorphism. Consider the ribbon fusion category C = (Vec(cf ’w’X))fd
from Example 5.5. We use the same notation as in Example 5.31. For
the t, = t, we easily read off

For the R-matrix we compute
)\(h,g)hg o B]kg,kh (19 QK 1h) = @/J(g, h)lhg , )\(g,h)gh(lg R 1h) = 1gh .
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As (G is abelian we have gh = hg, and we read off
RYM™ = (g, h) .

The above formula also gives the dimension (cf. Exercise 5.10 and Ex-
ample 5.31, use that R(_aa)]lRSfa)l =1)

dimk, = x(9) q(9) ¥(g. 9~ ") w(g. g ", 9) -

. Fibonacci ribbon category: We can equip each of Fib,, ¢ = £, with two
ribbon structures, parametrised by v = 4. Recall that there are no
multiplicity labels. Set iy = 0 and h, = v2£= € {£1,+2}. The ribbon
structures corresponding to v on Fib, is uniquely determined by

__2mih
, o=

Rgfb)c — prilhe—ha—hy)

By the above formula, the dimensions are

1

dim(1) =1, dim(r)=d 5

(1+eV5) .
It would take us too far afield to check all the conditions (see the next

info-point), we just refer to [DB].

. Ising ribbon category: For the Ising fusion category Is we take

and set, as above

Rgfb)c — ¢milhe—ha—hy) 2miha

) taze

This characterises a ribbon fusion category structure on Is. By the
above formula, the dimensions are

dim(1) =1, dim(c) =+v2, dim(e)=1.

We again refer to [DGNO, App. B] and [MuR, Sec. 4] for details. (For
info: It is shown in [DGNO, App.B] that are actually altogether 16
different ribbon fusion categories whose underlying fusion ring is that
of the Ising fusion category.)
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Exercise 5.39. Show that in a ribbon fusion category we have the identity
Z (Flsgca)d),uv (R(am)d) (Faggbc)d)zi _ Z (Rgizc)p)g (Fégac)d) ob (R(ab )U .
T, VK e

Hint: Consider the transformations

/& »/\ /%\
A

One can again express the various defining conditions of a ribbon category
in terms of F- and R-matrices and the t-values, but we will not go through
this in detail.

For info: For the braiding, the statement is the following: Let C be a fusion
category, with fixed set of representatives Z and fixed choice of bases )\((“&b)c. Let

(Rgfb)c)i’;ek . abceZ,ye{l,... Nt de{l,...,Nji}.
The following are equivalent:

1. The morphisms, for a,b € Z,

p ab)en §
JB(I.I) - Z(R(i ) )?/ A(([m) A(ab)(
¢,7y,0

extend to a (necessarily unique) braiding on C.

2. For all a,b,c € Z, R is invertible in the sense that

Furthermore, the following equalities hold, for ¢ = +:

hea)d\ BV ar)d abc)c g ac ac ad a v
D (FEON ROV IEGIN T = ST (RO (EO) 7 (REDT)]

T,U, VK p,o
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Exercise 5.40. Let C be a braided fusion category with notation as in the
above proposition. Let t, € k*, a € Z be given. Show that 6, = t, 1, extends
to a balancing isomorphism on C if and only if

/

ba)c ab)c
Zfc 57,'}/ == ta tb § (RS- ) )fsy (RS- ) >g :
1)

for all a,b,~,7'.

m The global dimension of a ribbon fusion category C is

Dim(C) = » (dima)® € k.

a€l

Example 5.41. 1. G-graded vector spaces: For C = (Vecg’w’X))fd, every

object is tensor-invertible. By Exercise 5.17 (3) we have dim(k,)? =1
for every g € G. Hence

Dim(C) = |G| .
If |G| = 0 in k, this provides an example that the global dimension can
be zero. (For info: For k algebraically closed and of characteristic zero,
one can show that the global dimension of a ribbon fusion category is

always nonzero, see [EGNO, Thm. 7.21.12].)

2. Fibonacci ribbon category:
1
Dim(Fiby) = dim(1)? 4 dim(7)? = 56+ V5) .

3. Ising ribbon category:
Dim(ls) = dim(1)? + dim(c)* + dim(e)* =1 +2+1 =4 .

m The minimal generator of C is
G = @ a .
acl

Here, “generator” means that for each X € C there is n and a surjection
(epimorphism) G%*" — X, and “minimal” means that it has the smallest
number of direct summands. The surgery colour is

Q=Pdim(a)1, : GG
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Let I' € Diag(d, b) be a ribbon graph for the ribbon fusion category C. We
introduce a shorthand notation: A -labelled annular ribbon that does not
touch the boundary or a coupon (0-stratum) stands for an annular ribbon
with G-labelled 1-stratum on which there is a unique 0-stratum, and this is
labelled by €:

2 (c,:—) z (Caf) E (c,:—)
RS X S
U 2) % R =3 bt o
/r\fx,) =- ﬂ\’> N A ﬂj)
&\ Z - Z
Ol (a,-) Cor) X Ol (a,-) Cor) X ol (a,-) Cor) X

Here it is understood that F¢ is applied to each ribbon graph.

Remark 5.42. The orientation of an {2-labelled ribbon can be reversed with-
out changing the value of Fr. Indeed, combining the last expression with Ex-
ercise 5.16 shows that we can reverse the direction of the a-coloured ribbon
at the same time as replacing a with a without changing the value of F¢. By
the same token, dim(a) = dim(a), and as a — @ is an involution (hence a
bijection), the sum over a gives the same result.

Proposition 5.43. (Sliding property of the surgery colour) Let I' : @ — b
be a ribbon graph with an annular ribbon labelled €. Let IV : @ — b be
obtained from I' by “sliding a nearby ribbon over the annular ribbon €27,

Here it is understood that the part of the ribbon graph in the blue shaded
region is only changed near 2 as shown. In terms of ribbons, the change
between I and I locally looks as follows:
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Then F¢(I") = Fe(I"). The same holds for the opposite orientation of the 1-
and 2-strata of X.

The proof makes use of the following lemma:

Lemma 5.44. We have

L &£ ¢
a o
) ol _ Du,MQ OlAML >
| - SMI(A him b L‘O b« dim € a b = ia“@b
P : o
b aZ C

Proof. As b is simple, the left hand side of the first identity is equal to &1,
for some ¢ € k. To compute &, we take the trace:

b c
Le
g dinle) = “ = ‘Q
b /
b C

where the second equality is cyclicity of the trace. For the second claim of
the lemma we use Exercise 5.24 (3): it is enough to check the identity after
post-composing with a basis of C(a* ® ¢,b). The first identity implies that
the top half of the diagram on the left hand side is such a basis. We compute

b = 89(‘(5 O(J'M[C)
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Proof of Proposition 5.43. We first check the claim for X = a simple. We
only show the part of the ribbon graph in the dotted box, and it is understood
that the functor F¢ is applied to each diagram, that is, the equalities are of
morphisms in C, not of morphisms in Ribg.

b,c,ec

From this, we easily get the result for general X by expanding in simple
objects,

In the last expression, move e, , around the loop back in front of r,, and
carry out the sum over a, a to get 1x. O

Remark 5.45. 1. Here are two examples of using the sliding property:

(17.6.26)



2. An isolated Q-loop evaluates to the global dimension Dim(C), and in-
serting a single ribbon twist %! results in constants A* = A%(C) called
Gauss sums:

@ = Dim C @etl = % (o{ima)l t:l = A,

Example 5.46. Let us compute the Gauss sums for the ribbon fusion cate-
gories in Examples 5.38 and 5.41:

1. G-graded vector spaces: For C = (Vec(éJ’w’X))fd, we get

A=) trtdim(k,)” =D x(9)a(9)*" .

geG geG

2. Fibonacci ribbon category: Let C = Fib. with ribbon structure given by
v =+. Write D = /Dim(C) for the positive square root of Dim(C) =
1(5+¢v/5). Then

Ai =1+t dim(7)? = D exp(Fmiv(3 + 4¢)/10) .

3. Ising ribbon category: For C = Is we find

A = dim(1)? + t£' dim(0)? + 5 dim(e)? = 2F/8

(For info: There is a relation to the central charge ¢ in conformal field theory,
: 2mic/8 . ’ SR \ . : o
given by e?™¢/8 = A, /D. For example, the Ising CFT has ¢ = %, which is

consistent with D = 2. For the Lee-Yang CFT one has ¢ = —%, while the
exponent above is, for ¢ = v = —1, exp(—mi/10) which gives ¢ = —% mod 8.

So here one has to choose the negative square root for D to match the CF'T
result.)

Definition 5.47. Let R be a ribbon category. An object T" € R is called
transparent if
ﬁX,T e} /BT,X = ]-T®X for all X €ER s

or, equivalently,
Br.x = 5§}T forall X € R .

The full subcategory of transparent objects is called the symmetric centre or
Miiger centre of R and is denoted by Zs(R).
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Remark 5.48. 1. The symmetric centre is closed under tensor products
and duals: If S;T € Z3(R), so are S ® T and T*. For example,

XK L X\TL ix— X\/TL

™ X ™ X T X ™ X
Z5(R) is also closed under taking retracts. Indeed, if T' € Z3(R) and
r:T < j:eisaretract, then j € Z5(R):

X & X & X &
<
= AL =

,
\W
s X § X & X

2. By the previous point, the symmetric centre is hence a symmetric rib-
bon category. However, as opposed to the “canonical ribbon struc-
ture” we introduced on a rigid symmetric monoidal category (see Ex-
ercise 4.25), in general a symmetric ribbon category need not have
trivial twist. This is because in a ribbon category, the expression for
the right dual in terms of the left dual involves a braiding and a twist,
see Section 5.1.

However, the twist in a symmetric ribbon category always squares to
one. (Why? Hint: Express the two twists in terms of braidings.)

Take for example Vec(Gw U with quadratic form ¢ = 1, so that we

can choose w = 1 and ¢ = 1. Suppose there is a non-trivial group
homomorphism x : G — {£1} (e.g. for G = Zs). As ¥(g,h) = 1, the
category is symmetric. But the t-values are t;, = x(¢)q(9) = x(g) and
can be —1.

3. In a k-linear (or just additive) ribbon category, Z»(R) is also closed
under taking direct sums. (Why?)

4. By parts 1 and 3, in a ribbon fusion category, all transparent objects are
direct sums of simple transparent objects. In particular, the symmetric
centre is still finitely semisimple. We write

Tirans = { a€l ‘ a transparent } .

153



For info: Fusion categories are very hard to classify even over the complex num-
bers. However, surprisingly, symmetric fusion categories are classified by finite
groups! In more detail, let G be a finite group, and let z € G be a central el-
ement such that 22 = 1. Write Rep(G, z) for symmetric monoidal category of
representations of G in SVecﬂid such that z acts by parity (i.e. z.v = (—1)"l).
The following theorem is due to Deligne (see [EGNO, Thm.9.9.26]): Let C be a
symmetric fusion category over an algebraically closed field of characteristic zero.
Then C = Rep(G, z) as linear symmetric monoidal categories for some G, z. (The
statement does not hold in finite characteristic, see [Os3] for extensions to this
case.)

m Recall from Lemma 5.44 the basis dual-basis pair

b a cC
o dimb | e
* dim €
a” C b

1. o
a

2.

@ b @ b

—= dim ¢ A

A D - Dimc >

| | tel,,. «

a b a b
3.

AL(C)A_(C) = Dim(€) Y (dima)*t, = Dim(C) Ax(Z(C)) -

a€Ttrans

In the last equation we used that by Remark 5.48 (2) for symmetric ribbon
fusion categories we have A, (Z5(C)) = A_(Z(C)).
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Proof. Part 1: Suppose a € Zi;ans- Then we can take a out of the 2-loop to
get Dim(C)1,, as required. Suppose a & Zians. As a is simple, the left hand
side must be £ 1, for some £ € k. We need to show £ = 0. Suppose & # 0.
Then we can compute, for all X € C,

a X a X a X a X
/ J
- ¢ b :E“‘/Q:
| Q
| | |
X a X a X a X a

where in step 2 we used the sliding property similarly as in Remark 5.45 (1).
Thus a is transparent, contradiction.

Part 2: we simply use the basis dual-basis pair above, substitute the second
identity in Lemma 5.44 and use part 1 to restrict the sum from Z to Z; ans-

(Details?)
Part 3: We compute

5
@ @e = {;dj; = DinC a%:wouma C@
A . b

The first step is the second example of the sliding property in Remark 5.45 (1),
in the second step we cancel the twist and inverse twist and use part 1. [

Corollary 5.50. For a symmetric ribbon fusion category C, the Gauss sums
satisfy
AL(C) € {0,Dim(C)} .

Proof. 1f C is symmetric, then Z5(C) = C. Let us write A(C) = AL(C). Part
3 of the above lemma gives

A(C)* = Dim(C) A(C) .
If A(C) # 0, we can cancel it and conclude A(C) = Dim(C). O

m We define the S-matrices of a ribbon fusion category C to be the Z x Z-
matrices (cf. Exercise 5.16 (2))

Sa,b = tra@b(ﬁb,a o 5a,b) s Sa,b = tra@b(ﬁ;g o 5(:;) , a, bel.
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As diagrams

~ () =~ (0

By Exercise 5.16 (2) we have
Sa,b - Sb,a = S&,l_) ) 5‘a,b = S&,b - Sa,l_) .

Definition 5.51. A modular fusion category is a ribbon fusion category C
for which the S-matrix is invertible.

Exercise 5.52. Let C be a ribbon fusion category. Show that the following
are equivalent:

1. C is modular.

2. Dim(C) # 0 and every simple transparent object is isomorphic to the
tensor unit.

Conclude that in a modular fusion category A4 (C)A_(C) = Dim(C) # 0.

Hint: For 1 = 2 consider the columns of the S-matrix in case that Zi s
contains a simple object ay other than 1. For 2 = 1 show the following

auxiliary statements:
o U

a)
b b b b

DA~

ZbGI Sa b Sb c = D1m
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For info: The condition that Dim(C) # 0 in statement 2 can actually be
dropped as it is implied by Z5(C) = Vec[f,jl. This is not straightforward to
prove, but follows when restricting the different characterisations of modu-

larity in [Shi| to the case that the underlying category is semisimple.

Exercise 5.53. 1. Let C be a ribbon fusion category. Show that @
1 o
Sab = —y CEZI N, t. dim(c) .

Hint: Use the result from Exercise 5.40.

2. Let G be an abelian group such that |G| # 0 in k. A quadratic form
q : G — k* is called non-degenerate if the associated bilinear form b

(Definition 2.42) is non-degenerate. The pair (G, q) is then sometimes

called a metric group. Show that (Vec(Gw ’w’X))fd as in Example 5.5 is

modular iff (G, q) is a metric group.

3. Fib, with ribbon structure v, ,v = &+, and Is are modular. Show one
of these statements.

Exercise 5.54. Let C be a modular fusion category. Prove the categorical @
Verlinde formula,

1 Sad Sbd Sed
N; = — :
£ g S
(Note the bar in Sz.) Hint: First show the two identities:
b d d

qC!; _ Sat 1L igcip % AL c:(l;
b

Sy C Cex |
|

d d

Knot invariants

Given two k-linear categories C, D, we write C X, D for the k-linear category
whose objects are pairs (¢, d) with ¢ € C' and d € D, and whose morphism
spaces are tensor products over k,

Homey, p((c,d), (', d)) = Cle, ) @k D(d, d') .

By C'X D we mean the category obtained from C x D after completing with
respect to finite direct sums. (For info: The notation C'X D can have many
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meanings. One which is prominently used is the Deligne product of abelian
categories, see [EGNO, Sec. 1.11], which agrees with the notion given here if
C and D are semisimple.)

If C, D are monoidal, braided, or ribbon, so are C' x;, D and C' X D. If
C, D are fusion, so is C X D (but not C x;, D).

m Let C be a ribbon fusion category over C. Recall from Example 5.10(2)
the ribbon category D = (Vec(Gl’qp’l))fd of G-graded vector spaces (over C),
where we also took the grading group to be G = C. Then £ := CX D is
ribbon, but no longer fusion as it now has infinitely many simple objects,

(a,k,) , a€Z, z€C.

Recall that the ribbon twist of k, is exp(inz?). For a € Z pick z, € C such
that ¢, = exp(—imz?2) and set @ = (a,k.,). Then by construction the twist
of a is trivial,

0& = 1& .
m This allows one to define invariants of unframed oriented knots and links.
Namely, let L be a link in R3. Add an arbitrary framing and label all com-
ponents by a as above (that is, make L into a ribbon-link in an arbitrary

way, taking the l-orientation of the link as that of the 1-stratum labelled by
a). Call the resulting ribbon link LEP. Then

Fe(Lg")
is an invariant of L, independent of the choice of framing. Indeed, changing
the framing will modify Fe(LEP) by some power of t;, which is one.

Exercise 5.55. The HOMFLY polynomial P (v, z) is an invariant of an ori-
ented (unframed) link L. It is a Laurent polynomial in v, z defined uniquely
by Po(v,z) =1 (O is the unknot) and

v P, (v,2) —vP (v,2) =2 Pr(v, 2) ,

where L, L_, L are three links which only differ inside a 3-ball as in Exer-
cise 5.17 (4). See e.g. [Mur, Def. 11.3.1] for more on the HOMFLY polynomial.

Carry out the above construction in the case C = FibL with ribbon struc-
ture for v = + as in Example 5.38 (2) and relate Fg(Li") to the HOMFLY
polynomial P (v, z), evaluated at a specific value for v and z. In more detail:

1. Show that the following identity holds in Fib. with ribbon structure
v ==+ and h, as in Example 5.38 (2): For £ = exp(—mih,/2),

E2 B+ By =(E+E g,
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2. Find 7 and show that
§ 7 Brr + & Brz = (€ +E rar .

3. Show that the HOMFLY polynomial of two separate unknots (that is,
the boundary of two embedded non-intersecting discs) is

Poo(v,2) = (v ' —v)/z .

Hint: This can be seen from a single application of the defining relation
together with Py(v,2) = 1 and recalling that P (v, z) is an invariant
of unframed oriented knots.

4. Given an explicit relation between Fg(LEP) and Pp(v,z). Check that
your relation is compatible with the result in part 3. Hint: Check the

formula
B 57 +€—7

dim(7) = e

for all four choices e = +,v = +.

5. Explain briefly why the expression in part 1 does not imply that Fgp,
itself is already an invariant of oriented links, even though it fits the
expression of the HOMFLY polynomial.

5.6 Kirby calculus and three-manifold invariants

Let C be a ribbon category — for now still general, not necessarily fusion or
linear. Recall from Section 5.2 the label set D(C) = Do U Dy U Dy Ll D3, with

Do =mor(C)U {*o} , Dy =0bj(C)U{x1}, Dy={x}, D3={x3}.

This was used to introduce 3-manifolds M with embedded C-ribbon graph
as D(C)-stratified 3-manifolds with very restricted possible stratifications
(Definition 5.11). We now collect these into a suitable bordism category.

m A C-marked surface is a closed oriented surface ¥ stratified by D(C)>; =
Dy U Dy U D3 (see above Definition 3.14) such that each point in ¥ has a
neighbourhood isomorphic to one of




The C-labelled O-strata are furthermore totally ordered, that is, labelled
1,...,n. If we want to make the C-labelling explicit we write (3,d). Re-
call, also from above Definition 3.14, the notion of a stratified bordism.

Definition 5.56. 1. Let ¥q, X5 be C-marked surfaces. A bordism with
embedded C-ribbon graph

M : El — 22
is a D(C)-stratified bordism such that M is a 3-manifold with C-ribbon
graph.
2. The symmetric monoidal category

Bord;(C)

has C-marked surfaces as objects and isomorphism classes of bordisms
with embedded C-ribbon graphs as morphisms.

The orientation convention for boundary and boundary strata is as in
Definition 5.11. This works out as the somewhat erratic ¢y : (21, —d;) U
(—22, C_iQ) — OM.

Remark 5.57. Given a ribbon graph I" € Diag(a, l;) we can identify R*U{oco}
with S? and use the embedding R? — S? to get a bordism Mr : (S?,d@) —
(S%,b). This defines a functor

Ribe — Bords(C) .
However, this functor is not monoidal. (Why?)

mLet M : ¥, — 35 be a bordism with embedded C-ribbon graph I' (by
which we mean here x5 and C-labelled strata). By a surgery link in M we
mean a ribbon link L in M, disjoint from I'y; and 0M, and coloured by €2 in
the sense explained above Remark 5.42. The total ribbon graph in M with
surgery link L is then I'y; U L.

Definition 5.58. Given M : »; — ¥, and a surgery link L in M, we define
a new bordism My, : ¥ — ¥ as follows. For each component K of L:

1. Let T the stratified solid torus D? xS, where D? is the two-dimensional
disc, with stratification




Embed T in M via some ¢ : T'— M such that the stratification above
gets mapped to K, and such that ¢(7') is disjoint from the ribbon graph
I'in M, from OM, and from the other components of L.

2. Remove the interior of p(7") and glue back the unstratified solid torus
T' = S' x D? via ¢, restricted to the common boundary S* x S* (and
omit the leftover part of the stratification of ¢(7T') on p(S' x S1)).

We say that My, is obtained from M by surgery along L.

Note that the surgery along L does not change M in a neighbourhood of
the boundary OM and of the ribbon graph I'y,. It thus makes sense to say

OM = 8(ML) and FM = FML .

For info: The best way to think about the above surgery operation is in terms
of handle attachments to the 3-dimensional boundary of a 4-manifold. Consider
the case of the 2-dimensional boundary of a 3-manifold first. An index 1 surgery
on a 2-manifold is a replacement of S° x D? with D! x S, where S° = {+1, -1}
is the O-sphere, and D' = [—1,1] is the 1-disc. Note that both pieces have the
1-dimensional boundary SY x S'. In terms of a 3-manifold with boundary, this
amounts to attaching a 3-dimensional index 1 handle D' x D?,

Soxﬁ' Di" SL'\\
oM
~ny
M

Now back to 4-manifolds with 3-dimensional boundary. The surgery move in
Definition 5.58 replaces S* x D? with D? x S' in the boundary. This amounts to
attaching a 2-handle D? x D?. For more on this see [GS, Ch. 4.1].

Example 5.59. 1. One way to illustrate the surgery procedure is to draw
the solid torus as a “piece of cake”:

=7 . /]

— ]
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In these pictures, the gray rectangles are identified, as are the grey
triangles. The back triangle then becomes the boundary 2-torus. The
left picture is the solid torus shown in the above definition. The right
picture shows the solid torus that gets glued in its place. Note that the
boundary 2-torus is the same in both pictures.

2. S3 with surgery link L being an unknot (in paper plane framing) gives
(83) = 8% x St (Try to visualise this — with this example that is still @
possible.)

3. The three-ball B3 as a bordism B? : () — S? with surgery link L
being Oy (the unknot with an insertion of 6*!) gives (B3);, = B3,
This example already shows that the surgery presentation will not be
unique.

m We need the following result from topology, see [Tu, Ch.II.2]:

Theorem 5.60. For i = 1,2 let I'; be a ribbon graph in S% and L; a surgery
link in (S3,T;). Let M; = (S*,T;), be the 3-manifold with embedded ribbon
graph obtained by surgery along L;. Then M; and M, are isomorphic if and
only if 'y U Ly and I'y U Ly are related by a finite sequence of the following
moves:

1. A Kirby I move inside an embedded 3-ball (or its inverse):

e ———a

,/ \\ ,/ \\

/ \ / \
/ \ / \
/ \ / \
i Vs | 41
I | | 0 )
\ | \ !
\ / \ /
\ / \ /

\, 7/ \\ 7/

N // ~ //

Se——— Se——

2. A Kirby IT move for a component of L or for a component of I,

—_— — —— —

~ ~ ~ ~
// \\ // \\ ,/ \\ // \\

/ \ / / \ /

/ / \ p’ / / \ 7
/ \ / \ / \ / \
! Vs | | f Vs> | |
YAV e b hae ,'
\ / \ / \ L / \ /
\ \ \ \

\, / \ 7/ \, /7

7 s ~ Pid

S~ S -~ ~——— S~

3. Orientation reversal on a component of L, and isotopies of I and L.

If we can assign a number to (S% ' U L) which does not change under
the moves 1-3 above, we have obtained an invariant of closed, oriented 3-
manifolds with embedded ribbon graphs.
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Exercise 5.61. 1. Show that two surgery links L and L’ in S® which in @
a 3-ball look like

// \\
/ \
/ \
l/ \\
A | = ‘
L= L=
- ,'
\ ]
\ /
\ /
\\ //
\\\ ese ///

and which are identical outside the 3-ball are related by moves 1-3
and hence define the same 3-manifold, (S®); = (S?)r,. The same holds
when using the opposite twists/braidings for L, L’ (but you do not need
to also show this).

2. Consider S? with surgery link L being the Hopf link with paper-plane @
framing. Show that (S%);, = S3. Hint: Use moves 1-3 to relate L to
the empty knot: Consider the identity obtained by taking the trace of
the identity in part 1 with n = 2. The use the identity for n = 1 in
suitable places.

m From hereon,

C is a ribbon fusion category .

As a first step note that the ribbon graph I' U L in S? is always contained in
some 3-ball, and we can use this to interpret it as a ribbon graph I' U L €
Diag((), ()), i.e. with no ingoing or outgoing components. L is coloured by
2, in the convention above Remark 5.42.

It then makes sense to apply the Reshetikhin-Turaev functor

Fe(TUL):1—1.
We have:
Lemma 5.62. F¢(I'U L) is invariant under moves 2 and 3 in Theorem 5.60.

Proof. The Kirby II moves are implied by the sliding property (Proposi-
tion 5.43). Isotopy invariance holds by Theorem 5.15, and invariance un-
der orientation reversal of ()-labelled components follows from G = G* and

dim(a) = dim(a). (Details?) O @
m However, F¢(I'U L) is not invariant under move 1. Instead we have

F(TULUOL) = Ay Fe(TUL)
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Figure 5.1: 1) framed Reidemeister I move; 2) Reidemeister II move; 3)
Reidemeister III move; 4) Coupon IV move.

where O, stands for the unknot with an insertion of §*', and we assume that

O< is contained in a 3-ball which does not intersect the ribbon graph I' and
the remaining surgery link L.
To take care of this factor, we need the signature of a link.

Linking matrix and signature

-

Let " € Diag(d,b) be a ribbon graph in R x [0,1]. By a regular projection
of I' we mean a projection of I' to the z-z-plane so that we “end up with a
graph in paper plane convention”. That is, the ribbons are aligned in the
y-direction and there are at most single crossings of 1-strata (the projection
is injective on the C-labelled part of the graph, except for possibly on isolated
points on 1-strata, where double points are allowed, provided the two strands
are transversal in the projection). In particular, twists of the ribbon need
to be resolved in terms of crossings as on the left hand side of the diagram
above Exercise 5.14.

A planar isotopy is an isotopy in R x [0, 1] of the graph obtained by the
planar projection in which the crossings are treated as new 0-strata.

We import another theorem from topology (see [Tu, Ch.II.2]).

-,

Theorem 5.63. Two ribbon graphs I,V € Diag(a,b) are isotopic if and
only if they are related by a finite sequence of planar isotopies and the moves
in Figure 5.1. There, it is understood that the moves can be applied for
arbitrary orientation of the 1-strata and arbitrary C-labels.
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Exercise 5.64. Show that in the above theorem one can replace the framed @
Reidemeister I move by the following:

(RI') b

|7 <~

That is, show that RI, RII, RIII are equivalent to RI’, RII, RIII.

mLet L =K,U---UK, be aribbon link in R?® whose connected components
we numbered K7, ..., K,. Pick a regular projection of L. For each crossing
c of L define the matrix F. € Mat,(Z) as

where E;; € Mat,,(Z) are the standard unit matrices.

Definition 5.65. Let linking matriz 1k(L) € Mat, (Z) of a link L with or-
dered connected components L = Ky U---U K, is

(L) =S E. .

where the sum is over all crossing of a regular projection of L.

Lemma 5.66. The linking matrix only depends on the isotopy class of L
and the ordering of the components.

Proof. By Theorem 5.63 we need to show invariance under planar isotopies
and the moves in Figure 5.1. Planar isotopies do not change the crossings
of the projection, so that part is clear. Invariance under the Reidemeister
moves follows from direct comparison, for example

28

i N
‘f
L \h k v (g Nk
The contributions of the six crossings ¢y, ..., cg are
EC1 = _EZ] ) E02 - ik EC3 == _Ejk 3
and
EC4 = _Ejk: s EC5 = Lk Ece = _Eij .
Thus indeed E., + E., + E., = E., + E., + E,,. O
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Example 5.67. 1. Let L be the Hopf link in paper plane framing, with
the left circle being K and the right circle K. There are two crossings,
and one contributes F15 and the other FEs;, so that

k(L) = ((1’ (1)) .

2. Let L be the unknot with an insertion of ", n € Z. Then
k(L) =n .

To see this, consider the case n > 0. The n ribbon twists must be
resolved in terms crossings as above Exercise 5.14. Each crossing con-
tributes E. = FEj;, and so the sum is n. For n < 0 one obtaines |n|
times EC = —EH.

Lemma 5.68. The linking matrix changes as follows under modifications of

the link inside a 3-ball as shown satisfies
S _ \
() -5- .

v w(3)
VhNe__- & ~——7
s (o)) - w((] ) - =

N N

-

€=

Furthermore, if L consists of n separated unknots O, the linking matrix is
zero,
k(OU---U0) =0 € Mat,(Z) .
O

These relations determine lk(L) uniquely.

Sketch of proof. Tt is easy to check that the relations are satisfied by 1k(L).
(Details?). To see that the relations determine lk(L), we show that they can
be used to reduce L to n separated unknots.

For each component of K; of L one carries out two steps: In step 1 we
apply the first modification in Lemma 5.68 to achieve that all crossings of
K; with another component K; (j # i) are such that K; passes on top of
K. After step 2, K; is altogether on top of the remaining part of L and can
be moved to the side. Pick a point on K; and move in the direction of the
orientation of K;. Use the first modification in Lemma 5.68 so that the first
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time one passes a given crossing ¢ one passes on top (and so the second time
one passes, one necessarily passes below). For example,

—_——— —— —_———
- — -~ -

7 N Ve N < N
e N /7 N e \
/ \ / N / \
/ \ / \ ! \
/ l) / —= | 1\ / \
{ | — > | | > | |
\ / \ / \ /

\
\ Po, \ Po/ \ Po/
\\ // \ / \\
N 7 \\ // N 7

~_———— ~~ - —_————

Then the knot is “increasing” in the sense that the y-coordinate (pointing
into the paper) can by thought of as increasing as one moves along K;. But
this means that K; is an unknot with a certain number of twists, which can
be removed by modification two. O

Corollary 5.69. The linking matrix is symmetric.

Exercise 5.70. The linking matrix can also be computed from invariants
of ribbon links obtained from a suitable ribbon category. Namely, let C =

(Vec((c1 ’w’l))fd be the ribbon category of C-graded C-vector spaces with ¢(z, w) =
€™ as in Example 5.10(2). Let L = K; U---U K,, be a ribbon link with
connected components K;. Pick z = (z1,...,2,) € C" and label K; by C,,.
Call the resulting C-labelled ribbon link I',. Show that

Fe(T.) = exp(miz"1k(L)z) ,

where z = (z1,...,2,) € C" and 27 denotes the transpose. Hint: You can
proceed as follows:

1. Consider the function f : C* — C, f(z2) = F¢(I',). Show that there is
a unique symmetric matrix M € Mat,(Z) such that for all z € C",

f(z) = exp(miz"Mz) .
2. Show that M satisfies the relations in Lemma 5.68 and hence is equal
to 1k(L).

m After these preparations, we can finally define the signature of a link. As
the linking matrix is symmetric, it can be diagonalised over R.

Definition 5.71. Let L be a link in R®. The signature sig(L) of L is the
pair (r,s) € Z>o, where 7 is the number of positive eigenvalues of lk(L) and
s the number of negative eigenvalues.
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Example 5.72. For the linking matrices computed in Example 5.67, we get

1. For L be the Hopf link, the linking matrix has eigenvectors (1,1) and
(1,—1) of eigenvalues 1 and —1, and the signature is

sig(L) = (1,1) .

2. For L the unknot with 6", the linking matrix is a 1 x 1 matrix, hence
already diagonal, and we find

(n,0)  ;n>0,
sig(L) =< (0,0) ;n=0,
(0,|n]) ;m<0.

Lemma 5.73. Let L be a ribbon link in R3.
1. sig(L) is independent of the ordering of the components of L.
2. sig(L) is independent of the orientation of the components of L.

3. Let O be a component of L which is an unknot with an insertion of
6! and which is contained in a 3-ball containing no other parts of L.
When removing O, the signature changes as

sig(LU O, ) =sig(L) + (1,0) , sig(LUO_) =sig(L) + (0,1)

4. For i # j, the signature does not change when sliding component ¢ of
L over component j: We have sig(L) = sig(L') with

—_———-

// \\

/

i \ ;

L = { . | L =

\ L ¢/

\

\ /7

~ // ~ e

Se——— Se———

Proof. Our main helper in this lemma is the real-valued instance of Sylvester’s
law of inertia:

Let M € Mat,(R) be symmetric, and let @ € GL,(R). For a
real symmetric matrix X, let ny o _(X) be the number of posi-
tive/zero/negative eigenvalues of X. Then

no(M) =n,(Q"MQ) , a=+0—.
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Parts 1 and 2 of the lemma are an exercise. For part 3, write O,, for the
unknot with an insertion of 8™, m € Z. Take O,, to be the last component
of L. Then

K(LUO,) = | KB |0

0 ‘ m
and the signature changes as in Example 5.72 (2).
For part 3 one checks that

k(L) = (I + Eij) k(L) (I + Eji) ,

where [ is the n x n unit matrix. To see this, consider how the crossings of
K; with L relate before and after the sliding move. For k # j (but possibly
k =1) we get:

0 te R| RI ¢

E.. —|=2.-E.-E - =5
—RTT : k.} —kj? : k.J_ kL —lT : Ek.} —l—"f : Ek'd'-+ E‘!a
The case k = j is an exercise. O

Exercise 5.74. Prove parts 1 and 2 of the above lemma, as well as the @
missing case k = j in part 4.

Witten-Reshetikhin-Turaev invariant

Definition 5.75. A ribbon fusion category C is twist-nondegenerate if A (C)
and A_(C) are nonzero.

In general, the symmetric centre of a ribbon fusion category may have
non-trivial twists, see Remark 5.48 (2). For twist-nondegenerate categories
this cannot happen:

Lemma 5.76. Let C be a twist-nondegenerate ribbon fusion category. Then
for every X € Z5(C) we have Ox = 1y.

Proof. We compute
X

¢
Afey 1, = @ = @ - @ = Ale) 0,
X )I< X
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Step 2 is the sliding property as in Remark 5.45 (1) — this still holds for all
X € C. In step 3 we use X € Z5(C) to take it out of the -coloured loop,

that is, we use fg x © Bx.¢ = lxga. As A, (C) is invertible, we conclude
1x = 9)(. L]

One immediate consequence is that for twist-nondegenerate ribbon fusion
categories C one has

A+(Z5(C)) = Dim(Z5(C))

and hence also A (C)A_(C) = Dim(C) Dim(Z5(C)), cf. Lemma 5.49 (3). In
particular,

Dim(C) # 0, Dim(Z(C)) #0 .

m Let M be a closed connected 3-manifold with embedded C-ribbon graph,
and let L be a surgery link in (S3,T') such that

M = (S*T); .

The Witten-Reshetikhin-Turaev invariant, or surgery invariant, of M for a
twist-nondegenerate ribbon fusion category C is defined to be

F(TUL
tive(M) = Z0 )
+ —

Here, (7, s) = sig(L), and F¢(I'UL) is understood as above Lemma 5.62: The
ribbon graph I'U L is seen as an element of Diag((), ()) and L is coloured by
Q. If M =M U--- UM, with M; connected, we define Inv¢(M) to be the
product of the connected components,

Inve(My U ---UM,) = Inve(My) - - Inve(M,) .
The main result of this section is:

Theorem 5.77. Let C be a twist-nondegenerate ribbon fusion category.
Then Inve (M) only depends on the isomorphism class of M.

Proof. We may assume that M is connected. By Theorem 5.60, it is enough
to show that Inve(M) is invariant under moves 1-3 listed there.

Move 1: Below Lemma 5.62 we saw that Fe(I' UL UOy) = Ay Fe(I'U L).
By Lemma 5.73 (3), the signature behaves as sig(L U O4) = sig(L) + (1,0)
and sig(L U O_) = sig(L) + (0,1). Combining this shows that Inve(M) is
invariant under the Kirby-I move.

Move 2 and 3: By Lemma 5.62, F¢(I' U L) does not change under moves 2
and 3. By Lemma 5.73 (2,4), also the signature does not change. O]
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Example 5.78. The invariant of S® with empty ribbon graph is simply
Inve(S?) =1,

as the signature of the empty link is (0,0) and F of the empty ribbon graph
is 1. In Exercise 5.61 we saw that also the paper plane framed Hopf link L is
a surgery representation of S?. Let us compute Inve(S?) in that presentation.
By Example 5.72 (1), the signature of the Hopf link is (1,1). The value of
FC is

—~
[
~

Fe(L)

Z dim(a Z dim(a 2 Dim (C) bueTirans

Dim(C) Dim(Z»(C)) & AL(C)A_(C) .

In step 1 we expand one of the two 2-coloured components of L into a sum
over simple objects. Accordingly, L, stands for the Hopf link with one
component coloured a and the other €. In step 2 we apply Lemma 5.49 (1),
step 3 is just the definition of the global dimension of Z5(C), and step 4
is the observation below Definition 5.75. Altogether, as it has to, also this
presentation gives Inve(S?) = 1.

—
w
=

Exercise 5.79. Let C be a twist-nondegenerate ribbon fusion category.

1. Let M = S? x S! with a ribbon labelled X € C placed along the S-
direction. Write X = Xy ® X;, where Xj is the maximal transparent
subobject of X. Show that

Inve(M) = Dim(C) dim(X,) .

You may use that M = (S3 T, with ' U L being the Hopf link (in
paper plane framing), one component of which is coloured X, and the
other component is the surgery link L. In particular, for X = 1 we get

Inve(S? x S) = Dim(C) .
2. Suppose in addition that C is modular. Show that
Inve(T?) = Dim(C)? |Z] .

Here, T3 is the 3-torus, and |Z| denotes the number of elements in Z.
You may use that the 3-torus as a surgery presentation 7% = (5%)
with L being the Borromean Link:

O

171



Hint: Expand one of the 2-colours as a sum over simple objects. Use
Lemma 5.49 (2). Check that 1k(L) = 0 € Mat3(Z).

m Suppose that C is a twist-nondegenerate symmetric ribbon category. Let
M be a closed oriented 3-manifold with embedded ribbon graph I'. We claim
that

Inve(M) = Dim(C)* M L(M) .

Here,

e b1(M) is the first Betti number of M, that is, the rank of the abelian
group H;(M,Z), or, equivalently, by = dimg(H;(M,Q)). Recall the
notation ny o — for the eigenvalues of the linking matrix of a link J. As
an input from topology we will use that if M = (S3);, then

by(M)=ng=|J|—ny —n_,

where |J| is the number of components of J and (n4,n_) is the signa-
ture of J. This follows from [GS, Prop. 5.3.11].

e L(M) is the trivial TFT with line defects from Section 4.4 in the case
of 3 dimensions. As L expects only 0 and 1 strata, when writing L(M)
one only keeps the C-labelled strata in M and forgets the *q ; o-labelled
strata (that is, relabels them by *3). One also implicitly applies the
conversion between O-strata with only out-going 1-strata as used for L
and the convention with in- and outgoing 1-strata used here.

Note that L was constructed from a rigid symmetric monoidal cate-
gory, which can be seen as a ribbon category with trivial twist (cf. Ex-
ercise 4.25). In the present setting it follows from twist-nondegeneracy
that C has trivial twist (Lemma 5.76).

Exercise 5.80. Show the above claim. Hint: By Lemma 5.76, C = Z5(C)
has trivial twist and Dim(C) = A4 (C). You may use the slogan “evaluating
L on (M,T") amounts to forgetting the manifold and evaluating the string
diagram for I'”.

5.7 The universal construction and 3d TFT

The universal construction allows one to turn invariants of manifolds, seen
as bordisms () — 0, into functors out of the corresponding bordism category.
Here we discuss a variation of that construction. We fix:

e C: a ribbon fusion category over an algebraically closed field k (of ar-
bitrary characteristic), with representative set Z for its simple objects.
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e (C is assumed to be twist-nondegenerate. We pick
D ek , suchthat D*=A,(C)A_(C)(#£0).
o S := Z5(C) is the symmetric centre of C, its simple objects have repre-
sentatives Zirans-
Our aim is to build a 3d TFT
¢ : Bord;(C) — S .

Note that if C is in addition modular, then S = Vec™ and so we get a 3d TFT
valued in vector spaces.
Step 1: Normalisation of the invariant

We would like to start from an invariant 7¢(M) of closed 3-manifolds with
embedded ribbon graph which has a chance of being the value of a TFT
on bordisms () — (). Proposition 4.17 gives a constraint in that case: For
¥ € Bord;(C) we must have

(X x ') = dim(7e(%)) ,

where on the right hand side we have the categorical dimension in S.
We start by noting that Inve(M) from the previous section does not
directly have that property. For example:

e For C modular, S = Vec™ and 7¢(X x S') must be a non-negative
integer. In Exercise 5.79 we saw

Inve(S? x SY) = Dim(C) , Inve(T? x S*) = Dim(C)?*|Z]
which are in general not integers.

e For C symmetric we saw in Exercise 5.80 that Inve(M) = Dim(C)"*) L(M).
Since L is a TFT, we get

Inve(E x S') = Dim(C)»*5) dim(L(X)) .
Again we are off by some power of Dim(C).

This motivates the following definition. Recall that D is a choice of square
root of A (C)A_(C). Set

0:=— , o(L)=r—sfor (r,s)=-sig(L) .
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Definition 5.81. Let M be connected and let (S3,T); be a surgery repre-
sentation of M. The normalised Witten-Reshetikhin-Turaev, or normalised
surgery invariant, of M is

Te(M) = Dirzr?(C)

DI F(TUL) .

For non-connected M, 7¢(M) is defined to be the product of 7 applied to
the connected components of M.

Since now A, = 6D and A_ =D/§, for M connected we get

Fe(TUL) .
IHVC(M) = Txr As D6 7qﬂ;PE(FU.L)
AL A
O
= ppll g FrUL) = Hln)(C) DD (M)

Here we used |L| = r + s + ng with ng the zero eigenvalues of 1k(L), as well
as ng = by(M). In particular, 7¢(M) is again independent of the choice of
surgery presentation.

Example 5.82. 1. For C modular we have
D? = A, (C)A_(C) = Dim(C) Dim(Z,(C)) = Dim(C) .
Using b1(S? x S1) =1 and b;(T? x S') = 3, this gives

e(S*Px S =1, 7(T* x SY) =|Z| .

2. For C symmetric, the same computation for D? gives
D? = Dim(C)?,

and we make the choice D = Dim(C). In Exercise 5.79 we saw Inve (52 x
S*) = Dim(C) also for C not modular, and so we again get 7¢(S5?x S') =
1. The statement Inve(M) = Dim(C)"® L(M) from Exercise 5.80
turns into

(M) = L(M) .

In particular, all 3-manifolds with empty ribbon graph evaluate to 1:
L(S*xSY) =1, L(T*xSY)=1.

Since also very surface without marked points evaluates to 1, this is
consistent: L(S?%) =1, L(T?) = 1.
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Step 2: Restriction to anomaly-free case

It will be central in the discussion below that we can trade complicated
topology for a more complicated embedded ribbon graph without changing
the value of the invariant 7¢.

Namely, let Ly U Ly be a surgery link, which we collect in two parts L,
Ly (which may be linked). Then we would like to compare

Tc((SS,F)LluLQ) and Tc((S3,FUL1)L2),

where in the second expression we take L; to be part of the ribbon graph
and colour it by . We compute both sides from the definition:

D
7e((5%, D non) = 5 @ DI1lVLal g-o(liVle) po(D U Ly U Ly) |
D
7e((S*, T U Ly),) = B (@) D2l g=o(2) (DU Ly U Ly)

Below we will need to be able to express the relation just in terms of L;. As
there is no simple relation between the signatures, we require

0=1.

Then
Tc((SS,F)LluLQ) = D_‘L1‘7—0<(S3>FUL1)L2) .

This motivates:

Definition 5.83. A twist-nondegenerate ribbon fusion category C together
with a choice of D € k such that D* = A, (C)A_(C) is called anomaly-free
if Ay =D, or, equivalently, A_ = D.

In an anomaly-free theory we hence have 6 = A, /D = 1, and since
A_ =D/ this is indeed equivalent to A_ = D.

Lemma 5.84. Let C, D be anomaly-free. Let M be a (not necessarily
connected) closed 3-manifold with embedded ribbon graph I'; and let L be a
surgery link in M. Then

(M. 1)) =D ¥ ((M,TUL)) .

Proof. We may assume that M is connected, else repeat the argument for
each component. Consider (M, 'UL) and pick a surgery presentation (M, 'U
L) = (Sg, ru L)L’- Then

e((M,TUL)) =7((S*,TUL)y) .
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Omitting L, we also have (M,T') = (S3,T"),. By construction L is disjoint
from I' and L’ and we can carry out surgery at L on both sides: (M,I"), =
(S, 1)) = (S, 1)z From this we get

Tc((M, F)L) = TC((S3;F)L’UL> .
[

Remark 5.85. The global dimension and Gauss sum are multiplicative in
the sense that for two twist-nondegenerate ribbon fusion categories B,C we

have (Why?)
Dim(BXC) = Dim(B) Dim(C) , AL(BXC)=AL(B)AL(C) .

Looking at Example 5.46 we see that for example Is'® with D = 2 is anomaly
free, as is Fib. ,—, X Fib. ,—_ with positive square root D, or (Fib.,)*? with
negative choice of square root.

For info: The condition § = 1 of being anomaly-free can be dropped if one makes
the bordism category more complicated: Objects X are equipped in addition with
a Lagrangian subspace of H;(X,R), and bordisms with an integer. In the composi-
tion of two bordisms, the two integers add, but there is an additional contribution
from the Lagrangian subspaces — see [Tu, Sec.IV.6] for details. From a different
point of view, in surgery theory we are really considering how the boundary of a
4-manifold changes under handle attachments, and we should really be working
with this 4d TFT [Wa, CGHP]. For § = 1 this does not happen.

Step 3: Formal span of bordisms and canonical pairing

Fix an object X € §. We will define two functors
Vx,Vy : Bords(C) — Vec ,

where Vy is covariant and Vy is contravariant.

m Let
S(X) € Bords(C)

be the 2-sphere, identified with R? U {oo} and marked point (X, +) at zero
(and %; 5 strata as above Definition 5.56). Analogously, for a morphisms
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f: X =Y inS, define S(f): S(X) — S(Y) to be S? x [0, 1] with a vertical
ribbon with coupon f in the middle,

St" [olil

Note that this does not define a functor as S(f o g) # S(f) o S(g) — the left
hand side as one coupon f o g, the right hand side has two coupons.

m Given ¥ € Bords(C), the vector spaces Vx(3) and Vi (X) are the (very)
infinite-dimensional formal spans over the full set of isomorphism classes of
bordisms S(X) — ¥ and ¥ — S(X), respectively,

Vx () = span, { [W]| W : S(X) - £, W connected } ,
Vi (2) = span, { W']|W': S — S(X) , W’ connected } .

Given a bordism M : ¥ — ¥’ (not necessarily connected), we define

V(M) : Vx(Z) = Vx(Z) , W] [S(X) 5 2 2 2]
V(M) V() = VEE), , W)= =%y Y e(x)].

We should really write Vx ([M]) instead of Vx (M), but there are already so
many brackets. The above equations specify Vx (M) on the defining basis of
Vx(¥), and we extend it linearly.

Vx and V§ are automatically into functors. (Why is it compatible with
composition?) One feature of the universal construction of TFTs is that

functoriality is for free, but we will have to work to get monoidality. oo

m As hinted at by the notation, for each 3 € Bords(C), there is a pairing
<_a _>X : V)/((E) X VX(E) —k ; <[A,]7 [BD =1Tc (trS(X)(A/ o B))

Here, A" o B is a bordism S(X) — S(X) and trgx)(A’ o B) denotes the
closed 3-manifold obtained by taking the trace (via (co)evaluation bordisms)
in the symmetric monoidal category of bordisms. Equivalently, one can just
identify the in- and outgoing boundary component S(X).

177



Let M : ¥ — ¥ be a bordism and f : X — Y a morphism in §. By
construction (cyclicity of the trace) the pairing has the following symmetry
property, for B: S(Y) — ¥ and A" : ¥’ — S(X),

(AT, Vx(M)[Bo S(f)]) = (Vx(M)[S(f)o AT, [B]), -
(Check this.) @

For info: In the original universal construction in [BHMV], one uses bordisms
) — X to span the state space, not S(X) — X as we are doing here. However, in
our setting this only works on the nose if C is modular as otherwise the candidate
TFT functor will turn out not to be monoidal.

Step 4: Quotient by the kernel of the pairing

The pairing above is highly degenerate, and our next step is to divide by its
kernel. We define

Nx () = {v € Vx(2) [ (w,v)x =0 for all w € Vx () } ,

and
V(X, %) = Vx(X)/Nx(2) .

For W : S(X) — ¥ connected we write
W] € Vx(£) and [W]=[W]+ Nx(¥) € V(X,) .
Lemma 5.86. For f: X — Y and M : ¥ — Y’ the map
V(f,M): VY, 2) - V(X,X) , [W]—[MoWoS(f)]

is well-defined and the unique map which makes the following diagram com-
mute:

W (X) —/— V(V,X)
lh iaw(f,M)
Vx(¥) —— V(X,X)

where h is defined on the basis as

W] = [ e sy) L 5x)] .
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Proof. Uniqueness is clear as the projections 7 are surjective. For well-
definedness we need to check that 7 o h vanishes on Ny(X). Let v =
Y0 Aa[Wa] € Ny(X) (a linear combination of the basis elements [IW,]. For
a given B’ : ¥ — S(X) we compute

(BLa(h())x = Y Al [BTw(A(Wa)))
=Y A([BLIMoWaoS(H)])y = > Aa([S(f) 0 B o M],[Wal]),

—

2 ([S(f)o B o M],v),, =0,

where (%) is the invariance property of the pairing at the end of step 3, and
the last equality is just the assumption that v € Ny (X). O

As for Vx, we should really write V(f, [M]) instead of V(f, M).

m [n the next lemma we will see that V is a functor S x Bord3(C) — Vecy.
If we fix one argument, for example V(X, —) : Bord;(C) — Vecy, by abuse
of notation for a morphism M : ¥ — ¥ we write V(X, M) : V(X,¥) —
V(X,Y') instead of V(1x, M).

m One can repeat the above considerations for the contravariant functor V5 :
Bord;(C) — Vec:

N () = {w € Vx(2) [ (w,v)x =0 forall v € Vx(X) } ,
V(X,%) = Vx(Z)/Nx(2) .

For W’ : ¥ — S(X) connected we write
W' € V¢(X) and [W']=[W']+ Nx(XE) € V(X,X) .
Remark 5.87. By construction, the pairing (—, —)x descends to a pairing
(— —)x:V(X,2) xV(X,X) > k

uniquely defined by ([B'], [A])x = ([B], [A])x. Again by construction, this
pairing is non-degenerate in both arguments. (Details?)

Lemma 5.88. V,V': S x Bord;(C) — Vecy are functors. V is contravariant
in S and covariant in Bords(C), while V' is covariant in S and contravariant

in Bords(C).
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Proof. In both cases, functoriality in Bord;(C) is clear as already Vx and Vi
are functorial.
We will show functoriality in S for V, the argument for V' is similar. Let

XLV Zand S be given. Let A : S(Z) — X be arbitrary. We need to
show u = v, where

I~

I
<
Na}

(@)
)
!
=

[l
©w
s

n
o
[e]
=
=2
N

By non-degeneracy of the pairing (Remark 5.87) it is enough to check that
for all w = [B'] we have (w,u)x = (w,v)x. Explicitly,

<<w,u>>X = 1Tc (trs(x) (S(X) M S(Z) i 7 EL) S(X))) ’
(w,v)x = 7¢ (tI“S(X) (S(X) LGN EION

Finally, inside the Reshetikhin-Turaev functor we have S(g o f) (g9) o
S(f). 0

() 2% 5(2) 4 3 £ (X))
— s

Step 5: Finite-dimensionality

While the vector space Vx(3) is uncountably infinite-dimensional, in step 5
we want to show:

Proposition 5.89. V(X,Y) is finite-dimensional for all X .
The proof requires some preparation.

Lemma 5.90. Let M : ¥ — 3. Then
V(X,(M,T)) = DHV(X,(M,TUL)) .

Proof. We check the condition in Remark 5.87. Let A : S(X) — ¥ and
B’ : ¥ — S(X) be arbitrary. We have for w = [B],

<<w7V(X7 (M7 F)L) [[AH»X =Tc (trS(X)(B/ © <M> F)L © A)) ’
D (w, V(X, (M, TU L)) [A])x = D ¢ (trsxy (B o (M, T U L) o A)) .
Note that B’ and A contain their own ribbon graph, and so for example
B o(MTI),oA= (B oMoATpUI'UI's)r. Indeed, the surgery takes
place just inside M and we may apply it before or after composition without

changing the result.
The two expressions above are then equal by Lemma 5.84. O]
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Figure 5.2: B(X) looks like an island on a calm sea with genus-g clouds.

m By definition, V(X ) is spanned by [A] with A: S(X) — X, and
[A] = VX, A)[Lsx)] -

Hence, the relation in Lemma 5.90 can be applied also to elements of V(X, ¥):
For (A,T") : S(X) — X,

[(A,T).] =D (A TUL).

This will be the key relation in the proof that V(X ¥) is finite-dimensional.

m We need to import another result on surgery from topology:

Theorem 5.91 ([Ro]). Let M, N : 31 — 33 be connected bordisms without
embedded ribbon graphs. Then there exists a surgery link L in M such that
M7 =2 N as bordisms >; — Y.

We will use this to express all states in V(X, ) via S® with some pieces
removed and added ribbon graphs. In more detail, let ¥, be a genus-g surface,
and H, the corresponding handle body with 0H, = ¥,. If ¥ has no marked
points, we can write

IR

REERRDY

gn

We define
B(Z):Sg\(Hml—""l—ngnl—lBS) )
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z : Zg Zgn
L0 o) R o2
g Ls

Figure 5.3: a) B(X,%,I") : S(X) — ¥ with ribbon graph I' indicated by the
blue fog; b) deformation of the ribbon graph, with a single ribbon through
each hole of the ¥, — in case of several ribbons, these have been replaced by
a single ribbon labelled by the corresponding tensor product.

where we think of the H,, as inserted around the plane z = 1, and B? inserted
on the plane z = 0, see Figure 5.2.

At this point B(X) is a bordism S? — . We still need to include the
marked point X on S?, marked points on ¥ and a ribbon graph I'. We write
¥, for a genus-g surface with marked points @ = ((a1, %), ... ). In diagrams,
we will for convenience collect this into one point labelled a. For

Y= Z91,671 u---u Egnﬁn

we define
B(X,%,T)=(B(X),I):S(X) =%,

where I" is a ribbon graph connected to the marked points X and dy, ..., d,,
see Figure 5.3 (a).
We have the following corollary to Theorem 5.91.

Corollary 5.92. Let (M,I') : S(X) — X be a connected bordism with
embedded ribbon graph I'. Then there is an isomorphism

(M,T) = B(X,%, 1),
of bordisms S(X) — ¥ for a suitable ribbon graph I in B(X).

Proof. As both M and B(X) are connected bordisms S(X) — X, from The-
orem 5.91 we get a surgery link L such that M = B(3);. By isotoping the
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surgery link if necessary, we may assume that the ribbon graph I' in M lies
outside of a neighbourhood of the surgery link. We then take [ in B(X) to
be I', transported by the isomorphism. By construction, I" is disjoint from
L and we have (M,I") = B(X,%,1"),. O

m We need to bring the ribbon graph I' in B(X, ¥, T") into a standard form.
To this end we need more notation:

o G = @, s ais the minimal generator C, as already used in the defini-
tion of the surgery colour above Remark 5.42,

e E=@, ;0" ®a, and

e j: F — G* ® G is the diagonal embedding, that is, j maps the sum-
mand a¢* ® a C E identically to the summand ¢* ® a C G* ® G.

Recall from above Definition 4.23 the notation 7'(@) = a' ® --- ® a5, for
d= ((a1,€1),...,(an,€,)). For a morphism

fiX = (T(@)@E*) - @ (T(d,) ® E")

we consider B(X,X,I") for the special ribbon graph with a single coupon
labelled f as shown in Figure 5.4. By abuse of notation, we will denote this
bordism by

B(X,%;f): S(X) = X.

Lemma 5.93. For each I' there is f such that
[B(X, %)) = [B(X,%: f)] € V(X,%).

Proof. In Figure 5.3 (a), first deform the ribbon graph I to lie lear the plane
1

z = 5. In that process, part of the graph will get stuck at the holes of
the boundary surfaces ¥,,, and we may assume that there is a single ribbon
through each hole by using the tensor product to combine distinct ribbons.
We arrive at the diagram shown in Figure 5.3 (b).

Next note that as G is a generator, each object X € C can be written as
a retract of G®™ for sufficiently large m, e : G¥™ <> X : r. Inserting such
a retract on each ribbon looping through a hole of ¥, we may assume that
all such ribbons are labelled G (resulting in a sum of ribbon graphs).

The sum of ribbon graph near the plane z = % can now be collected into
a single coupon f as in Figure 5.4. To see that f factors through E note
that b* ® a — G* ® G gives zero for b # a as the G-ribbon loops back onto

itself. O
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Figure 5.4: B(X,%; f) : S(X) — X has an embedded ribbon graph as shown,
with a single coupon labelled f.

m After this preparation, we can finally show that V(X ¥) is finite-dimensional.
In fact, we will show the following stronger result, which implies Proposi-
tion 5.89.

Proposition 5.94. For X € Sand ¥ =3, 5 U---UX, z,, the map

by :0(X . @@) @ E) S VXY) . fro B )

i=1
is surjective and natural in X.

Proof. For surjectivity, let (M,I") : S(X) — X be given. By Corollary 5.92,
we have (M,T") = B(X,X,I"), for suitable IV and surgery link L, and so in
particular the first equality in

[(M,D)] = [BX,2,T").] = D" [B(X, 8,T"UL)] = [B(X,%; )] .

The second equality is the observation below Lemma 5.90, the third equality
holds by Lemma 5.93 for a suitable f, where we also absorbed the prefactor
D~ into f.

For naturality in X, abbreviate @ = Q;_,(7(@;) ® E®%) and let h : Y —
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X. The naturality square is

c(X,Q) % c(v,qQ)

| |ov

v(x,x) 22 vy m)
Starting with f € C(X, @), along the two paths we find

top: f=fohw— dy(foh)=[B(Y,X; foh)],
bottom:  f = ®x(f) = V(h,E)(Px(f)) = [B(X,X; f) 0 S(h))] -

These two are equal by a computation similar to the one used in the proof
in Lemma 5.88 of functoriality of V in the first argument. (Details?) O

m Again we can repeat the above construction for V. One defines a bordism
B(X,%; f): ¥ — S(X)

as a in Figure 5.4, but reflected at the x-y-plane. Instead of the embeddings
7 : F — G* ® G this then involves projections

p:G"RG—FE

which send b* ® a to zero for b # a and are the identity on a* ® a.
By the same line of arguments as above, one shows that for X € § and
Y= 291,51 L. Egn,d'na the map

n

@ ¢(@T(@) © B), X) 5 VI(X,5) [ [BXS )]

i=1
is surjective and natural in X.

m Consider the genus-g surface »,; with marked points @. We have the
surjective maps

Py :C(X,T(@) @ E%) - V(X,3,4) ,
Oy : C(T(@) @ B%, X) = V'(X,5y4) ,

but we would like to find a Hom-space of C that is isomorphic to V(X X),
not just a surjection.
To this end, consider the induced pairing

tH—, =) : C(T(@) @ E®, X) x C(X,T(a@) ® %) >k ,
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Figure 5.5: a) Alternative presentations of B(X, X,z f) : S(X) — ¥,z as
a handlebody with a 3-ball removed and with embedded ribbon graph as
shown, and b) of B'(X, X,z h) : ¥, — S(X) as a 3-ball with embedded
handlebody removed.

given by
t(h, f) = (@ (h), 2x(f))x -

Writing out the definition, the pairing becomes

) @x(f) Py

th, f) = e (trsco (S(X » 20 sx)

We use the alternative presentations of B(X, X,z f) and B'(X, X,z h)
shown in Figure 5.5. It is then easy to see that the underlying manifold
of the bordism inside the trace is S? x [0,1], so that after taking the trace
one obtained S? x S!'. The surgery presentation is an unknot in paper-
plane framing (see Example 5.59 (2) and Exercise 5.79 (1)), which leads to

the following expression:
N

h
E
P
¢
¢
E
| B
AN

We can simplify this a bit more. First, by construction, X € § = Z5(C) and
so the Q-loop can moved away from the X-ribbon and simplifies to a factor

£
[ P

|
: jon)-
|

Pl

Hh, f) = an(C) D_lFC(

™
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Dim(C). Next, define the endomorphism

E
S=(J°:E>E.
G
E

Putting this together, we get
t(h, f) = tYX(h o (1@ ® S¥9) o f) )

Interlude: Epi-mono factorisation, projective objects, tensor

m FEpi-mono factorisation of a morphism exists in any abelian category, but
we did not introduce these, so consider for the moment A = R-mod, the
category of left (say) R-modules. If XY are R-modules, and f : X — Y
is an R-module morphism, let im(f) C Y be the image of f, which is an
R-submodule of Y. Evidently, f factors as

F=[x "Ssim(f) <5 v],

where 7y is surjective (and equal to f) and ¢y is injective (the embedding of
the submodule). Epi-mono factorisations are unique up to unique isomor-
phism as the next exercise shows:

Exercise 5.95. For f: X — Y a morphism of R-modules, let
f=[X "= JY]

be another factorisation of f into an epi 7 (i.e. a surjective module mor-
phism) and a mono ¢ (an injective module morphism). Show that there is a
unique isomorphism J — im(f) that makes the appropriate diagram com-
mute. What does the epi-mono factorisation look like if f is an isomorphism?

(For info: Epi-mono factorisations in general abelian categories are described

in [ML, Sec. VIII.1].)

m Projective objects: Let again A = R-mod (or any abelian category). An
object P € Ais projective if we can “pull back morphisms along surjections”,
that is: For all M, N € A, f: M — N surjective, h : P — N, there exists
h: P — N such that h = f o h:
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Note that & is in general not unique.

For example, let R = k be a field. Then every P € k-mod = Vec, is
projective. (Why? Hint: Pick a basis of P, map it to M via h, and pick
preimages in N. Use these to define the map h. Give an explicit example,
where £ is not unique. )

As another example, let A be a finite-dimensional semisimple k-algebra.
Then M € A-mod™ is a direct sum M = @ag M, ®; a for some k-vector
spaces M, giving the multiplicity of the simple A-module a in M. All module

homomorphism f : M — N are of the form @, (M, LN N,), and we
can apply the vector space argument componentwise to conclude that every
P € A-mod™ is projective.

(For info: R-mod is semisimple if and only if every R-module is projective.)
m Mono/epi and tensor: Finally we need that the tensor product in rigid

monoidal (and not necessarily linear or semisimple) categories preserves mono-
and epimorphisms.

Lemma 5.96. Let A be a rigid monoidal category andleta € A. If f: 2 — y
is mono (resp. epi), then also 1, ® f and f ® 1, are mono (resp. epi).

Exercise 5.97. 1. Show the above lemma. Hint: Consider the claim that
1,® f is mono. Given p,q: b — a®x such that (1,& f)op = (1,® f)oq
as morphisms b — a ® y, you need to show that p = q. Use the duality
maps to instead consider an equality of morphisms a*®b — y and then
use that f is mono. Graphical calculus helps.

2. Let f; : X; = Y;,i=1,...,n be mono (resp. epi). Show that
he @ Xi® 00X, =»Y1® Y,
is mono (resp. epi).

This concludes the interlude. In our current setting C is in particular
finitely semisimple, which means that it is equivalent to A-mod™ for A a
finite-dimensional semisimple k-algebra (Definition 5.19). Thus morphism in
C admit epi-mono factorisations, and we apply this to S:

S=[E—"»D<%E],

where 7g is epi and tg is mono, and D € C is an object which depends on S.
Furthermore, all objects in C are projective, and so we get an e : D — F
which together with ns : E — D exhibits D as a retract of E:

D

365 ///
. 1p
K’

E-"%D
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We can now state the main result of this section:

Proposition 5.98. The map
) = ®g ®g
Uy :C(X,T(@)®@D%) - V(X,552) , ur— Px((lr@ ®es?)ou),
is an isomorphism, natural in X.

Proof. VUx is surjective: By surjectivity of ®x (Proposition 5.94 for n = 1),
it is enough to show that for each f : X — T(d) ® E®Y there is u : X —
T(@) ® D®9 such that ®x(f) = Ux(u).

We start with an auxiliary claim. Write p = esons : E — E. We have:

Ox(f) = Px(Qof) for Q= (lr@ ®@p™).

To see this, first note that by non-degeneracy of the pairing it is enough to
check, for all h,

(P (h), 2x(f))x = (P (h), Px(Qo f))x

or, equivalently by definition, t(h, f) = t(h,Q o f). Using the explicit form
of t before the interlude, we compute

t(h,Qo f)=trx (h o (lT(a) ® S®g) o (lT((;) ®p®g) o f)
2 trx (ho (o ©S™) o f) = t(h, f) ,

where in (%) we used that Sop =S. (Why does that hold?) This shows the @
claim.
To conclude the proof, we give a u such that ®x(f) = ¥x(u). Namely,

we set
Ly (@) ®mg?
—>

uw=[xL 1@ e B T(d@) © D¥] .

Then
\Ifx(u) = CI)X((lT(a) &® egg) o u) = CI)X((lT(d‘) &® e§g> o (1T(d‘) X ng) o f)
2 ox(Qof) = x(f) .

where (k) is the definition of p and Q.

Uy is injective: We need to show that (@' (h), ¥x(u))x = 0 for all h implies
u = 0. We have

<<<I)/X(h), \Ifx(u)»x =try (h o (1T(Ei) X S®g) o (1T(d) (29 eé@g) o u)
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(;) trX(ho <1T(E£) X L§g> Ou) ,

where (%) follows from Soeg = 150 ms 0 es = 1s. Non-degeneracy of the trace
pairing (Exercise 5.24 (6)) now implies that (1@ ® :57) o u = 0, and since
ts is mono (using Exercise 5.97 (2)), we conclude u = 0.

Uy s natural: By Proposition 5.94, ®x is natural in X. This means that,
foreach h: Y — X and f: X — T(d) ® E®Y we have

Dy (foh)=V(h 2e8)(Px(f)) -
Using this, we compute for W:
Uy (uoh) =Py ((lya @ eg?) ouoh)
=V(h,242) (Px((1r@ ®eg?) ou)) = V(h,Zya) (Ux(u)) .

O

(7.7.26)

Exercise 5.99. Let C be a ribbon fusion category. Show that the following @
are equivalent:

1. C is modular.
2. S: F — F is invertible.

Hint: For 1=-2 use that Zians = {1} and guess an inverse for S. For 2=-1
write £ = @7 ¢¥" and conclude that S is invertible iff each n. x n. matrix
obtained from restricting S to ¢®¢ is invertible. Then consider the case
c=1.

Exercise 5.100. Let C be an anomaly-free twist-nondegenerate ribbon fu- @
sion category (with square root D).

1. Assume that C is modular. Show that D = E and hence that ®x :
C(X,T(a)® E®9) — V(X,X,z) is an isomorphism.

2. Assume that C is symmetric. Show that
S=[FE—»1-%F],

with g = Zael’ ev, and a corresponding morphism for ts. Conclude
that Wy : C(X,T(@)) — V(X, X, z) is an isomorphism.
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5.8 Representing objects and monoidality

Definition 5.101. Let A be a k-linear category. A covariant (resp. con-
travariant) functor F' : A — Vecy is representable if there is a natural iso-
morphism

n: AU, —-)=F (resp. n: A(=,U)=F)
for some object U called the representing object.

Example 5.102. 1. Let C be an anomaly-free and twist-nondegenerate
ribbon fusion category. Suppose that C is in addition symmetric. Then
V(—, %, ) is representable by Proposition 5.98 with representing object
T(@) (recall from Exercise 5.100 that D = 1 for C symmetric). (Why
does that proposition not also show that the representing object is
T(a) ® D®9 if we drop the assumption that C is symmetric?)

2. Let k be a field and A = k[X] the polynomial ring over k. Take
A = A-mod. Let ky be the A-module with underlying vector space k
on which X acts as zero. Consider the functor

F:A-mod —+Vec, , M M®uky.

Then F' is not representable as F' is right exact but not exact and the
Hom-functor is left exact. For example, f: A — A with f(a) = Xa is
an injective A-module morphism of A seen as a left module over itself.
But .

A @y ko L24% A @4k

is not injective and is in fact the zero map. (Why? Hint: A®4 ko = kg
via the map a ®4 A — a.\. What does the above map look like after
applying this isomorphism to both sides?) On the other hand,

Homy (U, A) — Homs(U,A) , hw foh,

is injective as f is injective. Altogether, F' maps the morphism f: A —
A to zero, but Hom (U, —) only maps f to zero if U is zero. (Why is
0 not the representing object of F'?7)

Remark 5.103. 1. More fundamentally, for a general category C', a func-
tor F' : C' — Set is representable if it is equivalent to C(U,—) or
C(—,U). But we will work k-linearly, so we introduced that version of
representability.
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2. A representing object is unique up to unique isomorphism. For ex-
ample, if F' is covariant and also U’ is a representing object via ' :
A(U',—) = F, then there exists a unique morphism f : U’ — U such

that
A(U, X)
(—)Ofi \F(X)
-
AU, X)

commutes for all X. This f is an isomorphism.

3. Let I, F' : A — Vec, be contravariant and representable with repre-
senting objects U,U’. Let ¢ : F = F’ be a natural transformation.
Then there is a unique morphism Y (¢) : U — U’ such that the follow-
ing diagram commutes for all X:

AX,U) 2 F(X)

Y<¢»)o<f>l l@(

AX, U —2 F/(X)
This defines a k-linear isomorphism
Y = YF’,F : Nat(F, F/) — A(U, U/>

which is compatible with composition: If ¢ : F' = F” then Y (¢ o¢) =
Y (¢) o Y(¢) (omitting the indices of V).

Exercise 5.104. Show parts 2 and 3 of the above remark. (TODO: add hint
about Yoneda)

m Let now k be algebraically closed and A be k-linear and finitely semisimple.
Then the map

¢ P AKX, a) @ Ala,U) = AX,U) ;. Ppa®eda— D daopa
acl a a

is an isomorphism. (Why? Hint: Try f +— >, (Taa © [) @k €40 for the
inverse, where e, o, 74, describe the direct sum U = @, a®".)

For info: For a not algebraically closed field & we do not necessarily have
A(a,a) = k1, but only that A(a,a) is a finite-dimensional division algebra
over k. In this case we have to take ® 4(4,q) instead of ®y. The next lemma
also holds over general fields, with an appropriately adapted proof taking the
above modification into account.
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Lemma 5.105. Let A be k-linear and finitely semisimple. Then every k-
linear functor A — Vecl® is representable.

Proof. Consider the case that F : A — Vec! is contravariant, the covariant
case is analogous. For the representing object we make the ansatz

Uz@a@kF(a),

where a € A is simple and F(a) € Vec®. We can think of F(a) as being
the multiplicity space of a in U, or we can recall that A is given by modules
over a semisimple k-algebra, and ®y is the tensor product of the underlying
vector spaces. Our ansatz for the natural isomorphism

nx  AX,U) — F(X)

is as follows.

Recall the isomorphism ¢ defined before the lemma. Each g € A(a,U) is
(uniquely) of the form ¢ = 1, ®x v, for v, € F(a). (Why? Hint: ¢ has to map @
to the summand a ®y F'(a). For each linear form ¢ : F(a) — k, (id, ®k ¢) oq
is proportional to id,. Write id, as a sum basis — dual basis.) For p: X — a
and ¢g:a— U, ¢g=1,®v,, we set

nx(6(p @x q)) = (F(p))(vy) -

Indeed, F(p) is a linear map F'(a) — F(X) as F' is contravariant, and v, €
F(a).

We need to show that nx is a natural isomorphism. Naturality will be
an exercise. Given that nx is natural, it is enough to check that it is an
isomorphism for X = b simple. (Why? Hint: Write X as a direct sum of @
simples with embedding and restriction maps e, 75, and use naturality to
write 7y in terms of 7,.)

For p=1,, ¢ = 1, ® v, € A(b,U) with v, € F(b) we have

() = (6 (1o @x @) = (F(16)) (vg) = vy -
As v, — g =1, ® v, is a bijection F(b) — A(b,U), so is n,. O
Exercise 5.106. Show that nx in the above proof is natural in X.
m Let us return to the setting in which we want to construct the TFT:

e k: algebraically closed field,
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e C: anomaly-free twist-nondegenerate ribbon fusion category with square
root D,

e S = 7,(C), the symmetric centre of C,

e V: S x Bords(C) — Veq” is contravariant in the first argument and
covariant in the second.

Let ¥ € Bords(C) be given. Then V(—,%) : & — Vec!? is a k-linear con-
travariant functor. By Lemma 5.105, the functor is representable. Let us
call the representing object 7¢(X) € & with natural-in-X isomorphism

N(2)x : S(X, (%)) =5 V(X,3) .

Proposition 5.107. For M : ¥ — ¥’ in Bord;(C) there exists a unique
Te(M) : 7¢(X) — 7¢(X) such that

S(X, e(n)) 12,

Tc(M)O(—)l V(X,M)

S(X, (=) 5 yix, ¥

V(X,Y)

commutes for all X € §. This defines a functor
TC BOI’dg(C) — ZQ(C) .

Proof. Note that V(—, M) is a natural transformation V(—, ) — V(—,3').
Hence, existence and uniqueness of 7¢(M) follows from Remark 5.103 (3), as
does functoriality. O

Remark 5.108. 1. Recall the isomorphism Wy from Proposition 5.98
and the computation of D in Exercise 5.100.

o C symmetric: D = 1 and we already computed the representing
object in Example 5.102 (1) to be

1e(E,a) =T(a) .
e C modular: D = FE and § = Vecﬂf(d. The representing object is
7c(Zy4) = C(1,T(a) @ E®9) .
Indeed, for all X € Vec, naturally in X,

Homy (X, 7¢(3,2)) = Homy (X, k) ®x Homy (k, 7¢(X,.2))
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=~ Homy (X, k) @ C(1,T(d) @ E%9)
~C(X,T(@) @ E*) 2 V(X,%,4) ,

where the first isomorphism is the one before Lemma 5.105 and
the last isomorphism is ¥ x.

2. For all C we have
Tc(SQ) =1e€S§.

Indeed, S? = ¥,z with ¢ = 0 and @ = (), and so T(d) ® D% = 1.
Then Wy is an isomorphism C(X,1) — V(X,S?) andas 1 € S C C
we have C(X, 1) = S(X,1). Altogether, for all X € S we have the
isomorphism, natural in X,

S(X,1) =C(X,1) 25 V(X, 5% .

3. Recall from Step 1 in Section 5.7 that for a TF'T we must have
(8 x SN =dim (%),

where dim is the categorical dimension in §. So far we have only shown
that 7¢ is functorial, and not that it is symmetric monoidal. But we
can still check the above identity in the cases where we computed the
left hand side in Example 5.82.
o C symmetric: We have 7¢(3,z x S') = dim T'(a).
This matches the result from the first point that 7¢(2,z) = 7'(a).

e C modular: We have 7¢(S? x S') =1 and 7¢(T? x S') = |Z|.
For S? we saw in the previous point that 7¢(S5?) = 1, whose di-
mension is 1. For T? = 21,0 we have

7(T?) =C(1,E) =C(1,a" ®a) 2@ C(1,a" @ a) .

a€l a€l >C(a,a)k

And so indeed dimy(7¢(7?)) = |Z|.

Monoidality of 7,

We need to find natural isomorphisms

7'%1,22 1 7e(X1) ®s (X)) — (31 U Xy)
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and an isomorphism
1= 7e(0) ,

so that the coherence diagrams in Definition 2.23 are satisfied. In the rest of
this section, we will find these isomorphisms explicitly, but we will not verify
the coherence diagrams.

0

The isomorphism 7" is easy to give. The map

————

/
=8(X,1) as X,1€S \ /

~NS————

is an isomorphism. (Why? Hint: Show first that (' (g), Px(f))x = trx(go @
f).) Hence the representing object is 7¢() = 1 (with n(0)x = ®x). For 7°
we can simply choose 7° = 1;.

m Before going into the technical details for 72, let us see what we need to
do. We would like to use V and properties of representing objects to define
2. We know that 7¢(3; U 33) is the representing object of V(—,3; U Xy),
but what is 7¢(X1) ®s 7¢(22) the representing object of? We know

V(XW,81) @ V(X®), 5) 2 S(XW, 76(21)) @ S(XP, 7¢(22))
~ S|Z|2(X(1) X X(2)7 TC(El) X TC(EZ))

where S*? = SKS as introduced on page 157. The idea is now this: suppose
the tensor product functor 7: S®XS — § had a left adjoint L : § - SK S,

S(A,T(Q)) = S™(L(A),Q) -
Write L(X) = @, X" ® X, Then

S(X, 7e(21) ®s 7e(32)) = S(L(X), 1e(21) K 70(X2))

/

-~

=T(1c(¥1)Rs7c(Z2)

= P VXD, T) 8 VXD, )

Thus our plan is to show that T" has a left adjoint and that the above ex-
pression is naturally isomorphic to V(X3 U %5).

196



Interlude: Adjoint of the tensor product
Let A be a fusion category, and let T': A%? — A,

T(P, Aa® By) = @, Ao @ B, .

Proposition 5.109. T has a left and a right adjoint L, R : A — A%?, with
natural isomorphisms, for all X € A, P € A*?,
Xx.p o AX, T(P)) = A®(L(X), P) ,
Xxpt AT(P), X) — A% (P, R(X)) .
We will describe L, R, and x*/* explicitly and then sketch the proof of
the proposition.
m The functors are

LX)=Px®a)Ra , RX) =PXed)Ra.

acl a€l

To describe the natural isomorphisms, let P = @, P& PP pe given.
Consider the direct sum decomposition P\” = @D,z a®"e, realised by g,

P —a,¢f,:a— Py, v=1,.. n. Then
Ein
Ezi\ ,Efn.)

X

(The formula for x% 5 is similar. Write it out.)

Proof of Proposition 5.109 (sketch). We need to check that Xf(/ fi" is 1) inde-
pendent of the choice of e, 77, 2) an isomorphism for all X, P, and 3)
natural in X and P.

We will not do any of this and just give the explicit inverse of Xﬁv’ P

(xxp)™ + AF(LX), P) — AX,T(P))
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(1)
a

5 (o
o
m Mg

225 () # (Em) —

acZ a=1 v=1 a,o,V

X a a

Since e, forms a basis of A(a, P{Y), an element of A®2(L(X), P) can always
be expanded uniquely as on the left hand side. O

Exercise 5.110. TODO 1) move f to other leg 2) indep of e,r and naturality
3) define L'(X) = *a X (a ® X)

This ends the short interlude on the adjoints of the tensor product functor.
mFor X € C (not just S) let X = @,.;a%", realised by r,o : X — a,
€an:a— X. Fora=1,...,ny,let D(a) : ) — S(X) and D'(«ar) : S(X) — 0
be given by

“TTTSC 3 3
-~ N S°\B

/

See———

Both are 3-discs, but drawing them this way makes it easier to compose
them.

If the 2-sphere S(X) can be embedded in a closed 3-manifold so that
cutting along S(X) decomposes it into two pieces, we can use D(a) and
D'(«) to write the invariant of the full manifold as a sum of products:

Lemma 5.111. For M : ) — S(X) and N : S(X) — 0 we have

Dim € ZTC (N o D()) 7e(D'(ar) o M) .

a=1

7e(NoM)=

Proof. We may assume that M and N are connected (the components not
connected to the boundary of one of M or N give the same exact factors on
both sides). Pick surgery presentations

N2 (S*\B 1)y and M= (S*\BI),.
Then

7e(N o M) 2 D=l ($3 TULUT U L)
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! ’
@ D-ILI-|L[+1 v L 3) D=L +1 L
- DimC Fe X - DimC ;FC
Mo L = X
vl
Dim C & Mo L
a=1 r‘ V] L
® D e(D'(a) o M) .

In step (1) we replace the closed 3-manifold N oM by its surgery presentation
and apply Lemma 5.84. Step (2) is Definition 5.81 of 7¢. (In step (3), why @
is there not also a sum over a € Z, that is, why is it enough to take the
contribution from a = 17) In step (4) we apply F¢ to the two disjoint
component of the ribbon graph separately and rewrite each F¢ as 7¢. Finally,
in step (5) the surgery presentation is undone. O

. o : : M N
(In general, the identity in the lemma is not true for ¥; — S(X) — 3, but
it does hold when C is a modular fusion category.)

Corollary 5.112. For a,b € Z we have

7e (0 M, Sla®a*) —= 0) 7c(0 — S(a®a*) X, 0) .

(0 Sa©b) 5 0)
B DimC 5a,b
D dima

(How does the corollary follow from Lemma 5.1117 Where does the factor @
of dima come from?)

m Define H, : S(X) — S(X ®a*) U S(a) and H] : S(X @ b*)LUS(b) — S(X)

as
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where in both cases the underlying manifold is S\ (B*UB3UB?). Abbreviate

r=[S(X®a) L%, y=1[S(a) =% 5, .
w=[2 5 (X ®bY)], v =2 2% 5(0)] .

Consider ¢, 5, defined on a basis as

Osim 0 D Visar (D1) @k Va(X2) — V(X, 51U Dy)

a€Ttrans

z@y = [S(X) % S(X ®a*)US(a) 22E 5 s, .

Dually, define ¢, L5, a3

Puse © D Vier (51 &V (52) — V(X 51U Ty)
beItrans
N1LNo

w®v o dimb [T U, 296X @57 U S(k) 2 S(X)] .

The factor of dimb will cancel a corresponding factor in the next lemma,
which is the first key technical lemma which enables the construction of

TR, 5y

Lemma 5.113. For u, v, z,y as above, we have

Dinc
D

Proof. The left hand side of the claim is by definition equal to

(05, 5, (u® ), bz, 5 (x @ Y)Y x = dup (U, ) x@a* (U, Y)a -

Ihs = dim(b) 7 (trs(x) (S(X) Moy §(Xa*) U S(a) 22 5 s,
MiNa 00X b*Y L S(b) 2o 5())) -
Define the bordism
x Hy Hq x
Q= [S(Xb YUS(B) 25 S(X) Moy 5(Xa*) U s<a)} .
Using cyclicity of the trace, we can rewrite

Ihs = dim(b) 7 (trS(Xb*)ug(b) (S(Xb*) LS®) 2 S(Xa*) U S(a)

(NlOMl)l_l(NQOMQ)\

S(Xb*) L S(b))) .
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Let R be the closed 3-manifold on which 7¢ is being evaluated above. R can
schematically be written as follows:

Nz° My

L —

Saeb')

Here, () is shown in detail as S® with four 3-balls removed, and it is indicated
how Nj o M; : S(Xa*) — S(Xb*) and Ny o My : S(a) — S(b) are glued to
the boundary 2-spheres. We can decompose R along the surface indicated by
the dashed line into R = [( LIPS (a®b") LN 0] and apply Corollary 5.112
to obtain

Ihs — DimC

Sap T (trsxpm (S(Xa*) 222 §(Xa)))
TC (tTS(a) (S(a) Lol S(a))) :

The two invariants 7¢(---) are equal to (u,x)xgq and (v,y),, respectively.
]

Lemma 5.114. nggl,gz, induces a linear map

¢ P V(X ®@a*, %)) @ V(a,5) = V(X, 51 U E,) .

aEZtrans
Proof. By definition, V(Y, X) = V4 (X)/Ny (X), cf. page 178. Then (Why?)

Vxga (X1) ®k Va(22)
VX®a*(Zl> QK Na(EQ) N7 NX@a*(Zl) Rk Va(22) .

V(X ® a*a El) Ok V(CL, 22) =

For the existence of ¢y, 5, we thus need to check that &21,22 vanishes on the
two summands Vg (21) @k Nu(22) and Nxge (21) @k Va(32). But this is
immediate from Lemma 5.113. (Why?) O

Analogously one can define ¢5;, 5, in terms of Q;/ZhEQ’ we skip the details.

m We need a linear algebra statement:
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Lemma 5.115. Fori = 1,2, let A;, A} be k-vector spaces and B; : A; x A; —
k be non-degenerate bilinear forms. Then also

B: (All Ok A/Q) X (Al Xk A2) — k ) B(a ® b,C® d) = Bl(avc)B2(b7 d) )
is non-degenerate.

Proof. Non-degeneracy of B; in the first argument is equivalent to Bi# c AL —
(A;)*, ' — By(d',—) being injective. But then also B @, BY : A} @, A, —
A} @y, A3 is injective. Note that B# : A} @, A — (A; ®@ Ay)* satisfies

(B#<a ® b))(C ® d) = B(a ® ba c® d) = Bl(aa C)BZ<b7 d)
= ((B{ (@) () (B () (d) ,
which shows that B# = Bf Rk Bf . Thus B# is injective and hence B is non-

degenerate in the first argument. Non-degeneracy in the second argument
can be seen analogously. O]

Note that for z = [S(X ® a*) LN ], u=[> AN S(X ® bY)], etc., by
construction we have
) DimC
<<¢21,22 (u @), ds, 5, (r@Y))x = 5@7«% ) xga (U, Y)a -

By the above lemma, as the two pairings on the right hand side are non-
degenerate, so is the pairing on the left hand side. We get the following
corollary:

Corollary 5.116. ¢5, 5, is injective.
The second key lemma for the construction of 73 5, is:
Lemma 5.117. ¢y, 5, is surjective.

Proof (sketch). By surjectivity of ®x (Proposition 5.94), every element in
V(X, 3 U3y) can be written as [B(X, ¥, U X, f)] for f € C(X,Z; ® Zy),
where 71, Z, are the contributions from >; and ¥, and can be read off from
the proposition. We rewrite

Z Z,
Z Z, Z, Z,
=D | Jo=> [&
a€l g"‘ a€l o
X X
X



for suitable morphisms g,, g, and h,. Substituting this into B(X, ¥; LY, f)
gives:

[B(X, X, U%,, f)] =

There the shapes labelled ¥; and ¥, represent the cut-out handle bodies for
the connected components of each of ¥; and Y5, and Z; and Z, collect all
the corresponding ribbons. The loop labelled by the surgery colour cancels
against the prefactor 1/DimC. On the other hand, we can move the loop
over the shape labelled Y5 and over the coupon h, to form a small loop
around the ribbon labelled a. By Lemma 5.49 (1), this restricts the sum over
a from Z to Ziyans. Comparing to the definition of ¢y, 5,, we can now read
off that

[BXSU S Al = dsim (0 Bxar(90) @5 Balha))

a€Ltrans
This shows that ¢y, v, is surjective. ]

m Combining the isomorphisms we found so far, we obtain

S(X, Tc(El) XKs 7'(,’(22)) = S®2<L(X)7TC(21) X TC(ZQ))
& @ S®2((X & CL*) X a,Tc(Zl) X TC(ZQ))

a€Ttrans

P S @a*, (%)) @ S(a, 7e(X2))

a€Ttrans

P VX ®a", ) @ V(a, o)

a€ZLtrans

I

Il

—
*
~

12

V(X, % US,)
S(X, Tc(zl L 22) s

Il
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where (x) is the isomorphism ¢y, 5, we just constructed. These isomorphism
are all natural in X, and so by Remark 5.103 (3) define a unique isomorphism
between the representing objects

Tgl,zg (7o (X1) ®s Te(X2) = Te(3 U Xs) .

We have now gathered all the ingredients to formulate the main theorem of
this section:

Theorem 5.118. Let C be an anomaly-free twist-nondegenerate ribbon fu-

sion category over an algebraically closed field with choice of square root D.
Then
TC BOI’dg(C) — ZQ(C)

is a topological field theory (that is, a symmetric monoidal functor).

We still need to prove that the isomorphism Tghz,z satisfies the coherence
diagrams of a monoidal functor and that the resulting monoidal structure on
Te is symmetric, but we will skip these steps.

Exercise 5.119. TODO: Dimensional reduction. L gives L, modular cate-
gory gives fusion ring

5.9 Mapping class group representations
Let X, % € Bord3(C) and ¢ : ¥ — ¥/ an isomorphism of C-marked surfaces.

m Given ¢,¢' : ¥ — ¥/ we say ¢ and ¢’ are isotopic if ¢ can be deformed
to ¢’ through PL-isomorphisms > — Y. That is, there is a PL-map ~ :
[0,1] x ¥ — ¥’ such that each ; is a PL-isomorphism and vy = ¢, 71 = ¢'.

m The mapping cylinder M (¢) of ¢ is the bordism ¥ — 3 given by M (¢) =
¥ x [0,1] with parametrisations ¢ : ¥ — ¥’ x {0} and id : ¥’ — ¥’ x {1}.
Recall that the morphisms in Bords(C) are isomorphism classes of bordisms.
We have:

e For two isomorphisms ¢ : ¥ — ¥’ and ¢ : ¥’ — X" we have
(M) o [M(9)] = [M(¢og)]: X — X"

o [M(¢)] : X — 3 only depends on the isotopy class of ¢, i.e. if ¢, ¢ :
¥ — X’ are isotopic, then [M(¢)] = [M(¢')].
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(Why do these hold? Hint: For the first point consider an isomorphism of
bordisms which is (z,t) — (¢(z),t) on M(¢) and the identity on M (v)).
For the second point, take an isotopy v from ¢ to ¢’ and consider the map
Y x[0,1] = Xx[0,1], (z,t) — (¢ tov(x),t). For which boundary parametri-
sation is that an isomorphism of bordisms? Combine this with the first
point.)

m For ¥ = Y/ we define the mapping class group of ¥ to be
MCG(X) = Isom(X)/Isomy(X) ,

where Isom(X) is the set of PL-isomorphisms of the C-marked surface ¥, and
Isom(X)g are those which are isotopic to the identity map (i.e. which can be
continuously deformed in Isom(X) to id : ¥ — 3). (Check that Isom(X)g is
a normal subgroup of Isom(X), so that MCG(X) is indeed a group.)

(For info: The mapping class groups are usually defined in terms of diffeo-
morphisms, not PL-isomorphisms. But in dimension 2 this does not make a
difference. See [FM, Sec. 1.4.2] which compares diffeomorphism and homeo-
morphisms.)

Example 5.120. 1. Let ¥ be S? = R?U{oco} with marked points 1,...,n
all labelled by X € C and oo labelled by Y # X, the mapping class
group MCG(X) is the framed braid group in n strands. See [FM,
Sec.9.1.3].

2. MCG(T?) = SL(2,Z) is called the modular group. The matrices
0 —1 11
LU R O

generate SL(2,7Z), and they correspond to the following isomorphisms
of T?:

ya L
7 7

Vi V2 ya ya
7 7 7 7

From the discussion so far we get the following proposition:

Proposition 5.121. Let C be an anomaly-free twist-nondegenerate ribbon
fusion category over an algebraically closed field. Then for each C-marked
surface ¥ we obtain a representation of the mapping class group MCG(X) in

S = Z,(C):
MCG(X) — Auts(7e(X)) , ¢ 1e(M()) .
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Example 5.122. 1. C is symmetric: Consider the example of the framed
braid group in n strands. The representation is by automorphisms
acting on X®" ® Y, and it factors through the symmetric group of n
elements. For a surface ¥ without marked points, 7¢(X) = 1 and all
M (o) act as 13. (Why?)

2. C is modular: We obtain an action of the modular group SL(2,7Z) on
the vector space 7¢(1?) = C(1, F) with E = @, ;a* ® a. This is ac-
tually the reason why a modular fusion category is called “modular”.
Modular fusion categories are an important source of linear represen-
tations of surface mapping class groups.

Bibliographic notes for Section 5

Some textbook references on ribbon categories are [Tu, BK, TV, GP]. The
Reshetikhin-Turaev functor F¢ : Ribe — C is due to [RT1]. The graphical
calculus for ribbon categories is also developed in [Shu].

The standard source for facts about fusion categories is the book [EGNO].
The description of braiding and associator via F'- and R-matrices appears,
to my knowledge, first in [MSe].

The use of Kirby-calculus to define 3-manifold invariants goes back to
[RT2] and the attendant 3d TF'T has been constructed in [RT2, Tu]. The
universal construction is due to [BHMV] and is also described for example in
[Co] and [GP]. Reshetikhin-Turaev TFT has been described via the universal
construction in [DGGPR] (even for non-semisimple input).

Using the universal construction to obtain a surgery TFT from a ribbon
category which takes values in the symmetric centre of that category (Sec-
tions 5.7 and 5.8) is new. An analogous TFT has been obtained in [Lal,
though not via the universal construction, and without embedded ribbon
graphs.

For more on mapping class groups and their generalisation to modular
functors see [BK].
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6

Outlook

There is a very large range of topics not covered in these notes. Here are
some examples:

The three manifold invariants and TFT from Section 5.6 onwards were
developed for fusion categories. But after being suitably adapted,
the same basic construction also applies to non-semisimple tensor cat-
egories (at the point of writing, for the universal construction one
needs to require modularity). This is nice as representation theory
provides many interesting examples of such tensor categories. See

[DGGPR, GP].

In two dimensions we described a state-sum construction of a TFT,
while in three dimensions we looked at a surgery construction. There is
also a state-sum construction in three dimensions, called Turaev-Viro-
Barrett-Westbury TF'T, whose algebraic input is a spherical fusion cat-
egory F. The resulting TFT is actually equivalent to the surgery TFT
for the modular fusion category Z(F), the so-called Drinfeld centre of
F. See [TV] for more on this.

One can combine the state-sum construction developed in 2d in Sec-
tion 4.5 with the surgery invariants and TFT from Section 5 to obtain
3d invariants and TFTs which do not only have 1d defects (the em-
bedded ribbon graphs), but also 2d defect surfaces. These invariants
can detect (in some cases) non-isotopically embedded surfaces. See
[CRS2|. They also relate to interesting algebra, namely a categorifica-
tion of modules over a ring.

Starting in four dimensions the algebraic treatment of invariants be-
comes increasingly unwieldy. This is maybe not surprising given the
jumps in effort we observed as we went up in dimension from one to two
to three. Still, there is a well-developed theory of fusion-2-categories
and a corresponding state-sum construction, called Douglas-Reutter
TFTs. See [DR].

Also starting in four dimensions, being continuous, PL, and smooth
are no longer the same, and it is a question in current research to find
TFTs which can distinguish between different smooth structures on the
same underlying topological manifold. See [RW].

Another approach to TFTs is via skein theory (also called string nets
in two dimensions). Here one assigns vector spaces to manifolds by
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considering all embedded graphs modulo local relations. This has been
done originally for the Kauffman bracket [BHMV]. For more general
input categories in dimensions 3 and 4, see for example [Ki2, MW,
CGHP, Wed], for stratified bordisms see [BJ]. String nets describe
ground states of gapped Hamiltonians and in this way are related to
topological phases of matter [LW].

We did not touch the world of fully extended topological field theories
and (0o, n)-categories. This provides the appropriate (and surprising)
generalisation to any dimension of the observation in Section 3.1 that
1d TFTs are the same as fully dualisable objects in the target by eval-
uating on a point. See [BD, Lul] and e.g. [Te, Fr, AKMT].

One can consider n-dimensional TFTs with (n—1)-dimensional bound-
aries that are not topological. This goes back to the famous paper [Wi]
relating 3d TFTs and the Jones polynomial. It has been used in [FRS]
to understand and classify certain types of two-dimensional conformal
field theories in terms of properties of the 3d TF'T on whose bound-
ary they are defined. See [vV+, pp.36-57] for short lecture notes on
this. More recently, this point of view has received a lot of attention
as a description of symmetries of quantum field theory, see [CDR] and
references therein for an overview.
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